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Retiring from the University is an opportunity for retrospection of one's 
life achievements wether it is teaching or wether it is research. Even though 

teaching may one day cease, the research activity may go on indefinitely. 
Therefore, retiring is not an ending. It is merely a step in one's career and 
perhaps a new beginning. 

Looking back to forty years of writing and publishing scientific papers, 
I decided to present to the scientific community a selection of my scientific 
works. 1 chose mostly articles published in prestigious journals or Proceedings 
that made a certain impact in the scientific world. I have selected thirty two 
out of some ninety papers, on the following subjects : 

1. Geometry of conformal and spin structures on Hilbert manifolds, 

2. Geometry of tangent bundle of a Finsler or a Lagrange manifold, 

3. Applications of techniques from Finsler geometry to Mechanics and 

Physics, 

4. Geometry of total space of a vector bundle, 

5. Apphcations of Lie algebroids to Mechanics. 
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CONFORMAL STRUCTURES 
ON BANACH VECTOR BUNDLES 

BY 

M. ANASTASIEI 



In this paper, conformal structures, in particular Weyl structures on Ba- 
nach vector bundles are defined. We prove that there is a one-to-one corre- 
spondence between the set of conformal structures on a Banach vector bundle 
and the set of reductions of its structural group to the conformal group. 

The existence and the uniqueness of a connection without torsion, com- 
patible with a Weyl structure on a Banach manifold are proved. 

1 Linear conformal space. Conformal group 

Let E be a real, infinite-dimensional linear space. 

Definition 1.1. A conformal structure on E is a set C(E) of scalar 
products on E, denoted by ( , )„, a e X which satisfy 

(1.1) ( , )a^Xab( ,)b a,bel 

where Xab is a positive real number, and I a set of indices. 

Definition 1.2. The linear space E with conformal structure C(E) is 
called a conformal space. 

Remark 1.1. In the conformal space E the angle between two vectors 
can be defined by 

(1.2) cos(m, v) = /° , \/u,veE, a e X, 

\Ma\Ma 

where = ^y {u, u)a, the ratio of their lengths is well defined but their 
absolute lengths are not defined. 

If ( , ) is a fixed element of C(E), (1.1) can be replaced by 

(1.3) ( , )„ = A„( , ) Va e X. 

This implies that all norms u — >■ ||M||a are equivalent to the fixed norm 
u — >■ 1 1 It 1 1 = (u, u). In the following, the space E with the norm || • || will 
be supposed to be complete. 
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Remcirk 1.2. Let -Ri(E) be the set of all scalar products on E. We have 
(1.4) C(E) C R,{E) C Ll{E). 

(Here -^s(E) is the hnear space of bilinear and symmetric maps s : E x E — >■ 
E.) 

Let L(E) be the hnear space of linear bounded operators on E. 

Definition 1.3. We say that A G L^E) preserves the conformal structure 
of E if there is a unique a e J such that 

{Au.Av) = {u,v)a, u,v &'E. 

If A* denotes the adjoint operator of A with respect to the scalar product 
( , ), then we have 

Theorem 1.1. LefE be a conformed space and A G -^(E). The following 

conditions are equivalent 

1) A preserves the conformal structure of E; 

2) There is a unique real number A;^ > such that 

A* A = UaI {I identity operator); 

3) A preserves the angle between vectors ofE. 
Proof. Obvious. 

Definition 1.4. An operator A G L(E) which satisfies one of the condi- 
tions of Theorem 1.1 will be called a conformal operator. 

Let CO(E) be the set of invertible conformal operators and 0(E) the set 
of invertible operators which satisfy A* A — I. We immediately obtain the 
following 

Theorem 1.2. The sets CO(E) and 0(E) are subgroups of the group 
GL(E) of all invertible operators. 

We call CO(E) and 0(E) the conformal group and the orthogonal group 
of E, respectively. 

Theorem 1.3. There is an isomorphism 

a : CO(E) 0(E) x R*_^, 
where is the positive real multiplicative group. 

Proof For A G 00(E) and A* A = kAl, we put a{A) = (^--^A,kA^ and 

for {B, 1) G 0(E) X Rl, a-\B, 1) = VlB. 

Let GL(E) be endowed with the topology induced by the norm topology 
of L(E). We identify the group R*^_ with the homotheties group of E. The 
following result is obvious. 

Theorem 1.4. The subgroups C'O(E), 0(E) and R\ are closed, and the 
map a from Theorem 1.3 is a topological isomorphism. 
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2 Conformal structures on a Banach vector 
bundle 

All vector bundles, manifolds and maps considered in the following sections 
will be assumed of class C°° . 

Let E and M be manifolds, modeled on Banach spaces, and suppose M 
connected. Let tt : £" ^ M be a vector bundle with fibre the conformal space 
E. We denote by i?i(7r) the set of Riemannian metrics on tt, and we define 
the following equivalence relation: 

A: g ^ g' ^ g' ^e^ ■ g, g,g' e Ri{n), 

where A is a smooth function on M. (The use of exponential function is a 
handy way of ensuring positivity). 

Definition 2.1. A conformal structure on tt is an equivalence class C 
with respect to A of Riemannian metrics on tt. 

Remark 2.1. If the equivalence class C contains only one element, we 
obtain a Riemannian structure on tt. 

The proofs of the two following theorems are standard. (See [3, Ch. 7] 
for the particular case of the Riemannian structure) . 

Theorem 2.1. Let tt : E ^ M be a vector bundle with fibre E and 
suppose M admits a partition of unity. Then the vector bundle tt admits a 
conformal structure. 

Theorem 2.2. Let n : E ^ M and n' : E' ^ M' be vector bundles and 
let f : E' ^ E be a bundle morphism such that the map fp' : E'^ ^f(j>')j 

where E'^, = 7i'~^{p') and Ef(j)i) = 7i~^{f{p')), is infective and such that 

fpr{Ep,) has a complementary closed subspace in Ej^pi). Then a conformal 

structure on tt canonically induces a conformal structure on tt'. 

Definition 2.2. The vector bundle tt : E ^ M with fibre E admits 
a reduction of its structural group to CO(E), if and only if there exists a 

bundle atlas (f/j, Ti)i^i, such that the maps {tj o T~^)p : E — >■ E for each p of 
Ui n Uj belong to the group CO(E). 

Theorem 2.3. Let t: : E ^ M be a vector bundle with fibre E. There 
exists a one-to-one correspondence between the set of reductions of the struc- 
tural group to the conformal group and the set of conformal structures on 
n. 

Proof. Every reduction of tt to the conformal group CO(E) determines the 
conformal structure of tt. Indeed, we define 

9a,p{v,w) = {Ti^p,v,Ti^p,w)a, Vw, w G E and ae J. 

The maps ga '■ P ga,p define the sections of vector bundle LKtt) (see [3, Ch. 
3] for the definition of this vector bundle) and the set {ga} is a conformal 
structure on tt. 

Conversely, let {gj}j£j be a conformal structure on tt and let {Ui,Ti)i^i 
be a bundle atlas for tt. We consider an arbitrary map £ : I — >■ J and let g^^^'' 
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be the induced metric by gj with j = £(i), on C/j x E by the isomorphism Tj. 
There exists a positive definite symmetric operator A^^^ such that 

We denote Bi^p = \J Af^ and we put CTj = Bi^p o n^p. Then {Ui,ai) is the 

bundle atlas we looked for. It is sufficient to prove that : C/j x E — )■ [/j x E 

which is defined on fibres by Bi^p map g^^^^ on the scalar product ( , ) of E. 
But we have 

{BipV,Bi^pw) = {A'^^p\,w) = gf\v,w), 
since Bi^p is symmetric. 

Definition 2.3. Let tt : £^ ^ M be a vector bundle with a conformal 
structure C; C is called a Weyl structure if and only if there exists a map 
W.C^ C°°{T*M) which satisfies 

W{e^ ■ g) = W{g) - dX, 

where C°°{T*M) denotes the set of sections in cotangent bundle of M. 

Remark 2.1. A Riemannian metric g and a 1— form rj on M determines a 
Weyl structure, namely W : C ^ C°°{T*M), where C is the equivalence 
class of g and W{e^g) = f] — d\. 

Theorem 2.4. Let n : E ^ M and n' : E' M' he vector bundles with 
conformal structures and f : E' ^ E a bundle morphism compatible with this 
conform,al structure (in the sense of Theorem 2.2). Every Weyl structure on 
TT canonically induces a Weyl structure on tt'. 

Proof. If {g,ri) defines Weyl structure on n, then {f*g,f*ri) defines a Weyl 
structure on tt'. 

Theorem 2.5. Let tt : E ^ M be a vector bundle with a conformal 
structure, where M admits a partition of unity. Then tt admits a Weyl 
structure. 

Proof. It is sufficient to prove that there is a global 1-form on M. But this 
follows from [1, Lemma 1.3]. 

3 Connections compatibles with conformal struc- 
tures 

We shall give below some results from the connections theory on Banach 
vector bundles which we shall use later. 

Theorem 3.1. Let tt : E ^ M be a vector bundle and M admits a 

partition of unity; then 

i) there exists a connection map K for ir, 

a) there exists a canonic bijective map from the set of connection maps 
on TT to the set of covariant derivatives on tt given by 

(3.1) KoTC^VC, y^eXEiM), 
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where Xe{M) is the set of the sections in tt. 
The proof is given in [1, Theorem 2.2]. 

Remark 3.1. a) is considered as a section in L(t, tt) : L{TM, E) ^ M 
where r : TM — ;> M is tangent bundle. 

b) The imphcation A' — )> V is given by (3.1) and without the hypothesis 
of existence of the partition of unity on M. 

Let c : [0, 1] — ?> M be a piecewise differentiable curve on M . We denote 
by -Pc|[Mo]' where t,to ^ (0, 1), the parallel displacement from Ec(t) to -Ec(to) 
defined by the connection V, K. The map Qc '■ c*E (0, 1) x -Ec(to) defined 

by 

(3.2) 4(i,^;) = (t,Pe|[MoF) {t,v)ec*E. 

is a vector bundles isomorphism. See [1, Theorem 3.5]. 

Let Xe{c) be the vector space of section in tt along the curve c and let 
C°°{{0,1), Ec(to)) be the vector space of maps of class C°° from (0,1), to 
Ec{to)- We consider the map Qc : Xe{c) — >■ C°°((0, 1), Ec(to)) defined by 

(3.3) Y^Q,Y = pr2 o Q,{t, Y{t)) VF e Xe{c), t e (0, 1). 



Theorem 3.2. a) Qc is a vector space isomorphism; 

b) 'j^iQc^) ~ Qc(Vc, Y) where VcY is covariant differentiation of section 
Y along curve c. 

For proof see [1, Theorem 3.6]. 

In [4], the holonomy group of connection V,/^ with reference point p, 
denoted by $(p), is defined. For each p of M, the group $(p) can be realized 
as a subgroup of the structural group of tt. The Theorem 2.11 of [4] suggests 
the following 

Definition 3.1. Let tt : — )■ M be a vector bundle with a conformal 
structure C. The connection V, K is compatible with the conformal structure 
C if and only if 

(3.4) $(p) C CO(E), Vp e M, 

where E is the fibre of tt. 

In the interesting case when C is in the same time a Weyl structure, we 
will use the following 

Definition 3.2. (See [2]). Let tt : £■ ^ M be a vector bundle with 

a Weyl structure {g.rj). The connection V,/^ is compatible with the Weyl 
structure ((?, rj) if and only if along every curve c : [0, 1] ^ M and for at least 
one g from C, 



t 



(3.5) gp{Q'cY,Q'cZ)^exp 



/ 

.Jo 



C Tj 



9c{t){yt,Zt), 



where Q* = Pc\[t,to]^P = ^(0) ^t, Zt e E^^t)- 
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Remark 3.2. If condition (3.5) is satisfied by one e C, it will be satisfied 

by each g' = ■ g from C. 

Theorem 3.3. Let n : E ^ M be a vector bundle with the Weyl structure 
{g,ri) and let V,K be a connection on n. 
The following assertions are equivalent: 

1) The connection V,K is compatible with the Weyl structure {g,f]); 

2) j^g,{Y, Z) = g,{W,Y, Z) + g,{Y, W,Z) - c*r} ■ g,{Y, Z), Vc : [0, 1] ^ M 

andY,Z e Xe{M); 

3) Xg{Y,Z) = g{VxY,Z) + g{Y,VxZ) - r]{X)g{Y,Z) \/X e Xtm{M) 
andY,Ze Xe{M) 

Proof. 1) — )> 2). For each curve c with c(0) = p, we shall denote Fc(t) = Yt, 
Z^i^t) = Zt, Yp = Y, Zp^Z for Y,Z e Xe{M). It follows from (3.4) and b) 
of Theorem 3.2 that 

j^g^iY, Z) = lim ^(5e(o(^*, Z,) - g^iY, Z)) = 



lim - 



lim - exp 

t^o t 







^exp 


- / c*ri 
. Jo 



C T] 



gp{Q%,Q%)-gp{Y,Z)j = 
{g,{Q%,QlZt)-gp{Y,Z))+ 



+9p{y, Z) lim - ( exp 



- crj 



gp{hm-{Q,Y,-Y),Z)+ 



1 



d 



+gp{Y, lim -{QlZt - Z)) + gp{Y, Z)- exp 



- cri 



= gp{^,Y, Z) + gp{Y, ^ ,Z) - c*r) ■ gp{Y, Z) i.e.2) . 

2) — )■ 1). Let Y, Z be parallel sections in tt along c, i.e Q^Yt = ^ and 
QlZt = Zp. Assertion 2) of Theorem becomes 



(3.6) 



^9c{t){Yt, Zt) = -c*r] ■ gc{t){Yu Zt), 



and we get (3.5) by integration. 

The proof of 2) 3) can be obtained in the same way as in the Rieman- 
nian case. See [1, Theorem 3.8]. 

Definition 3.3. We shall say that a manifold M modeled by the confor- 
mal space M is endowed with a conformal structure if there is a collection of 
charts {Ui,ipi), covering M and satisfying 



(3.7) D{(pj o (Pi^)^i(p) e CO{M) for all ij and peUiOUj, 
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where D denotes the differentiation operator. 

Theorem 3.4. A manifold M modeled by a conformal space M admits a 
conformal structure if and only if the tangent bundle TM admits a conformal 
structure. 

Proof. Let ([/,, be the collection of charts which defines the conformal 

structure on M. The transition maps of TM are D{Lpj o^p~^)ip^(p) and belong 
to CO(M) i.e. TM admits a reduction to conformal group, therefore a 
conformal structure by Theorem 2.3. 

Conversely, a conformal structure on TM induces a reduction of this 
vector bundle to the conformal group CO(M) i.e. the maps D{ipj o 
belong to CO{M). 

Definition 3.4. A conformal manifold M is called a Weyl manifold if 
and only if the conformal structure of TM is a Weyl structure. 

Theorem 3.5. Let M be a Weyl manifold, modeled by the conformal 
space M. There exists a unique connection V, K, such that 

i) Xg(Y, Z) = g{VxY, Z) +g{Y, V xZ) -v{X)g{Y, Z) for X,Y,Ze Xtm{M) 

ii) T{X, Y) VxY - VyX - [X, Y] = 0, VX, Y e Xtm{M) where (g, rj) is 

the Weyl structure ofTM. 

Proof. Existence. Let ([/, ip) be a chart for M at p. We consider the following 
equation with Prechet derivatives 

2g^{T^^J,^{{u,v),w)) = Dg^\^^p^{u){v,w) + 
(3.8) +Dg^\^^p){v){u, w) - Dg^\^(^p){w){u, v) + r)^{u)g^{v, w)+ 

+V<p{'")9<pi'^^ ~ V'p{'^)9'p{'^, v), Vii, v,w eM, 

where g^p and 77^ are local representatives of g and rj, respectively. This 
equation defines a map T^(^p) G Ll{M,M), such that ip{p) — )■ T^(^p) is of 
class C°°. As the r^(p) satisfies the usual transformation formula of a local 
connector, under change of trivialization, it defines a connection on M. The 
connection such obtained satisfies i) and ii) of Theorem. Indeed, ii) has the 
following local expression 

T(x,r)^(p) = r^(p)(x<^(p),r^(p)) - r^(p)(r^(p),x<^(p)) = o. 

This equality is satisfied because r^(p) is a bilinear symmetric map. The 
local expression of condition i) is 

Dg^\^(j,){X^[p)){Y^[p),Z^{p)) = 5^(p)(r^(p)(X^(p)),Z^(p))+ 

fi'ip(p)(^¥.(p)) ^ •fi(p){X^{p), Z^(j,))) - 'r]^(p){X^(p))g^p(p){Y^p(p), ^^(p))- 
This equality can be easily verified using (3.8). 

Uniqueness. Let r'^^-p-j be another local connector which verifies i) and ii). 
It follows that r^^p^ must satisfy equation (3.8) i.e, L^^p) = ^^{p)- 
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GEOMETRIA DIFFERENZIALE 
Affine transformations 
on Banach manifolds 

Nota di M. ANASTASIEI 
Presentata dal Socio B. Segre 



Abstract 

RIASSUNTO. In questo lavoro si dimostra die, in determinate 

condizioni, il gruppo delle trasformazioni affini di una varieta rieman- 
niana di dimensione infinita coincide col gruppo delle isometrie. Un 
risultato di questo tipo, nel caso della dimensione finita, e stato prece- 
dentemente ottenuto da S. Kabayashi [2]. 

In this paper we prove that, under certain conditions, the group of 
affine transformations of a Riemannian infinite-dimensional manifold 
M is equal to the group of isometrics of M. A result of the same type, 
in the finite-dimensional case, has been obtained by S. Kobayashi [2]. 



1 Affine morphisms of Banach manifolds 

We work in the category of infinite-dimensional manifolds of class C°°. Let 
M be a Banach manifold. We suppose the existence of a connection map 
K : T^M — )> TM and denote by V the covariant differentiation associated 
to it, see [1]. For X, Y in x(M), the F(M)— module of vector fields on M ,we 
set 

(1.1) VxY^KoTY(X), ^^KoTc, 

where TY is the tangent map ofY : M ^ TM and c : [0, 1] — )■ M is a curve 
on M. The holonomy groups, denoted by for p in M, were introduced 

and studied in [4]. 

Definition 1.1. A Banach manifold M, endowed with a connection map, 
is said to be irreducible if ^{p) does not have any trivial invariant subspace. 
Otherwise, it is called reducible. 

Definition 1.2. Let M and M' be endowed with the connection maps 
K and K', respectively. A morphism f : M ^ M' is called affine if, and only 
if, 

(1.2) TfoK^K'o T^f. 
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li M — M' and / is a diffeomorphism, we say that / is an affine transforma- 
tion. 

In the following theorem we collect some facts about affine morphisms, 
needed in the next section; for the proof see [5]. 

Theorem 1.1. Let M and M' be Banach manifolds with the connection 
maps K and K' , respectively. Suppose f : M ^ M' is an affine diffeomor- 
phism. Then: 

a) Tf oTc = Tjr^^ o Tf for every curve c, where Tc ( resp. t'^^J denotes the 
parallel displacement along the curve c (resp. foe); 

h) Tf{VxY) = V'rfxTfY, for all X,Y in x(M); 

c) Tf o R{X, Y)Z = R'iTfX, TfX)TfZ, for all X, Y, Z m x{M), 
where R (resp. R! ) denotes the curvature tensor field associated with K (resp. 
K'). 

Let (M, g) be a Riemannian manifold. As in the finite dimensional case, 
the sectional curvature for a 2— plane a — {X, Y} in TpM (the tangent space 
at p in M) is defined by 

(1.3) Ay.) mx.Y)Y.X) 



g(X,Y)g(Y,Y) - g^(X,Y) 



Definition 1.3. Let {M,g) and {M',g') be Riemannian manifolds. A 
morphism f : M ^ M is called a homothety if 

(1.4) g'{TfX, TfY) = ^g{X, Y) for any X, Y in x(M). 

If in (1.4) c = 1, then / is an isometry. 

It is proved in [1, p. 38] that every isometry is an affine morphism (with 
respect to the unique connections without torsion defined by g and g' , re- 
spectively) . 

In particular, the group of isometries of M is a subgroup of the group of 
affine transformations of M. 



2 The main results 

The purpose of this section is to prove Theorems 2.1 and 2.2. 

Theorem 2.1. Let {M,g) be an irreducible Riemannian manifold, with 
bounded and non-identically zero sectional curvature. Then, the group of 
affine transformations of (M, g) is equal to the group of isometries of (M, g) . 

Proof. The proof will be given in three steps. 

Step 1. Every homothety is an affine transformation. Using a homothety 
/, we define a new Riemannian metric on M by g'{X, Y) = g{TfX, TfY) = 
c^g{X,Y). Obviously, / : {M,g') — )■ {M,g) is an isometry, hence an affine 
transformation. But, from the definitions of the Riemannian connection [1, 
p. 36], it follows that the connection defined by g' and g coincide; therefore 
/ : (M, g) — )■ (M, g) is an affine transformation. 

Step 2. If (Af , g) is irreducible, every affine transformation is a homothety. 
For this we need the following 

Lemma. Let H be a real Hilbert space, 0{H) the orthogonal group and 
S a subgroup of 0{H) which acts irreducibly on H. If g is a symmetric and 



12 



bilinear form on H, invariant under the action of S, then there is a constant 
c such that g{u,v) — c{u,v) for all u,v in H , { , ) being the standard inner 
product of H. 

Proof of Lemma. There exists a symmetric operator A such that g{u,v) = 
{Au,v). Let s be an element of S. From g{su,sv) = g{u,v) (invariance of 
g) it follows As = sA for all s in and from Theorem 6, Appendix II of [3], 
it follows that there exists a constant c, such that A = cl (where / is the 
identity operator) and therefore g{u,v) = c{u,v). We remark that, if g is 
positive definite, the constant c must be positive. 
We give now the proof of Step 2. 

For p in M there are two inner products gp and g'^ on TpM, where 
g'p{X,Y) = g{TpfX,TpfY). As / is an affine transformation g is invari- 
ant under the action of which is a subgroup of the orthogonal group 
0{TpM) (with respect to the inner product g). We are in position to apply 
the Lemma and we obtain g'^ = c^gp- But g and g' are the parallel tensor 
fields with respect to the Riemannian connection defined by g, therefore Cp 
does not depend on p i.e. / is a homothety. 

Step 3. In the hypothesis of Theorem 2.1, every affine transformation 
is an isomctry. Let / be an affine transformation of Af . By Step 2, / is a 
homothety. If c = 1, the proof is complete. Suppose c < 1, otherwise we 
may use f~^ and denote hj K < +00 the bound of the sectional curvature. 
For every p in M and the 2— plane a — {X, Y} in TpM we have 

\K{a)\ = c'"^\Kf^^p){{TpfrX, {TpfTYl < c^^ ■ K, 

and, for m — )■ 00, we obtain Kp{X, Y) = which is a contradiction. 

In the case of M irreducible and complete, the hypothesis "bounded sec- 
tional curvature" can be weakened. Firstly, we prove 

Lemma 2.1. Let {M,g) be a complete Riemannian manifold. Every 

strict homothety ( i. e. with c ^ 1) of M , has a fixed point. 

Proof. (M, g) is a complete metric space with respect to the metric d{p, q) = 
inf I J g{b, b)^dt^ for all curves b on M, with 6(0) = p and 6(1) = q, see 
[5]. 

Let / be a homothety with c < 1, otherwise we may take / ^. We have 
c?(/(p), /(?)) = inf |^^(/o 6, / o 6)i(it| <cinf I j^^(6,6)i(it| <c(i, 

therefore / is a contraction map. It follows that / has a fixed point. 

Now we give the following 

Definition 2.1. The Riemannian manifold {M,g) is said to be with lo- 
cally bounded sectional curvature if any p in M admits a closed neighborhood 
on which the sectional curvature is bounded. 

Theorem 2.2. Let {M,g) be a complete and irreducible Riemannian 
manifold with locally bounded and non-identically zero sectional curvature. 
Then, the group of affine transformations of M is equal to the group of isome- 
trics of M. 
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Proof. By Step 2 of the proof of Theorem 2.1, every affine transformation / 
is a homothety and therefore by Lemma 2.1, has a fixed point, denoted by 
Pq. Let U he a, closed neighborhood of po on which the sectional curvature is 
bounded by K < +oo. Suppose c < 1 and we have 

diPo,rip)) - d{r{po),r{p)) < c^d{po,p), 

for all p in M; hence there exists an mo > m such that for mo > m, f^{p) 
belongs to U. Prom 

\K^{XX)\ = (?'^\Kfr.^p){{T,frX, {T,frY)\ <c'^-K 

it follows, when m — > oo, Kp{X, Y) = which is a contradiction. 

Remark 2 .1. The hypothesis of Theorem 2.1 are satisfied by a 5— pinched 
Riemannian manifold (i.e. there exists a constant < 5 < 1 such that 
5 < Kp < 1, for every p in M). 

Remark 2.2. When M is a finite-dimensional Riemannian manifold, every 
p in M admits a neighborhood such that U is compact. As Kp is a continuous 
function, it follows that it is bounded; therefore M has locally bounded 
sectional curvature. In the case when M is complete and irreducible, we 
obtain the theorem by S. Kobayashi ([2]). 
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ANALYSE MATHEMATIQUE 

Structures spinorielles sur les varietes hilbertiennes 

Note (0) de Mihai Anastasiei 
presente par M. Andre Lichnerowicz 

Abstract 

On donne quelques definitions et proprietes des structures spinorielles 
sur les varietes modelees par des espaces de Hilbert. 

Some definitions and properties of the spin structures on the man- 
ifolds modeled by Hilbert spaces are given. 

1 Introduction 

Soit H un espace de Hilbert reel, separable et de dimension infinie. Nous 
notons par GL{H) le group general lineaire de H et par 0{H) le group 
orthogonal de H. Soit P{H) un classe de perturbation pour I'anneau L{H) 
des operateurs lineaires bornes sur H et soit GLp{H) = {X G GL{H), X 
congruent a / modulo P{H)}, ou / designe I'operateur identite sur H. Le 
sous-groupe 0{H)p = 0{H) n GLp{H) a deux composantes connexes; soit 
SO{H)p sa composante connexe de I'identite. Si P{H) coincide avec I'ideal 
des operateurs nucleaires [resp. de Hilbert-Sclimidt], les groupes 0{H)p, 
SO{H)p seront notes par 0{H)i, SO{H)i [resp. par 0{H)2, S0{H)2]. 

Pierre de la Harpe a donne dans [3] une construction explicite du revetement 
universel Spin(if)i de SO{H)i. Ulterieurement, R.J. Plymen et R.F. Streater 
ont donne dans [5] la construction explicite du revetement universel Spin(if)2 
de S0{H)2- Les groupes Spin(if)i at Spin(_f/')2 s'appellent les groupes 
spinoriels. Posons Spin(if) =Spin(i7)i oubien Spin(if)2 et SO{H) = SO{H)i 
ou bien S0{H)2 et notons par p :Spin(iJ) — )■ SO{H), I'liomomorphisme cor- 
respondant de revetement. 

Dans la suite, nous allons definir les structures spinorielles en utilisant les 
groupes Spin(if) et nous allons donner quelques proprietes de ces structures. 
Nous allons considerer aussi fibres de Clifford. 

* Seance du 7 fevrier 1977 
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2 Definitions des structures spinorielles 



Nous supposerons toujours la differentiabilite de classe C°^. Soient M une 
variete differentiable, conexc, modclce sur un espace de Banach et soit tt : 
£" — )■ M un fibre vectoriel (en abrcgc f.v.) de fibre type H . 

Definition 2.1. Nous appelons P— structure riemannienne sur le f.v. tt, 
une reduction du groupe structural de tt au groupe 0{H)p. 

Remarquons que ces structures existent toujours, GL{H) etant contractible 
(le theoreme de Kuiper). Nous les etudierons dans un autre travail. Pour 
le groupe SO{H)i [resp. 5*0 (iJ) 2] nous obtenons la structure riemannienne 
nucleaire orientee [resp. riemannienne de Hilbert-Schmidt orientee]. 

En supposant que le f.v. tt a une reduction au groupe SO{H) soit P(M, 
SO{H)) son fibre de reperes [1], qui est un fibre principal (en abrege f.p.) de 
base M et de groupe structural SO{H). 

Definition 2.2. Une structure spinoriellc sur le f.v. tt avec une reduction 
au groupe SO{H) (ou sur le f.p. P{M,SO{H))) est une extension du f.p. 
P{M, SO{H)) associee a I'homomorphisme de revetement p :Spin(if) — > 
SO{H). 

Nous notons par E(M, Spin) une telle extension et par 
p : E(M, Spm(H)) P(M, SO(H)) 

I'homomorphisme qui correspond a I'homomorphisme p. 

Remarque 2.1. La definition 2.2 est equivalente a la definition donnee 
par A. Lichnerowicz [6]. 

Remarque 2.2. Comme le f. p. P{M, SO{H)) est determine, a un 
isomorphisme pres, par un recouvrement ouvert {Ui} et un cocycle Qij : Ui fl 
Uj — > SO{H) (1), le f. p. ^(M, Spin(i/)) (s'il existe) est determine par un 
cocycle gij : Ui fl Uj — )■ Spin(iJ) tel que p(gij) = gij. Cette remarque, reunie 
avec la possibilite d'identifier la classe d'isomorphie du f. p. P{M, SO{H)) 
avec un element de I'ensemble de cohomologie H^[M, SO{H)) est tres utile. 

Theoreme 2.1. Le f. p. P{M,SO{H)) admet une structure spinorielle 

si et seulement s'il existe un element non nul a e H^{P, Z2) tel que a restreint 
a chaque fibre soit non trivial. 

Esquisse de preuve. Nous considerons a comme un homomorphismc a : 
Hi\P) — )■ Z2 et nous dcfinissons un homomorphismc a o ip^ : tii{P) — )> Z2 ou 

est I'homomorphisme de Hurewicz. Done, ker((T o tpi) est un sous-groupe 
d'ordre deux dans 7ri(P). Comme P est localement contractible, il existe un 
revetement d'ordre deux E de P, qui est I'espace total d'une extension de 
P{M, SO{H)) associee a p. La necessite est immediate. 

La definition d'une structure spinorielle qui decoule du theoreme 2.1 est 
tres utile pour les demonstrations des theoremes suivantes [voir [7] pour la 
dimension finie ou pour le cas topologique]. 

Theoreme 2.2. L'ensemble des structures spinorielle, s'il n' est pas vide, 
est en bijection modulo I'isomorphisme de fibres principaux avec H^{M, Z2). 
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Theoreme 2.3. Soient les f.v. tti, et 712, avec I'espace de base M et 
TTi ® 7r2, leur somme de Whitney. Si deux de ces fibres ont des structures 
spinorielles, le troisieme est muni aussi d'une structure spinorielle. 

La suite exacte 

1 ^ Z2 ^ Spin(i/) ^ SO{H) 1 
induit, une suite exacte de groupes et d' ensemble de cohomologie [4]: 

H^{M, Z2) H\M, Spin(i/)) — > H\M, S0{H)) H\M, Z2). 

V 

II existe une structure spinorielle sur P{M, SO{H)) si et seutlement si 
v{P) = 0. Dans le cas SO{H) = SO{H)i, v{P) = W2{P), [3], la deuxieme 
classe de Stiefel-Whitney de P{M,SO{H)i). 

Soit M' une autre variete et soit / : M' — )■ M un morphisme. Nous 
notons par Pf le f. p. sur M' induit par P{M, SO{H)) et /. Si le f. p. 
P{M, SO{H)) admet une structure spinorielle, alors Pf admet une structure 
spinorielle. Une propriete reciproque est donnee par le 

Theoreme 2.4. Soit f : M' M un f. p. de groupe structural G. 
Alors, G opere naturellement sur Pf et soit u' ■ G I'orbite de u' G Pf . Si le 
f. p. Pf admet une structure spinorielle E(M', Spin(if)) et si le groupe G 
opere sur E tel que la projection T: ^ "E/G est un f. p. de groupe structural 
G et p{u ■ G) = p{u) ■ G, ouu-G est I'orbite deu eE, alors P{M, SO{H)) 
admet une structure spinorielle. 

Demonstration. La variete S/G est muni d'une structure naturelle de f.p. de 
base M et de groupe structural Spin(if) par Taction {u ■ G)a = ua ■ G, pour 
a eSpin(if), et projection u ■ G ^ f{a{u)) avec a la projection S — )■ M'. 
L'homomorphisme canonique S/G ^ P est de la forme u ■ G ^ f{f*{u)), 
oil /* : Pf — >■ P est l'homomorphisme induit par /. 

Dans le cas G = Z2, nous obtenons un resultat qui a ete demontre par I. 
Popovici [9] pour la dimension finie et le cas non orientable. Une structure 
spinorielle sur M sera par definition une structure spinorielle sur le fibre 
tangent TM (en supposant que M est modelee sur I'espace de Hilbert H). 

Exemples. (a) Lc f. p. trivial M x SO{H) admet toujours une structure 
spinorielle, unique si M est simplement connexe. 
(b) Soit I'espace de Hilbert: 

00 

I2 = {x = {xi,x2, ...) I e R, ^ < 00}, 

i=l 



avec la base Ci,C2,... Le tore hilbertien T — I2/ ^^Zci est un groupe de 

i=l 

Lie- Hilbert. Chaque structure ricmannicnne nucleaire sur T est orientable 
car wi{T) = et il existe une structure spinorielle [relatif a Spin(l2)i] sur T, 
car W2{T) =0 [5]. 

(c) Des exemples plus sofistiques decoulent de [5]. 
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3 Fibres de Clifford 

Maintenant, nous allons limiter nos considerations au group e SO{H)i. Soit 
C{H)i I'algebre de Clifford avec sa structure de C*— algebre [3]. Chaque 
*— automorphisme ip de C{H)i pour lequel ip{H) = H, s'appelle de Bogoli- 
ubov. Le groupe de ces automorphismes est note par Bog(C(i7)i). II existe 
un isomorphisme C : 0(H) — > Bog{C{H)i) qui est aussi un isomorphisme 
de groupes de Lie-Banacn. 

Soit un f.p. P{M,0{H)). Son fibre associe avec la fibre C{H)i est 
un fibre en algebres localement trivial, nomme fibre de Clifford. Nous no- 
tons par Bog{C{H)i)i les automorphismes de Bogoliubov interieurs et par 
Bog{C{H)i)ip les automorphismes de Bogoliubov interieures et paires. 

L 'isomorphisme 0{H)i ~ Bog{C{H)i)i implique le: 

Theoreme 3.1. // existe une structure riemannienne nucleaire sur f.v. 
riemannienne si et seulement si le fibre de Clifford admet une reduction au 
groupe Bog{C{H)i)i. 

L 'isomorphisme SO{H)i ~ Bog(C(if)i)jp [3] implique le 

Theoreme 3.2. Une structure riemannienne nucleaire sur un f.v. rie- 
mannienne est orientable si et seulement si le fibre de Clifford admet une 
reduction au groupe Bog{C{H)i)ip. 

Dans le contexte des structures spinorielles, on pent etudier les champs 
spinoriels et les connexions spinorielles en dimension infinie. Ces aspects 
seront abordes dans un autre travail. 

I. Pop et I. Popovici ont tres utilement discute sur ce travail. 
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Introduction 

Let H he a separable, real Hilbert space. Denote by L{H) the algebra of 
bounded linear operators on H and by (^{H) the set of Frcdholm operators 
on H. A two-sided ideal P{H) of L{H) is said to be a 0-perturbation class 
if <j){H) + P{H) = <j){H) and F{H) C P{H), where F{H) is the two-sided 
ideal of the finite rank operators on H. Let GLp{H) he the group of those 
invertible operators on H, which can be written as / + X with X in P{H), 
where / is the identity operator. Denote by 0{H) the group of orthogonal 
operators on H and we put 0{H)p — GLp{H)r\0{H). The group 0{H)phas 
two connected components. Denote by SO(H)p the connected component 
oil. 

Let M be a connected and paracompact manifold, locally diffeomorphic 
to a Banach space, and let be vr : — )■ M a vector bundle having H as 
the type fibre. A P— structure on tt is a reduction of its structural group 
to GLp{H). A vector bundle with a P— structure is called a P— bundle (see 
[3]). A reduction of the structural group of vr to the group 0{H)p will be 
called a Riemannian P— structure and a vector bundle with a Riemannian 
P— structure will be called a PP— bundle. 

We are going to discuss the reduction of a P— bundle to a PP— bundle 
and to describe the morphisms of the PP— bundles. 

1 On the reduction of a P-bundle to a PR- 
bundle 

Let TT : P — 7> M be a vector bundle, as above. One say that tt admits a 
reduction of its structural group to a subgroup G of GL{H) if there exists a 
maximal collection of trivializations {Uj, 4>j)j&j with Uj open in M and 

0. : ^UjxH 
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such that the maps 

0fc o 07i : Uj nUk^ GL{H) 

take their values in G. 

Let g he a. Riemannian metric on tt. Using (pj we can transport the 
restriction of the Riemannian metric g to 7r^^{Uj) on Uj x H and for a fixed 
point p in Uj we obtain a symmetric, bihncar and positive defined form on 
H whose corresponding operator (symmetric and positive) wiU be denoted 
by Ajp. The map Uj — ?> L{H) given by p — )> Ajp is a morphism. 

Definition 1.1. Let it : E ^ M he a. vector bundle with a P— structure. 
A Riemannian metric on tt is said to be adapted to the P— structure of tt 
if for every trivialization [Uj,(j)j) and for every p in Uj, there exists Xjp in 
P{H) so that Ajp = I + Xjp. 

Theorem 1.1. Let tt : E ^ M be a vector bundle with a P— structure. 
Then n admits a Riemannian P— structure if there exists a Riemannian met- 
ric g adapted to its P— structure. 

Proof. Let {Uj,(f)j)j^j he the maximal collection of trivialization of vr, such 
that (f)k ° (t'J^ 9.rc ^^(iJ)— valued. Denote by gj, the metric on Uj x H 
obtained from the restriction of g to n^^{Uj) and for every p in Uj we put 
gjp{v,w) — {AjpV,w), where ( , ) is the inner product on H. Let be A in 

L{H); we agree to note by ^/A an operator B — lim„S„ where is a 
sequence inductively defined by 

Bn+l — 2^Bn + Pn ^^)) -^1 — 

We define new trivializations for tt by "ifjp — Bjp o (pjp, where Bjp — \fAjp 
and = 0j|7r-i(p)- Since for ever v and w in if, we have 

{BjpV,Bjpw) = {B'jpV,w) = {Ajpv,w) = gjp{v,w), 

Bjp is an isometric map with respect to inner product on H and gjp, hence 
(■?/;^ o i'f'^) (p) G 0{H). Since Ajp = 1 + Xjp with Xjp in P{H), it is easy to 
sec that ^/ Ajp = I + Yjp with Yjp in P{H). 
Using this expression of ^/AJ^, we obtain: 

{A o il^-'){p) = Bkp o cj>kp o 0-/ o = Pfep(7 + Zp)B-J- = 

= Pfcp o Pri + Bfcp o Zp o Pri = (/ + r,^) (/ + Vjp) + B„p o Zp o Pr^ = 

^I + Xp 

with in P{H), since P(P) is a two-sided ideal. Therefore, {Uj,ipj)i^j is 
the expected collection of triviahzations of tt. 
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Remark 1.1. By the Theorem 1.1, a P— structure on tt and a Rie- 
mannian metric adapted to it, determine a Riemannian P— structure. Con- 
versely, a Riemannian P— structure determines a P— structure (itself viewed 
as P— structure) and a Riemannian metric by gp{^, rj) = {(/)jpC, <l>jpV) for P 
in M (the definition is correct because (pkp o (pj^ e 0(H)) whose associated 
operators Ajp arc all equal to I. 

Definition 1.2. A PP— bundle is orientable if it admits a reduction to 
the group SO{H)p. 

We have proved a criterion for the orientabihty of a PP— bundle in [1] . 
Consider for F{H) the following g— norm (l < q < oo): = (trace 

(v^X^)'?)V'? for 1 < q < oo and the usual norm for q = oo. The closure 
of F{H) in this g— norm will be denoted by Fg{H). Each set Fg{H) is a 
0— perturbation class and it corresponds to it a group denoted by 0(H) q. 
Some structures of great importance in the study of the spin structures on 
Hilbert manifolds are the reductions of the structural group of a vector bundle 
to 0(H) I, 0(H) 2 respectively, named in [2], Riemannian nuclear structure, 
Riemannian Hilbert-Schmidt structure respectively. In the same Note there 
exists a condition for the reduction of a Riemannian vector bundle to a 
nuclear vector bundle; another criterion for the orientabihty of a Riemannian 
nuclear vector bundle is also given. 



2 Morphisms of Pi^— bundles 

Let (/)o(H) be the set of Fredholm operators of index 0. 

Lemma 2.1. [4] Every T e 4>q(H) can be written as: T = S + a, where 
S e GL(H) andae F(H). 

Definition 2.1. An operator T e (po(H) is said to be an O0o— operator 
if a*S + S*a + a*a = 0, where S and a are as in Lemma 2.1. 

Let tt' be another vector bundle over M having the type fibre H. A 
morphism / : tt — > tt' is called a 0o~morphism if it is a 0o "Operator on each 
fibre. 

Definition 2.2. Let vr' be a Riemannian vector bundle. A morphism 
/ : TT — )■ tt' will be called an O0o~iiiorphism if for every trivialization (U, 0) 
and (V, -0) with /([/) C F of tt and tt' respectively, we have 

(ipo f o(j)-^)(x,v) = (f(x),fi(x)v) 

with fi(x) an O0o~operator for every x in U. 

Theorem 2.1. Let n be a vector bundle and let tt' be a PR— bundle. An 
0(j)Q— morphism / : tt ^ tt' induces a unique Riemannian P— structure on tt, 
such that one has 

ipo fo (j>~^(x, v) = (f(x),v + ao(x)v) 

with ao(x) in F(H) and J + ao(x) in 0(H), whenever (U,(j)) and (V,'0) '^'iih 
f(U) C V are the trivializations of these Riemannian P— structures. 
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Proof. Let be {U, 0) a trivialization of tt and (Vq, ■0o) with Vq C f{U) a 
trivialization of tt'. Therefore we have 

(^|;ofor')(x,v)^(f(x),f^(x)v), 

where fi{x) is an O0o~operator for every x in U. By Lemma 2.1, /i(a;) = 
+ a{x), where 5(a;) e GL{H) and a(a;) e Since GlIh) is 

an open subset of L{H), there exists a neighborhood [/q of x, such that 
^(^7o) C GL{H). 

Define a new triviahzation of tt, (po : 7r~^(?7o) Uq x H hy 

(j)oO(f)-^{x,v) = {f{x),S{x)v). 
We have, using the definition of the O^q— operators, 

V'O O / O <Po^{x, V) = ijjo O f O (j)-^ O (f) o 00 ^(x, v) = 

= o / o 0-i(x, = (fix), h{x)S-\x)v) = 

- {f{x), {S{x) + a(a;))5-i(a;)v) = {f{x),v + a(a;)5-i(a;)v) = 

= {f{x),v + ao{x)v), 

with ao(a;) in and / + a^^x) in 0{H). 

Let (1/l,'0i) be another triviahzation of tt' and (?7i,0i) the triviahzation 
of TT associated to it by the above construction. Therefore we have 

V'l o / o 0r^(^> = (/(a:^), ^ + ai{x)v) 

with ai(a;) in F{H) and / + ai(x) in 0(H). We put ■01 o ^q-^^XjV) = 
{f{x), B'{x)v) with B'{x) in 0{H)p and ^oQ^r"*^!^) = ifi^), B{x)v). From 
■01 o / o 0~''- = ■01 o ^0"^ o ^00 o / o o o 0~^ it foUows 

i?'(a;) o B{x)v + B' {x)aQ{x)B{x)v = v + ai{x)v 
hence, if we omit x, 

(*) S'S + B'aoB = 7 + oi 

or equivalently 

(**) B'{I + ao)B = I + ai. 

Therefore B is an orthogonal operator. 

If we put B' = I + b', from (**) it foUows 

B ^ I + ai-b' B - aoB - b'aoB ^I + a 

with a in F{H) since -F(i7) is a two-sided ideal. Hence (0oo0]"^)(a;) G 0{H)p 
and the proof is complete. 
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Corollary 2.1. Let n : E ^ M he a vector bundle with fibre H . An 
0(j)Q—morphism f : E ^ M x H induces a unique Riemannian P— structure 
on E, so that for any trivialization {U,(f)) of E, we have 

f o v) {f{x),v + a{x)v) 

with a{x) in F{H), and I + a{x) in 0{H). 

Proof. One considers the trivial Riemannian P— structure on M x if and 
one applies the Theorem 2.1. 

CoroIIciry 2.2. Let f : ti ^ tt' be an isomorphism of vector bundles. 
If tt' admits an (orientable) Riemannian P— structure, there exists a unique 
(orientable) Riemannian P— structure on tt such that for every trivialization 
{U, (f)) and (V, -0) with f{U) C V of these Riemannian P— structures, we have 

{i/jo f o(f)-^){x,v) = {x,v). 



Proof. One repeats the proof of Theorem 2.1 with a{x) = because / is an 
isomorphism. The relation (*) becomes B'B — 7, hence B' e 0{H)p (resp. 
SO{H)p) implies B e 0{H)p (resp. SO{H)p). 

Corollary 2.3. Let be N and N' manifolds modeled by H . Suppose 
that N' admits an (orientable) Riemannian P— structure. A diffeomorphism 
h : N ^ N' induces an (orientable) Riemannian P— structure on N. 

Remark 2.1. Let / : tt — )■ tt' an O0o~iiiorphism, where tt' is a Pi?— bundle. 
Suppose that the Riemannian P— structure of tt' is obtained from a P— structure 
and a Riemannian metric g. The Riemannian P— structure induced by / on 
TT is not obtained from the P— structure induced by / and f*g, since f*g 
is not a Riemannian metric. However this happens in the context of the 
Corollary 2.2. 
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1 Introduction 

Let if be a separable, real Hilbert space. We denote by L{H) the algebra of 
bounded linear operators on H, by 0{H) the orthogonal operators on H and 
by / the identity operator on H. Let GLp{H) be the group of those invertible 
operators on H which can be written as I + A, where A is in a "perturbation 
class" PiH) [2, p. 46] of L{H). The group 0{H)p = 0{H) (1 GLp{H) is 
doubly connected and we denote by SO{H)p the connected component of /. 
Let F{H) be the ideal of finite rank operators on H . Wc denote by F[H)p 

the closure of the ideal F(ii) in the p— norm defined by =(trace(X*X) 2)p 

for 1 < p < oo and by the usual norm, for p = oo. The ideals F{H)p are 
"perturbation classes" for L{H). For p = 1 (resp. p = 2) we obtain the ideal 
of nuclear operators (resp. the ideal of Hilbert-Schmid operators) and in this 
case the groups 0{H)p, SO{H)p will be denoted by 0{H)i, SO{H)i (resp. 
0{H)2, S0{H)2). It follows, from general principles, that the universal cover- 
ing of SO{H)p is a Banach-Lie group and that the covering map is 2-shcctcd. 
An explicit construction of the universal covering group Spin(i/)i of SO{H)i 
has been given by P. de la Harpe [3]. Later, R.J. Plymen and R.F. Streater 
[9] gave an explicit construction of the universal covering group Spin(ii)2 of 
S0{H)2- Both groups Spin(ii)i and Spin(i7)2 will be called spinor groups 
and will be denoted by Spin(ii). 

We denote by SO{H) both the groups SO{H)i and S0{H)2 and by 
p :Spin(ii) — )■ SO{H) the corresponding covering maps. In the following, we 
define the spin structures using the groups Spin(ii) and we give some prop- 
erties of these structures. Some results about the Riemannian P— structures 
are given, too. 

2 Definitions of the spin structures 

All bundles, manifolds and morphisms considered in the following will be 
assumed of class C°°. Let M be a connected and paracompact manifold. 
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modeled on a Banach space and let ^ : — > M be a vector bundle over M 
with fibre H. 

Definition 2.1. A Riemannian P— structure on the vector bundle ^ is a 
reduction of its structural group to the group 0{H)p. 

Remark 2.1. The existence of the Riemannian P— structures is a direct 
consequence of the fact that GL{H) is contractible (Kuiper's theorem). 

Definition 2.2. A Riemannian P— structure on the vector bundle is 
said to be orientable if ^ admits a further reduction of its structural group 
to the group SO{H) p. 

Theorem 2.1. A Riemannian P— structure on the vector bundle ^ is 
orientable if and only if the first Stief el- Whitney class vanishes. 

Proof. The proof of proposition 6.2 from [6] can be repeated using the homo- 
morphism 0{H)p 0{H)p/ SO{H)p. We give an alternative proof. The 
exact sequence 

(2.1) 1 ^ SO{H)p 0{H)p 4 Z2 ^ 1 

induces an exact sequence of the cohomology groups and sets ([5], 3.1 and 
2.10.1) 

(2.2) ^ H\M, SO{H)p) H\M, 0{H)p) 4 H^{M, Z2). 

We denote by L the principal bundle of linear frames of ^ (for definition see 
Bourbaki [1]), interpreted as an element of H^{M,0{H)p). Prom exactness 
of the sequence (2.2) it follows that the Riemannian P— structure of ^ is 
orientable iffp*{L) = 0. Now we prove that P*{Ij) — Wi{^). By the naturally 
property of the characteristic classes, it is suffi-cient to do so when M is 
the classifying space BO of the group 0{H)p. But H^{BO, Z2) = Z2 [6], 
hence the map p* is either identically zero, or is the class wi. The first 
alternative is not possible, because there exists at least a vector bundle with 
a non-orientable Riemannian P— structure (sec Exemple 4 from [2]). For the 
theory of the characteristic classes considered here see U. Koschorke [6]. 

Corollary 2.1. A connected and paracompact manifold N, modeled on 
H, endowed with a Riemannian P— structure is orientable with respect to this 
structure iff wi{N) = 0. 

Theorem 2.2. A connected and paracompact manifold N, modeled on 
H , is orientable with respect to all Riemannian P— structures which are com- 
patible with its manifold structure if H^{N, Z2) — 0. 

Proof. It follows from a result of U. Koschorke [6, Proposition 6.3]. 

A reduction of the structural group of the vector bundle ^ to the group 
0{H)i (resp. 0{H)2) will be called a Riemannian nuclear structure (resp. a 
Riemannian Hilbert- Schmidt structure). 

Let G be a Banach-Lie group and let P(M, tt, G) (where vr : P — )> M), 
be a principal bundle over M with group G. Let G' be another Banach-Lie 
group. 

Definition 2.3. A principal bundle P'(M, tt', G") where tt' : P' ^ M 
is said to be an extension of the principal bundle P(M, tt, G), associated to 
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the homomorphism if : G' ^ G if there exists a morphism if : P' ^ P such 
that {if, if) is a morphism of principal bundles. We suppose that the vector 
bundle ^ is endowed with a reduction of its structural group to SO{H) and 
we denote by P(M, tt, S0{H)) the principal bundle of hnear frames of it. 

Definition 2.4. A spin structure on the vector bundle ^, endowed with a 
reduction of its structural group to SO{H), is an extension of principal bundle 
P{M, TT, SO{H)), associated to the covering map p :Spin(/J) — )> SO{H). 

Such an extension will be denoted by S(M, 7r,Spin(i7)) and will be called 
a spin structure on P{M, tt, S0{H)) or a spin structure on M with respect to 
P{M,7r, SO{H)), too. 

The morphism p : E ^ P is a 2-sheeted covering map and its restriction 
to fibres are 2-sheeted covering maps. For every a in Spin(if) and u in E, 
we have p{ua) = p{u)p{a) and 7r(p(-u)) = 7i'{u). It follows that the Definition 
2.4 is equivalent to the following definition, given by A. Lichnerowicz [7] in 
a different context. 

Definition 2.5. A spin structure on the vector bundle ^, endowed 

with a reduction of its structural group to SO{H), is a principal bundle 
E(M, TT, Spin(iJ)) such that E is a 2-fold covering of P, the restriction of 
the covering map p : E — )■ P to fibres are 2-sheeted covering maps and 
p{ua) — p{u)p{a), 7r{p{u)) — 7r'{u) hold, for every a eSpin(if) and e E. 

Remark 2.2. By a general result (sec Bourbaki [1]), the principal bundle 
P{M, TT, SO{H)) is determined (up to an isomorphism) by an open covering 
{Ui} of M and a cocycle gij : UiHUj SO{H). From Definition 2.4 it follows 
that, the principal bundle E(M, tt. Spin (if)), when it exists, is determined by 

a cocycle Qij : Ui fl Uj — >Spin(ii') such that p(cjij) = Qij. 

The following theorem gives another definition of the spin structures. 

Theorem 2.3. Let P{M,t:, SO{H)) be the principal bundle of linear 
frames of ^. The vector bundle ^ admits a spin structure if and only if there 
exists a cohomology class a e i?^(P, Z2) whose restriction to each fibre is 
non-zero. 

Proof. From the isomorphism i7^(P, Z2) ~Hom(ifi(P), Z2) it follows that, 
there exists a not trivial homomorphism a : i?i(P) — > ^2- If V^i ■ '^(P) ~^ 
Hi{P) denotes Hurewicz's homomorphism, aoipi : tii{P) — )> Z2 is an epimor- 
phism, hence ker((T o ip^) is a subgroup of index 2 in vri(P). Consequently, 
since the manifold P is locally contractible, there exists a covering space E 
of P such that p*(7ri(S)) =ker((70(^i), where p : E ^ P is the covering map. 
The covering space E can be taken as the total space of a principal bun- 
dle over M with group Spin(i7) which is an extension of P{M,7r, SO{H)), 
therefore a spin structure of ^. 

Conversely, if P(M, tt, S0(H)) admits a spin structure, E(M, 7r,Spin(if)), 
the total space E is a two-fold covering of P. Let Sq and Si be two points in 
p~^{u), where m is a fixed point in P. Denote by c a loop about u and by c 
its hft to E with c(0) = sq- The endpoint c(l) depends on [c] G 7ri(P, m) the 
homotopy class of c. Define the homomorphism r : 7ri(P, u) — ?> Z2 by t([c]) = 
if c(l) = So and t([c]) = 1 if c(l) = Si. Since Z2 is commutative, r vanishes 
on the commutator subgroup [7ri(P), 7ri(P)] of ni{P,u), therefore r induces 
a homomorphism a : 7ri(P, w)]/[7ri(P, u), 7ri(P, w)] — >■ Z2. We can identify a 
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with an element of H^{P, Z2) via the isomorphisms 7ri(P, u)/['Ki{P),7ri{P)] ~ 
H,iP), Hom(i7i(P), Z2) ~ H\P, Z^). 
The exact sequence of groups 

(2.3) 1 ^ Z2 ^ Spin(iy) ^ SO{H) 1 

induces an exact sequence of the cohomology groups and sets 

^ H\M, Z2) H\M, Spm{H)) H\M, S0{H)) A H^{M, Z2).(2.4) 

Denote by P the element oiH^{M, SO{H)) determined by P(M, tt, S0{H)). 
Using the Remark 2.2. and the exactness of the sequence (2.4), we obtain 

Theorem 2.4. The vector bundle ^ admits a spin structure if and only 
ifv{P) = 0. 

When SO{H) = SO{H)i, P. de la Harpe [3] has proved that v{P) = 
^2(0 1 where ^2(0 is the second Stiefel- Whitney class of ^. 
The following exact sequence 

(2.5) ^ H\M, Z2) 4 H\SO{H), Z^) ^ i/'(M, Z2), 

where i is the natural inclusion of the fibre in the total space, can be obtained 
from spectral sequence associated to the principal bundle P{M,Tr, SO{H)) 
(sec J. -P. Scrre [11] p. 456). 

If ^ admits a spin structure a G i/^(P, Z2), then a + 7r*{b) where b £ 

H^{M ^ Z2) is the most general spin structure of ^. It follows that, there is 
a bijection between the set of isomorphism classes of spin structures of ^ 
and H^{M, Z2). Consequently, a spin structure of ^, is unique (up to an 
isomorphism) iff H^{M, Z2) = 0. 

Theorem 2.5. Let © ,^2 be the Whitney sum of the vector bundles 

and ^2 over M . Given spin structures on two of the three vector bundles 
ii,i2,ii ® ^2, there is a uniquely determined spin structure on the third. 
Proof. As in J. Milnor [8]. 

Let M' be another manifold and let / : M' ^ M be a morphism of 
manifolds. Denote by Pf{M', tt', S0{H)) the principal bundle induced from 
P{M,7r, SO{H)) by the map /. This principal bundle is determined (up 
to an isomorphism) by the cocycle gij o / associated to the open covering 
{f~^{Ui)} where gij is the cocycle of P(M, tt, S0{H)) associated to an open 
covering {Ui}. Using the Remark 2.2 we obtain 

Theorem 2.6. Let be f : M' — )■ M. If M admits a spin structure 
S(M, Spin(i7)) with respect to P{M, tt, S0{H)), then ^f{M', tt', Spm{H)) 
is a spin structure on M' with respect to Pf{M',TT',SO{H)). 

Suppose now that / : M' — )■ M is a principal bundle with group G. It 
follows that, there is an action of G on Pf defined by {p',u)g = {p'g,u) for 
(p', u) e Pf and g eG. 

Theorem 2.7. Let be f : M' M a principal bundle with group G. 
Then the following conditions are equivalent: 

(1) There exists a spin structure S(M, tt, Spin(if)) on P{M,tt,SO{H)). 

(2) There exists a spin structure E'(M', tt' , Spin(if)) on Pf{M', tt' , SO{H)) 
with the following properties: 

a) G acts on E' such that T! /G is a manifold and the projection T! — >■ 
T! /G is a submersion, 
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b) The action of G on S' commutes with the action ofSpm{H) on S'. 

c) p'{wg) = f^{w)g holds, for every g & G and w e E', where p' : E' ^ Pf 

IS the covering map. 

Proof. (1) ^ (2). By the Theorem 2.6, S/(M', vr', Spin(f/)) is a spin 
structure on Pf{M' ,11' , SO{H)). Define an action of G on S' = S/ by 
{p',v)g = {p'g,v), where {p',v) e S' and g E G. This action is proper and 
free. Moreover, the map g — )■ {p'g, v) is an immersion of G in E', since 
/ : M' — )■ M is a principal bundle. It follows that E' — )■ E'/G is just a 
principal bundle (sec Bourbaki [1]), hence the property a) is verified. From 
{p',v)b = {p',vb) for b GSpin(if), it follows {p'g,vh) = {p',v)gb = {p',v)bg 
i.e. the property b). 

For w = ip',v) e E, we have ]J{wg) — {p'g,p{v)) — ^{w)g, i. e. the 
property c). 

(2) =^ (1) Define an action of Spin(if) on E'/G by wGb — wbG, where w e 
E', b GSpin(_f/') and wG is the orbit of w, and a surjection h : Y! jG — )■ M by 
h{wG) = f{TT'{w)). The local isomorphism t : f^^{U)xSpm{H) — )■ E', where 
U is an open subset of M, defines a local isomorphism s : UxSpm{H) 
E'/G by 

(2.6) s{p, b) = t{p'G, b) = t{p', b)G, where f{p') = p. 

The last equahty from (2.6) is a consequence of 
r n'i^iwg)) = n'{^{w))g 

(2.7) 

I n^iwg)) - f*^{w), geG,weE', 

where /* : Pf — )> P is the morphism induced by /. But (2.7) is equivalent 
to property c). It is not difficult to see that h : E'/G — > M is a princi- 
pal bundle with group Spin(i7). The morphism p : E'/G — > P defined by 
p{wG) = f*{p'{w)) satisfies n o p — h and p{wGb) = p{wG)p{b), therefore 
E7G(M,/i,Spin(iJ)) is a spin structure on P{M,7i, SO{H)). 

Suppose that / : M' M is a. principal bundle with group Z2. Let r] 
denotes the involution of Pf defined by the action of Z2 on it. 

Corollary 2.7. Let f : M' M be a principal bundle with group Z^. 
The following conditions are equivalent: 

(1) There exists a spin structure E(M, tt, Spin(if)) on P{M,7r, SO{H)) , 

(2) There exists a spin structure E'(M', tt, Spin(i7)) on Pf{M', tt', S0{H)) 
endowed with an involution rj' which corresponds to identity on Spin(i7) and 
which commutes with the involution rj. 

Proof. In order to apply the Theorem 2.7 it is sufficient to remark that 77' 
defines an action of Z2 on E', which commutes with the action of Spin(if), 
such that E' E'/Z2 is a submersion and p'{wZ2) = p'{w)Z2 holds, for every 

w e E'. 

Remark 2.3. The above corollary has been obtained by I. Popovici [10] 
in non-orientable and finite dimensional case. 

Definition 2.6. Let be a manifold modeled on if, with an oriented 
riemannian nuclear structure (resp. an oriented riemannian Hilbert-Schmidt 
structure). A spin structure on is a spin structure on the tangent bundle 
TN. 
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3 Examples 



a) The trivial bundle M x SO{H) admits a spin structure, unique if M is 
simply connected. 

b) Let lx = {xi,X2, ■■■)/xi G R, /^x'^ < oo > be the Hilbert space l2- 



The Hilbert torus T = I2/ -^^j) where Ci, 62, ... is a base of I2, is a Hilbert- 

Lie group modelled on I2. It admits a canonical analytic atlas such that the 
derivatives of the coordinate changes is always the identity on I2. It follows 
that the corresponding Ricmannian nuclear structure is orientablc and T 
with this structure, admits a spin structure (with respect to Spin(/2)i) since 
W2{T) = 0. 

c) Let M (Z H , he a smoothly imbedded manifold with an oriented Rie- 
mannian nuclear structure. From Theorem 2.6, it follows that a spin struc- 
ture on M determines a spin structure on the normal bundle to M and 
conversely. 



4 Clifford bundles 

In this section we limit our considerations to the group SO{H)i. Let Cl{H) 
be the Clifford algebra of H viewed as a C*— algebra [3]. A *— automorphism 
■0 of Cl{H) which satisfies ip^H) — H is called a Bogoliubov automor- 
phism. Denote by Bog{Cl{H)) the group of Bogoliubov automorphisms and 
by C : 0{H) -^Bog{Cl{H)) the canonical isomporhism described in [3]. A 
Bogoliubov automorphism ip is said to be inner if there exists u e Cl{H) 
such that '0(f) = uvu~^ for every v G Cl{H) and is said to be inner and 
even if u is even. Let 5'(M, 0(H)) be a principal bundle. Its associated fibre 
bundle with fibre Cl{H) (the action of the group 0{H) on Cl{H) is given 
by C) is an algebric bundle, called the Clifford bundle. We can obtain the 
Clifford bundle in another way. For this, let be ^ : £^ ^ M a Riemannian 
vector bundle. The fibres of ^ are Hilbert spaces. Let Ep be the fibre of ^ in 

p G M and let Cl{Ep) be the Chfford algebra of Ep. The set |J Cl{Ep) and 

the projection Cl{Ep) — )■ p can be taken as the total space and projection of 
the Clifford bundle. We remark that ^ can be identified with a subbundle 
of the Clifford bundle. Let Bog(C/(i/))i be the group of inner Bogoliubov 
automorphisms. The isomorphism 0{H)i ~Bog(CZ(i7)j (see [4]) implies the 
following 

Theorem 4.1. There exists a Riemannian nuclear structure on the Rie- 
mannian vector bundle ^ : E ^ M iff the Clifford bundle admits a reduction 
to Bog{Cl{H))i. 

From the isomophism SO{H)i ~Bog(C/(-f/'))je (see [3]), where Bog{Cl{H))i, 
is the group of inner and even Bogoliubov automorphism, it follows 

Theorem 4.2. A Riemannian nuclear structure on the Riemannian vec- 
tor bundle ^ : E ^ M is orientable iff the Clifford bundle admits a reduction 
to Bog{Cl{H))ie. 
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CONNEXIONS SUR LES FIBRES SPINORIELS 

PAR 

MIHAI ANASTASIEI 



Dans [1] on a defini ct ctudic les structures spinorielles sur les varictcs 
hilbertiennes. Dans le present article on considere les connexions adaptees 
aux structures spinorielles (les connexions spinorielles) . Apres quelques resultats 
relatifs aux connexions sur les fibres principaux banachique (§1), on definit les 
connexions spinorielles (§2). En utilisant la derivee covariante des spineurs, 
on met en evidence une famillc d'opcratcurs differentiels du premier ordre 
(au sens de [7] p. 91) sur les fibres spinoricls. Si la varictc est a dimension 
finie I'operateur de Dirac peut etre deduit de cette famille des operateurs. 



1 Connexions sur les fibres principaux 
banachiques 

Soient M une variete differentiable de classe C°° modelee sur un espace de 
Banach M, G un groupe de Lie-Banach reel et P{M, ttp, G) un fibre principal 
(abrcgc f.p.) dc base M, de groupe structural G et dc projection vrp. Nous 
notons par Rg : u ^ ug, u E P, g E G Faction de G sur P et par (T„ : G ^ P, 
u E P, I'application g ug, g E G. au est un diffeomorphisme de classe 
C°° entrc Ic groupe G et la fibre au-dessus du point p = 7ip{u). Lc foncteur 
tangent sera note par T. Considerons la suite exacte de fibres vectoriels 
au-dessus de P: 

(1.1) ^ P X G 4 TP 7r*pTM 

oii: - G est I'algcbrc dc Lic-Banach dc G, 

- TTpTM est le fibre image reciproque de TM par ttp, 

- Tttp! = (rp, Tttp), tp : TP ^ P, 

- I{u, A) = Ttu{A), ueP, AeG. 

Un G— fibre vectoriel est un fibre vectoriel sur lequel G opere par des auto- 
morphismes de fibre vectoriel. Si nous considerons les actions naturelles de G 
sur TP ct TipTM ainsi que Paction de G sur PxG, {u,A)g= {ug,ad{g—l)A), 
u E P, g E G, A E G, alors la suite (1.1) devient une suite exacte de G— fibres 
vectoriels. 

Definition 1.1. [8] Une connexion (infinitesimale) sur le f.p. P{M, ttp, G) 
est une scission de la suite exacte (1.1) de G— fibres vectoriels. 
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Soit r : TTpTM — )■ TP une telle scission. Alors, il existe un morphisme 
unique u : TP — )■ P x G, tel que u o I = id|pxG- Pour chaque point u & P, 
il existe une decomposition unique en somme directe de T^P 

(1.2) T^P - I{P X G')„ © r(7r;.rM)„. 

La decomposition (1.2) dcfinit dc maniere evidente deux projecteurs sur T^P, 
qui seront notes par h (dc noyau I{P x G)u) ct v (dc noyau r{7r pTM)^). La 
compatibilite de F avec les actions de G sur iipTM ct TP implique 

(1.3) r{ug, Z) = TRgV{u, Z), ue P,g eG,Z e TM, et 



(1.4) uj{TRgX^) = {u,uj^{X^))g, u e P, g e G, e T^P, 

ou nous avons note par cuu la restriction de a; a T„P et nous avons pose 
oj{Xu) = {u,uju{Xu)). L'application lineaire 00^ T^P G, u & P, a les 
deux proprietes suivantes 

(1.5) uju{au{A))^A, AeG, 



(1.6) (i?»(^«) UugiTRgXu) = ad{g-')u;u{Xu), ueP,geG. 

Soit Fg{P) I'ensemble des fonctions differentiables de classe G°° definies 
sur P a valeurs dans G et soit u : X(P) Fg{P) une 1-forme de classe C°° 
sur P a valeurs dans G, definie par: 

(1.7) u:{X)^ = u^{X^), ueP,XeX{P), 

oil X{P) est le module des champs de vecteurs sur P. Evidemment, (1.5) et 
(1.6) impliquent: 

(1.8) uj{a{A))^A, AeG, 



(1.9) R;uj = ad{g-')uj, geG, 

ou o-{A) est le champ vectoriel u cr{A). 

Reciproqucment, unc 1-formc sur P a valeurs dans G, dcfinit une appli- 
cation inverse a gauche pour /, compatible avec les actions de G sur P x G 
et TP, grace aux formules (1.8) et (1.9). Vu que la suite (1.1) est exacte, 
cette inverse dcfinit une connexion sur P(M, ttp, G). Done, nous avons etabli 
I'equivalencc cntrc la definition 1.1 et la 

Definition 1.2. Une connexion (infinitesimalc) sur le f.p. P{M,7ip,G) 
est une 1-forme sur P a valeurs dans G avec les proprietes (1.8) et (1.9). 

Ainsi, nous avons recupere, pour nos buts, une definition bien connue 
en dimension finic, des connexions (infinitesimales) sur un f.p. Une autre 
caracterisation est donnee par le 
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Theoreme 1.1. L'existence sur un f.p. P{M,TTp,G) d'une connexion 
(infinitesimale) equivaut a l'existence d'un projecteur h : TP TP {hoh — 
h) avec les proprietes: 

(1.10) ker h^I{Px G), 



(1.11) TRg oh^ho TRg, geG. 

La preuve de ce theoreme est immediate si nous remarquons que (1.3) 
equivaut a (1.11). 

Le morphisme F = v — h de TP definit une structure prcsquc-produit 
sur P, associee d'une maniere naturelle a la scission T. L'espace des vecteurs 
propres correspondant a la valeur propre 1 de I'operateur F„ : T„P — )■ T„P 
est I{P X G)u- Vu que le projecteur i> a la propriete 

(1.12) TRg ov^vo TRg, g eG, 
il resulte que (1.11) equivaut a 

(1.13) TRg o F = F o TRg, geG. 
En utilisant le theoreme 1.1 on obtient le 

Theoreme 1.2. // existe une connexion (infinitesimale) sur P{M,np,G) 
si et seulement si, il existe une structure presque-produit F sur P, avec les 
proprietes 

a) F„(X„) = X„ ^ X„ G I{P X GU Xu G T„P, 

b) TRg oF^Fo TRg, geG. 

Remarque. Les thcorcmes 1.1 et 1.2 ont ete etablis en dimension finie, 

par V. Cruccanu dans [2] et [3]. 

Soit (/, <^o, ho) : P(M, Tip, G) ^ P'(M', n'p,, G') oh f : P ^ P', cpo : G ^ 
G', fiQ : M ^ M' un homomorphisme de f.p., c'est-a-dire: 

(1.14) TTp/ o / = /io o TTp, f{ug) = f{u)ipo{9), ueP,g eG. 

Definition 1.3. Soient les f.p. P{M,7rp,G) et P' {M' , n'p, , G') munis des 
connexions (infinitesimales) F resp. F'. Nous dirons que I'homomorphisme 
(/, (fo, ho) est compatible avec les connexions F et F' si avons 

(1.15) T/oF = F'o(/xT/io). 

Remarque. La relation (1.15) equivaut a 

(1.16) uj'oTf = {fxTipo)ouj. 

La demonstration du theoreme suivant se conduit comme en dimension 
finie (voir [6] p. 79-82). 
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Theoreme 1.3. Soit (/,^p,M : P(M, ttp, G) P'{M' ,7rp,,G') un 
homomorphisme de fibres principaux, avec ho un diffeomorphisme. 

a) Soit r une connexion (infinitesimale) sur P(M, 7rp,G). Alors, il ex- 
iste une connexion (infinitesimale) unique V sur P'{M' ,7rp,G') de maniere 
que I 'homomorphisme (/, (^0,^0) soit compatible avec les connexions (in- 
finitesimales) V et V. 

b ) En supposant que (po est un diffeomorphisme local, soit V une connex- 
ion (infinitesimale) sur P'{M',7rpi,G'). Alors, il existe une connexion (in- 
finitesimale) unique T sur P{M, ttp, G) telle que I 'homomorphisme (/, ipo, ho) 
soit compatible avec les connexions (infinitesimales) V etV . 

Soit F un espace de Banach. En supposant que G opere sur F par un 
homomorphisme ip : G GL(F), soit n : E ^ M le fibre vectoriel associe 

a P{M,T[p,G) de fibre type F. Par une modification legere d'une preuve de 
J- P. Penot (voir [8]) on peut montrer que toute connexion (infinitesimale) 
sur P{M,7rp,G) induit une connexion vectorielle unique sur n : E ^ M 
c'est-a-dire il existe un morphisme de fibres vectoriels K : TE E, tel que 
pour chaque carte vectorielle {U, ip, $) de tt, nous avons 

(1.17) {^oKo r$-i) = (x, e, y, v) ^{x,v + ^^{x)){y: 0, ^, y e M 

{,7; e F, oil T^{x) e L^(M, F;F) correspond aux symboles de Christoffel 
usuels. Notons par A£;(M) le module des sections sur M dans le fibre vectoriel 
TT : E M et possons Xtm{M) = X{M). II existe (voir [4], p. 17) 
une derivation covariante unique Vx, ^ G '^{M), associee naturellement a 
r application K, donnee dans une carte vectorielle quelconque {U,(p,^) par 

(1.18) Vx-S|^(p) = dS^\^^p^{X^) + T^;\x^,S^), peU,Xe X{M), 

x^ipip), SeXE{M), 

ou X^p — T^o X, — S et d estle symbole de differentiation de Prechet. 
Supposons que M admet une partition de I'unite. D'apres le lemme 3.1 de [4] 
et la formule (1-18) nous pouvons definir I'application V : TpM x Xe{U) 
Xe{U), avec U un ouvert de M par {Xp, S) — )> VxpS = VxS, ou X est un 
champ arbitraire de vecteurs qui coincide au point p avec et 5" e Xe{U). 
Cette application est i?— lineaire relativement a Xp et 

(1.19) Vx,(/5) = Tpf(Xp)S + rnVxA S e Xe(M), 

oil / est une fonction reelle quelconque sur M. Nous considerons I'operateur 
de differentiation covariante V : Xe{M) — )■ Xl(tm,e){M){S — )■ VS") donne 
par 

(1.20) {VS){p) = (Vx,-5)(p), p e M,Xp e TpM, S e Xe{M). 

En utilisant (1.19) on obtient le (voir aussi [4], p. 6) 

Theoreme 1.1. L'operateur de differentiation covariante V est un operateur 
differentiel du premier ordre. 
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2 Structures spinorielles et connexions spino- 
rielles 



Soit H un espace de Hilbert reel, separable et de dimension infinie. Nous 
notons par Cl(H.)^ I'algebre de Clifford sur H relative a la forme quadratique 
Q{x) = II G H, structure comme une C*— algebre (voir [5]). 

Soit J une structure complexe sur H, c'est-a-dire un operateur orthogonal 
sur H avec = —id. Si nous posons i x = Jx et {x,y) = {x,y) + {Jx,y), 
x,y E a, I'cspacc H devient un espace dc Hilbert complcxc, qui sera note 
par He. Soient A"Hc la puissance exterieure des n exemplaires de He et 
A(Hc) —Cn>o ©A"Hc avec la structure naturelle de I'espace de Hilbert 
complexe. 

L'algebre exterieure A(Hc) a une Z2— graduation naturelle, A(Hc) = 
A°©A^ oil A° = efe>oA^''Hc et A^ = ©fc>oA^'=+^Hc. II existe une representation 
fidele et irrcductibilc F de Cl(H.)oo sur I'espace de Hilbert A(Hc) (voir par 
exemple [9]). Soient C/(H)!^ le groupe multiplicatif des elements inversibles 
de C/(H)oo et Spin(H)oo = {u e Cl{Iiy^ \ uHu-^ = H,ul3{u) = (5{u)u = 
1, a{u) = It} oil q; est I'involution et $ est I'antiinvolution principale de 
C/(H)oo- P- la Harpe a montre dans [5] que le groupe Spin(H)oo est groupe 
de Lie-Banach. 

Soit 0(H)i le groupe des operateurs orthogonaux sur H de la forme 
id.+A, oil A est un operateur nuclcairc. Lc groupe dc Lie-Banach 0(H) 1 
a deux composantes connexes. Le rcvctement universel de la composante 
connexe de I'identite 5'0(H)i, est exactement Spin(H)oo (voir [5]). Soit 
/S. — F\ Spin(H)oo- Les espaces A'' et A^ sont invariants par A (voir [9]) et 
ils definissent deux sous- representations de A qui seront notees par A° et A^, 
respectivement. Ces deux representations A'^ et A^ sont continues, injectives 
et irreductibles (voir [9]). L'espace A(Hc) (en abrege A) s'appelle I'espace 
de spineurs relatif a SO{\i)i et les espaces A° et A^ s'appellent les espaces 
de semi-spineurs relatifs a 5*0 (H)i. 

Soit P(M, 5'0(H)i) un f.p. de base M et de groupe structural SO{B)i. 
Un f.p. S(Af,Spin(H)oo) qni est I'cxtcnsion de P(M, S'O(H)i) associee a 
I'homomorphisme de revetement p :Spin(H)oo 5'0(H)i, s'appelle struc- 
ture spinorielle sur P(M, S'O(H)i) ou structure spinorielle sur M relative 
a P(M,50(H)i) (voir [1]). Nous notons par (p,p) : E(M,Spin(H)oo) ^ 
P(M, S'O(H)i) I'homomorphisme d'extension. 

Definition 2.1. On appele connexion spinorielle une connexion (in- 

finitesimale) sur S(M,Spin(H)oo)- 

Soient C(P) et C(S) les ensembles de connexions sur P(M, 5'0(H)i) et 
E(M, Spin(H)oo), respectivement. Comme p est un diffeomorphisme local il 
resulte en vertu du theoreme 1.3, qu'il cxistc une bijection p : C(E) — )■ C{P). 
Si nous notons par ci; et a; les 1-formes des deux connexions correspondantes 
par p, nous avons: 

(2.1) Upi^u){TpXu) = TpUu{Xu), ueT,, X^e T^E. 

^ui^u) et ujp(u){TpXu) sont dans les algebres de Lie-Banach des groupes 
Spin(if)oo et SO{H)i, respectivement. 
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En vertu de la proposition 12 [5] nous obtenons 

(2.2) ||c^^(s)(TpXii)||i = A\\oOu{Xu)\\oo. ueE,X^e TsE 

oil II 111 est la norme nucleaire et || ||oo est la norme de C*— algebre sur 
Cl(H.)oo- En dimension finie la relation (2.2) coincide avec la relation (5.4) 
de [10]. 

Vu que Spin(H)oo opere sur A nous pouvons considerer le fibre associe 
a P(M,Spin(H)oo) avec la fibre type A qui sera nomme fibre spinoriel. Les 
fibres associes a P{M, Spin(H)oo) avec les fibres type A° ct A^, respective- 
ment, seront nommes fibres semi-spinoriels. Une section du fibre spinoriel 
sera nommee champ spinoriel. 

Unc connexion spinorielle induit unc derivation covariante dans le fibre 
spinoriel qui sera nomee derivation spinorielle. L' existence de la bijection 
p implique que toute connexion sur P(M, S'O(H)i) induit une derivation 
spinorielle. 

Unc reduction de groupe structural de TM (M modelee sur H) au groupe 
S'0(H)i s'appelle structure riemanniene nucleaire orientee sur M. Si M est 
munie d'une structure ricmannicnnc nucleaire orientee, le fibre de reperes de 
TM est un f.p. de base M et de groupe structural SO (H.)i qui sera note 
par R{M). Nous supposons que M a une structure spinorielle, c'est-a-dire il 
existe un f.p. E(M) de base M et de groupe structural Spin(H)oo, I'extension 
de R{M) par p. 

Dans la suite nous allons mettre en evidence une classe d'operateurs 
differentiels du premier ordre sur unc varicte munie d'une structure spinorielle. 
Soit A(M) le fibre spinoriel. Vu que H C CZ(H)oc, pour tout x e H, on a 
une application lineaire F{x) : A — > A. Pour b eSpin(H)oo et s e A nous 
avons 

A(b)(F(x)s) = F{b){F(x)s) = F(bx)s = F{bxb-^b)s = 

(2.3) 

= F{bxb-^)F{b)s = F{p{b)x)F{b)s. 

Soit ([/j, (pi) un atlas de la variete M et {rj : r~^(C/j) ^ C/j x A} les cartes 
du fibre spinoriel : A(M) — )■ M. Les applications Tj or~^ : Ui HUj — )■ L{A) 
ont leur images dans A(Spin(i?)oo). Vu que A est injective, tj o r~^(p), 
p e Uif] Uj, s'identifie a son image dans Spin(if)oo. Soient {$i : T~^{Ui) — )■ 
Ui X H} les cartes du fibre tangent r : TM — )■ M. Les appfications $j o : 
UidUj — )■ L{H) ont leur images dans SO{H)i; commc p est surjectif il existe 
b eSpin(i/)^ tcl que p{b) = o $,^^(p) = d{(pj o ip:[^){p), p eUiH Uj. Nous 
definissons maintcnant unc application \& : TM x A(M) — )■ A(M) par 

(2.4) *(X^, s,){p) = Tr^\F{X^J)isr,), peM,X,e T,M, e A^M 

D'apres la relation (2.1) il resulte que la definition de ^ ne depend pas des 
cartes locales choisies. Une connexion lineaire sur M induit une connexion 
sur A(M) et done une derivation covariante V. Pour tout X £ X[M) nous 
definissons un operateur Dx ■ X\(^m){M) Xj^{m){M) par 

(2.5) {DxS){p) = ^{Xp, Wx,S), peM, Se X^M)iM) 
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Theorem 2.1. a) L'operateur Dx est pour tout X e X{M) un operateur 
differentiel du premier ordre. 

b) Le symhole de V operateur Dx est donne par 

(2.6) (T,{Dx)ivp) = VpiXp)^iXp^.) 

ou Vp est une 1-forme non nulle sur TpM pour chaque p G M. 

Demonstration, a) Soit S e Aa(m)(-^) tel que le jet d'ordre 1, {j^S){p) = 
0. Vu que V est un operateur differentiel du premier ordre, il resulte que 
Vx,^ = 0, done {DxS)ip) = 0. 

b) Soient / une fonction reelle sur M telle que f{p) = et Tpf — Vp. Soit 

S G X/^(M){M') tel que S{p) = s. Nous avons 

a,{Dx)ivp)is) = Dx{fS){p) = ^{Xp,VxMS)) = ^{Xp,Tpf{Xp)S{p) + 
+f{p)^x,S) = ^iXp,Vp{Xp)s) done ai{Dx){vp) = Vp{Xp)^if{Xp,.). 
Un ealeul direet montre que 

(Ti{Dx)(vp) o ai{Dx)(vp) = a[vp{Xp)]Hd 

ou a est un nombre reel non nul et Xp est non nul. II resulte que le symbole 
<^iiDx){vp) est injeetif seulement si Vp est injeetive, done I'operateur Dx 
n'est pas elliptique au sens de [7]. 

Supposons que M est de dimension finie cgale a n et introduisons I'opera- 
teur de Dirac D a I'aide des operateurs Dx (voir aussi [7]). Soit U un voisi- 
nage ouvert dep E M muni d'un champ de reperes orthonormes {Xi, X2, X^}. 
Definissons d'abord un operateur differentiel du premier ordre Du sur A(M) 
par 

n 

(2.7) {DuS){p) = J2iDx,S){p), SeXj,^M){M). 

k=l 

La definition de Du ne depend pas du champ {Xi, ...,X„}. Si I'on con- 
sidere une famille d'opcrateurs Dui de la forme (2.5) avec {Ui) un recou- 
vrement ouvert de M, deux operateurs arbitraires Du, et Duj coincident 
sur Ui n Uj. II resulte que la famille d'operateurs Du^ definit un operateur 
differentiel du premier ordre unique D sur M tel que la restriction de D k 
chaque Ui coincide avec !?[/.. Le symbole de I'operateur D est donne par 

n 

(2.8) <yi{D){vp) = J2vp{X,,p)^iXk,p,). 

k=l 

Parce que le champ {Xi, X^} est un champ de reperes orthonormes 
nous obtenons 

n 

(2.9) (T,{D){vp) o ai{D){vp) = J2[M^k,pW^d. 

k=l 

Par suite I'operateur D est elliptique. 
BIBLIOGRAPHIE 



37 



1. Anastasiei M., Structures spinorielles sur les varietes hilbertiennes, 
C.R. Acad. Sci. Paris, T. 284, S. A. p. 943-946. 

2. Cmceanu V., Sur la structure presque-produit associee a une connexion 
sur un espace fibre, An st. Univ. lasi, Matematica, T. XV, fasc. 1 
(1969), p. 159-167. 

3. Cruceanu V., Sur I'ensemhle des connexions sur un espace fibre, Bull. 
Math. Soc. Sci. Math, de Roumanie, T. XII (1969), p. 27-34. 

4. Flaschel P., KUngcnbcrg W., Biemannsche Hilbertmanningfaltigkeiten. 
Periodisehe Geodatisehe, Lecture Notes in Mathematics, T. 282, Springer- 
Verlag, 1972. 

5. P. de la Harpe, The Clifford algebra and the spinor group of a Hilbert 
space, Compositio Math., 25 (1972), p. 245-261. 

6. Kobayashi S., Foundations of Differential Geometry 1, Intorscienco Pub- 
lisher, New York-London, 1963. 

7. Palais R. S., Seminar on the Atiah-Singer index theorem, Princeton 
Univ. Press 1965. 

8. Penot J- P., Connexion lineaire deduite d'une famille de connexions 
lineaires par un foncteur multilineaire, C. R. Acad. Sci. Paris, T. 208, 
S. A., p. 100-103. 

9. Plymen R. J., Spinors in Hilbert Spaces, Math. Proc. Cambridge Phil. 
Soc. 80 (1970), p. 337-347. 

10. Popovici I., Representation irreductibles des fibres de Clifford, Ann. 
Inst. Henri Poincare, S. A. T. XXV, 1976, p. 35-58. 



Regu le 8. II. 1978 Faculte, de Mathematique 

Universite de Jassy, R.S. Romania 



38 



REVUE ROUMAINE DE MATHEMATIQUES PURES ET APPLIQUEES 
Tome XXV, No. 1, p. 3-11, Bucharest, 1980 



CONSTANT LINEAR CONNECTIONS 
ON BANACH MANIFOLDS 

BY 

M. ANASTASIEI and lULIAN POPOVICI 



The notion of constant linear connection was studied by G. Vranceanu 
and others from various points of view. An approach of the second author to 
this subject is used to define and study this notion in the category of analytic 
Banach manifolds. 



Introduction 

An affine connection on an open subset U of M" is well-determined by real 
functions T^j {i.jjk = l,...,n), defined on U. G. Vranceanu has considered 
the affine connection defined by Tfj = constant on U and called it constant 
affine connection. By a remark of G. Vranceanu and Gr.C. Moisil, in this case 
define on an n— dimensional vector space a structure of an n— dimensional 
algebra A and conversely, the constants of structure of such an algebra A 
define a constant affine connection V on an open subset of R" [7] . In this way 
there appears a correspondence V — )■ A studied in detail by G. Vranceanu 
[7], [8] and others. We quote the following interesting result: the constant 
affine connection V is plate if and only if the algebra A is commutative and 
associative. 

The second author of this paper succeeded to give a global form of this 
notion and to obtain the global forms of the old results and some new results 

[5], [6]. His approach to this subject can be used to extend the notion of 
constant connection to Banach manifolds. This is the purpose of the present 
paper. 

Firstly, some facts about Banach manifolds and linear connections on 
such manifolds are given. 

The notion of constant linear connection is defined for Banach manifolds 
of class C°°. A theorem which shows that the natural place of this concept 
is the category of analytic Banach manifolds is proved. 

Finally, a splitting of the Banach manifolds with constant linear connec- 
tions is given and a generalization of the result quoted above is proved. 
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1 PRELIMINARIES AND NOTATIONS 

Let M be a paracompact Banach manifold of class C°° modeled by the Ba- 
nach space M. Assume that the norm of M is of class on M — {0}. It 
follows that M admits a C°°partition of unity. We remark that the assump- 
tion concerning the norm of M is fulfilled if it originates in an inner product 
on M, therefore if M is a Hilbert space. Let us denote by J^{M) the ring of 
real functions of class C°° on M and by X{M) the J-'(M)— module of sections 
of class C°° of the tangent bundle TM. 

Let X G X{M) be a vector field on M and let {U,Lp) be a local chart 
around of p G M. The local section is well-defined by a C°°— map X^: 
^{U) — )> M, called the local representation of X. We put X^(^p) = X^{(p{p)). 
For another local chart (V, ■0) around of p, the local representation X^ of X 
is given by 

(1.1) = O V~^){X^(p)): 

where D^(^p){ip o ip~^) is the Frechet derivative of o ip^^ in the point ip{p) G 
(p{U r\V). Let Y be another vector field on M. The bracket [X, Y] is a vector 
field whose local representation is given by (see [4] ) 

(1.2) [X, y]<^(p) = D^(p)X^(y^(p)) - D^(p)Y^(X^^p)). 

Given a local chart {U, ip), we denote by K{U, ip) the set of those vector 
fields on U, whose local representations are constant. The set K{U, cp) has 
the following two properties. 

(1.3) The map K{U, if) — )■ TpM given by X — )> Xp is an isomorphism of 

vector spaces for every p E U. 

(1.4) The bracket [X, Y] = for every X,Y e K{U, 

Every X G X{M) generates a local 1-parameter group at, of diffeomor- 
phisms of M. A vector field Y is said to be invariant by X if at^^Y = Y. The 
Lie derivative of Y with respect to X is given by {LxY)p — liin(y^(ci;t^*l^)) • 

t~^, therefore Y is invariant by X if and only if LxY = [X, Y] = 0. We can 
say that K{U,ip) is a set of vector fields on U which are invariant by each 
other. 

Let {{Ui,ipi)} be the complete atlas of M. By a linear connection F on 
M we shall understand (sec also [2]) a local connector on M, i.e. a collection 
of C°°-maps F^. : ipi{Ui) L'^{M; M) such that 

(1.3) 

holds for p e UidUj ^ 0, where F^^(p) = r^^{ipi{p)). 
Given X, T G X{M), condition (1.5) assures that 

def 

(1.4) VxY = i:)^.(p)y^.(x^,(p)) -FF^,(p)(x^,(p),y^,(p)) 

defines a new vector field on M which is denoted by VxY and is called 
the covariant derivative of Y in the direction of X. The map V : X{M) x 
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X{M) X{M) given by {X,Y) VxY is linear in the first variable and 
satisfies 



(1.5) 



and 



(1.6) Vx{fY)^X{f)Y + fVxY, feT{M), 



therefore it is a covariant differentiation on M. 




and 



(1.8) R{X, Y)Z = Vx^yZ - VyVxZ - V\xy\Z, X,Y,Z & X{M) 



respectively. 

S. Kobayashi and K. Nomizu have defined generalized affine connections 
as connections in principal fibre bundle of affine frames over M . They proved 
that there exists a one-to-one correspondence between the set of generalized 
affine connections and the set of pairs (F, K), where F is a hnear connection 
and is a tensor field of type (1, 1) (see Ch. Ill, §3 of [3]). The gener- 
alized affine connection which corresponds to (F,/), where / is the tensor 
of Kronecker, was called the affine connection associated to F. This logical 
distinction between a linear connection and an affine connection can also be 
made in our context (see [1]). Moreover, the theorem which says that an 
affine connection is plate (cf. Ch. II, §9 of [3]) if and only if i? = and 
T = is still true. 



Let C be a vector field on M. A linear connection F is said to be invariant 
by C if 

(1.9) [C, VxY] = Vx [C, Y] + V[c,x]Y, holds for every X,Y e X{M). 



It follows from (1.11) that a linear connection F is invariant by C if and only 
if VxY is invariant by C when X and Y are invariant by C. 

Finally, we remark that, with minor changes, the results what follow are 
true without hypothesis of paracompactness of manifolds and even in the 
case "no Hausdorf " . 



2 CONSTANT LINEAR CONNECTIONS 



Definition 2.1. Let M be a Banach manifold of class C°°. A linear con- 
nection F on M is said to be constant with respect to the local chart {U, (f) of 
M, if F is invariant by every vector field from K{U, (p) i.e. 



Suppose that F is constant with respect to {U, ip). Then a new operation 
can be defined on K{U, ip) by XY = VxY, X,Y e K{U, p) or 



(2.1) 



VxY e K{U, tp) for all X, F e K{U, tp). 



(2.2) 
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It follows from continuity of the bilinear map r<^(p) that 

where || ■ || is the norm on M and the | ■ | is the norm on L^{M; M), therefore 
K{U, (p) with the product defined by (2.2) is a Banach algebra isomorphic to 
M as normed linear spaces via the isomorphism TpM = M. We denote this 
Banach algebra by A(r, K{U, if)). 

Definition 2.2. Let A be a Banach algebra. A linear connection F is said 
to be constant on a manifold M if there exists an atlas a = {{Ui, ipi)} on M 
such that r to be constant with respect to each ([/,, (pi) and A(r, K{Ui, cpi)) 
to be isomorphic to A as Banach algebras. The triplet (M, F, A) will be 
called a Vranceanu's space. The atlas a will be called an atlas adapted to 
(M , F, A) and the atlas a completed with all local charts with the properties 
required above will be denoted by a* and will be called complete atlas adapted 
to (M,F, A). 

Proposition 2.1. Let (M, F, A) be a Vranceanu's space. The linear 
connection F is symmetric {T — 0) if and only if A is commutative. 

Proof. The local representation of the torsion T in a local chart ([/, (p) is 

T{X,Y)^(p) = F^(p)(X^(p),y'^(p)) -F^(p)(y'^(p),X^(p)), therefore F is symmet- 
ric if and only if r,^(p) are symmetrical maps. It follows that F is symmetric 

if and only if A(r, K[U,(p)) is commutative, therefore if and only if A is 
commutative. Q.E.D. 

In Definition 2.2 the manifold M was assumed of class C°°. The following 
theorem shows that a manifold of class C°° with a constant hnear connection 
has a structure of analytic manifold. 

Theorem 2.1. Let M be a Banach manifold of class and let F be 
a linear connection on M which is constant with respect to an atlas a = 
{{Ui, (pi)} and with a Banach algebra A. Then M has a structure of analytic 
manifold ' M given by a and F induces on 'M an analytic connection 'V. 

Proof. If F is constant on M with respect to a and A, the maps F^. are 
necessarily constant maps. Relation (1.5) can be written as follows 

Dlj{p)i'Pi ° 'Pj^)^D^j{p){'Pi ° V]^) ° r^,(p) -F^.(p)(L>^.(p)((/?i o cp-^), 

(2.3) 

D^j(p){^iOcpj^)). 

Let us note u = D{ipi o cpj^) : ipj{Ui O Uj) L(M; M). Then (2.3) becomes 

(2.4) D^^^p)u{h) = M^,(p)(F^^^(p)(/i, h)) - F^^(p)(M^^.(p)(/i), M^^(p)(/i)), heM 

where 'U^^(p) = u{(pj{p)). We put x = 'Pjip). The map u is of class C°° 
by hypothesis of the theorem. Let us consider the Taylor series of m in a 
neighborhood of x (see [4], Ch. I, §4) 

(2.5) u{x) + D^uh + Dluh'^ + ... + L'>/i" + 
where hf" = {h,h,...,h) e M''. 
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We shall prove that series (2.5) converges in a small neighborhood of 
X. Firstly, on differentiating by n— times the function u and using (2.4) we 
obtain 



{n-iy. - 

k\{n-k -1)1 



(2.6) n-l , _ 



fc=0 

where (/ii, /i„) G M". In what follows all norms will be denoted by | • | and 
the index x will be omitted since all derivatives are in the point x. Equation 
(2.4) leads to 

(2.7) \Duh\ < \u\ |r^^.(p)| + |r^^(p)| iizH/ip, hem. 

By a well-known definition \Duh\ = sup{|DM/i|, \h\ < 1}. Using (2.7) we 

h 

arrive at 

(2.8) \Du\ < \u\ |r^,(p)| + |r^,(p)| kr, 

(2.9) \Du\ < X\u\ where A = |r<^.(p)| + \u\ |r^,(p)|. 
Now we prove by mathematical induction 

(2.10) \\D'^u\ < A'^l'ul. 

nl 

Prom (2.6) it follows 

\D"u{h,,...,hn)\ < \D"-'u\ |r^.(p)| \h,\....\hn\ + 



fe=0 



Using = sup {|L'"^tt(/ii, .../i„), \hi\ < l,i = l,...,n} and, the induc- 

{hl...hn) 

five hypothesis we obtain 

( — ^^\ 



fe=0 

hence 



fc=0 
n-l 

A;!(n- A; - 1)!' 



< (n - i)!A->| |r,^(,)| + |r,,(,)| ■ X: JS_j!Lv ^'-i^ - k - i)!A"->r, 
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The series (2.5) converges if and only if the series — |-D"m/i"| converges. 

n>0 ^' 

Using (2.10) we obtain 

(2.12) ^ID'^m/i"! < ^iD^'ul l/il" < \u\(X\h\r. 

Consequently, by comparison test, series (2.5) converges for \h\ < 1/A. It 
follows that u is analytic i.e. {{Ui, (pi)} defines on M a structure of analytic 
manifold. Q.E.D. 



3 SOME TYPES of VRANCEANU'S SPACES 

Let A be a Banach algebra. The law of product on A defines an element 
B G L^(A;A) putting xy = B[x,y), x,y G A. Conversely, every ele- 
ment of L^(A; A) defines a law of product on the Banach space A which 
changes it into a Banach algebra. Let (M, F, A), where M is an analytic 
manifold, be a Vranccanu's space and let {(f/j,(/9j)} be an atlas adapted to 
it. The isomorphism of A{r, K{Ui, ipi)) to A leads via the isomorphisms 
^(F, K{Ui, ipi)) = TpM and TpM = M, to an isomorphism of normed hnear 
spaces : M — > A such that B{9iU,9iv) — 9iT^^{u,v) for u,v e M. The 
isomorphism 9i depends on {Ui, (fi) but it does not depend on the points of 

Now, let F be a certain linear connection on M and let {(Vjji/jj)}, be 
an analytic atlas of M. Suppose that for each chart {Vj,ipj) there exists an 
isomorphism of normed linear spaces 9j : ISA ^ A {9j does not depend on 
points of Vj) such that B{9jU,9jv) = 9jT^.(j,)[u,v), u,v E M. Then F^^. 
is constant on Vj and A{r, K{Vj,ipj)) is isomorphic to A, i.e. the triplet 
(M, F, A) is a Vranceanu's space. Therefore we have proved 

Proposition 3.1. A triplet (M, F, A) is a Vranceanu's space if and only 
if there exists an atlas {{Vj, ipj)} on M such that for each {Vj, ipj) there exists 
an isomorphism : M ^ A satisfying 

(3.1) B{9jU,9jv) = 9jT^.{j,){u,v), u,veM. 



Remarks. 1) The isomorphisms 9j are determined up to an isomorphism 
of the Banach algebra A, i.e. if 9j satisfies (3.1), then h o 9j, where h is an 
isomorphism of A, satisfies (3.1), too. 

2) The atlas /3 — {{Vj, -0^)} from the above proposition is an atlas adapted 
to (M, F, A). It will be called ^— atlas and completed with all charts which 
satisfy (3.1) will be denoted by /3* and will be called the complete 6*— atlas 
of (M,F, A). 

3) If {Vj,ijjj) is a chart from then {Vj,g o ijjj), where g G GL{M.), 
satisfies (3.1) because we can write 9gj = 9gj o 9~^ o 9j, where 9gj : M ^ A 
corresponds to {Vj,g oipj) and 9gj o 9j^ is an isomorphism of A. It follows 
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that Tgo^j is constant on Vj. This shows that if we add to /3* all charts of 

the form {Vj,goiJjj) with g from G'L(M) and {Vj,ipj) from /?*, we obtain the 

complete atlas adapted to (M, T, A) (denoted above by a*). 

Using Proposition 3.1 we obtain the following corollary of Theorem 2.1. 

Corollary 3.1. Let M be a Banach manifold of class C°° equipped with 
a linear connection T and let A be a Banach algebra. If there exists an 
atlas {{Vjjipj)} with the property that for each chart {Vj,ipj) there exists an 
isomorphism of normed linear spaces : M — >■ A such that (3.1) to he true, 
then {{Vj,^l)j)} gives to M a structure of analytic manifold. 

Definition 3.1. An atlas {{Ui^ipi)} of the analytic manifold M is said 
to be affine if ^pj o ip^^ : ipi{Ui fl Uj) — >■ p>j{Ui fl Uj) has the form 

(3.2) {ipj o (Pi^){u) = S{u) + uo, where Uo,ueM and S E GL{M)), 

for all pairs {i,j) with Ui fl Uj ^ 0. 

We remark that in this case D{ipj o (^r^) = S and D^i^Pj o <^^^) = 0. 
Conversely, an atlas {{Ui, cpi)} on M which satisfies 

(3.3) D^{ipj o (pr^) = on UiHUj ^0 for all pairs (i, j), 

is affine because the general solution of equation (3.3) is (3.2). 

Let (M, r,A) be a Vranceanu's space and let {(^,'0i)} be a atlas. 
Suppose that {{Vi,ipi)} is affine, therefore D{ipj o = Sji G GL(M). 

Then (3.2) becomes 

(3.4) D^.^){ipjOipr^){r^.{u,v)) = r^.{D^,^p^{ipjOipr^)u, D^.^p){ipjOipr^)v), 
or 

(3.5) Sji{r^.{u, v)) = r^. {SjiU, Sjiv), u,v eM. 
Using (3.1) we obtain 

(3.6) Sjie-^B(eiU, Oiv) = e-^B(ejSjiU, OjSjiv), u,veM. 
If we put u = O^^u', V = O^^v', in (3.6) we arrive at 

(3.7) ejSji0;^B{u', v') = B{0jSji0-\', OjSjie-^v') u', v' e A, 

therefore Sji = OjSjiOl^ is an isomorphism of A. 

We denote by G the subset of G'L(M) whose elements are of the form 

(3.8) Sji — 9j^Sji9i, where Sji is an isomorphism of A. 

Theorem 3.1. Let M be an analytic Banach manifold endowed with an 
affine atlas (3 — {{Ui,(pi)} and let A be a Banach algebra. If assume that for 
each chart {Ui, (pi) there exists an isomorphism of normed spaces 9i : M ^ A 
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which does not depend on points from Ui then the following statements are 
equivalent: 

a) there exists a linear connection F such that (M, F, A) is a Vranceanu's 
space with (3 as 6— atlas. 

b) every change of charts from (3 is the composition of a translation on 
M and an element of G. 

Proof. Assuming a), since ^ is afRne, for ([/,, ^pi) and {Uj, cpj) with UiDUj ^ 
we have (y^j o = Sji{u) + uq, therefore ipj o (p~^ = Tu^^ o Sji, where 

^Mo(w) = M + Mo is the translation by uq. By the considerations made above, 
Sji G G, therefore b) follows. 

Let us suppose b). For each (Ui^cpi), we define F<^. by 

(3.9) r^.{u,v) = 9r^B{eiU,eiv) u,veM. 

Let us prove that {F^^} is a local connector. Since /3 is affinc wc must verify 
(3.5), where Sji G G. If we replace F<^. and F^^^ given by (3.9) in (3.5) we 
obtain (3.6) which is equivalent to (3.7). But (3.7) is true because Sji G G. 
From (3.9) and Proposition 3.1 it follows that (M, F, A) is a Vranceanu's 
space with /3 as ^— atlas. Q.E.D. 

Remark. The connection F from a) of Theorem 3.1 is unique by Propo- 
sition 3.1. 

Definition 3.2. A Vranceanu's space (M, F, A) will be called of the first 
kind, second kind or third kind if the complete atlas a* adapted to it, satisfies 
the following conditions, respectively: 

1) a* is affine, 

2) a* is not affine but contains an affine atlas of M, 

3) a* does not contain any affine atlas of M. 

Using Proposition 3.1 and the remark which follows it we obtain 

Proposition 3.2. Let (5 he a 6— atlas of the Vranceanu's space (M, F, A). 
Then (M, F, A) is of the first kind, second kind or third kind if (3 satisfies 1), 
2) or 3) from Definition 3.2, respectively. 

On A we can consider a new structure of Banach algebra given by 

(3.10) B\x,y)^'^{B{x,y)+B{y,x)), x,y e A. 

We denote this new Banach algebra by *A and we remark that *A is com- 
mutative. 

Let F be a certain linear connection on M and let {F^.} be its local 
connector. For each (pi let *F<^. be given by 

(3.11) 'r^^{u,v) = ^[T^^{u,v) + T^^{v,u)] u,veM. 

It is easy to check that {''F^.} is a local connector. We denote by *F the 
linear connection given by {''Fi^^} and by *V the covariant differentiation 
associated to ^F. It follows easily 

(3.12) ^VxY + VyX -[X,Y] X,Y e X(M). 
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Proposition 3.3. If the triplet (M, F, A) is a Vranceanu's space then 

{M,^r,^ A) is also a Vranceanu's space. Moreover, we have 

1) If (M,'^ A) is of the first kind (third kind) then (M, T, A) is also of 
the first kind (third kind). 

2) //(M, r, A) is of the second kind, then (M,*r,*A) is of the second 
kind. 

Proof. Let (3 = {{Ui,ipi)} a 6'— atlas of (M, r,A), therefore 9iT^.{u,v) = 
B{9iU,9iv) for every i and it, v e M. It follows easily that 9i *r<^.(M,f) = 
B^{9iU,9,iv), therefore (M,*r,* A) is a Vranceanu's space with (3 as ^— atlas. 
Let (5* and "^(5* be the complete atlas of (M, F, A) and (M,"* r,"" A), respec- 
tively. From (5* (5* and Proposition 3.1 follow easily 1) and 2). Q.E.D. 

Remark. The inclusion (5* (3* shows also that if (M, F, A) is of the 
first kind, then (M,* F,* A) is of the first kind or of the second kind. Also, 
if (M, F, A) is of the third kind, then (M,* F,* A) if of the second kind or of 
the third kind. 

The local representation of the curvature tensor of a linear connection F 
on M is given by 

Rx{u, v)w = D^r^.{u){v, w) - D^r^.{v){u, w)+ 

(3.13) +f^(m, r^{v, w)) - r^{v, r^{u, w)) 

u,v,w G M, X = (pi{p), p E M. 

Proposition 3.4. Let (M, F, A) be a Vranceanu's space. The affine 
connection T' associated to F is plate if and only if A is associative and 

commutative. 

Proof. Assume that F' is plate. This is equivalent to T = and R = 0. From 
T = it follows Fa;(ii, v) = rx{v, u) for u,v eM. Prom = it follows 

(3.14) T^{u, T^{v, w)) = T^{v, F^(m, w)) u,v,w e M. 

Using (3.1) we obtain B{u', v') = B{v', u') and B{u', B{v', w')) = B{v', B{u', w')), 
where u' = 9iU, v' = 9iV, w' = 9iW. Using the first^ which says that A is 
commutative, in the second we obtain B{u,B{w',v')) = B{B{u' ,w'),v') i.e. 
A is associative. Conversely, if A is commutative and associative, using (3.1) 
we obtain easily that F^. are symmetrical and (3.14) i.e. F' is plate. Q.E.D. 

Remark. Proposition 3.4 is the generalization of a result due to G. 
Vranceanu [8]. 
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GENERALIZED AFFINE CONNECTIONS 
ON BANACH MANIFOLDS^ 



BY 

M. ANASTASIEI 



The theory of nonhnear connections in the category of Banach vector 
bundles has been developed by J. Vilms ([7], [8]). A class of nonlinear connec- 
tions, called homogeneous connections, is of great importance in the theory 
of Finsler connections ([3], [5]). 

The purpose of this paper is the study of another class of nonlinear con- 
nections, called generalized affine connections (g.a.c, for short). The term 
agrees with the one used in [4, p. 127]. In the first section some new results 
regarding the nonlinear connections are given. The second section contains 
the definition of g.a.c. and some of their properties (associated linear con- 
nections, geodesies and others). The flat g.a.c. are studied in the third 
section. 



1 Nonlinear connections 

Let M be a paracompact manifold of class C°° (smooth), modeled by the 
Banach space M and let p : — )■ M be a smooth vector bundle of fiber type 
a Banach space E. Denote by p~^TM — )■ E the pull-back by p of the tangent 
bundle vr : TM — )■ M and by p\ = {Tp,T), where Tp is the tangent map 
to p and T : TE E is the tangent bundle to the manifold E. The map 
Tp : TE — )■ TM gives to TE a second (different) structure of vector bundle. 

A smooth nonlinear connection is a smooth splitting of the following exact 
sequence 

(1.1) O^VE ^TE -^p-^TM ^0 

of vector bundles over E. Here VE := ker(p!) = ker(Tp) denotes the vertical 
subbundle of TE and i is the inclusion map. 

The vertical subbundle VE E is canonically isomorphic to p^^E — )■ E 
(the pull-back of E hj p). Hence, there exists a canonical morphism (over 
P) r : VE E of vector bundles, isomorphic on the fibres. 

A splitting of the exact sequence (1.1), i.e. a nonlinear connection is 
given by a smooth morphism V : TE — )■ VE, such that V o i = id\VE, or 

* Communicated at the National Symposium on Theory of Relativity, April 25-28, 1979, 
la§i, Romania 
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equivalently, a smooth morphism W : p ^TM — )■ TE such that p\ o W = 
id\p~^TM. Moreover, we have i oV + W o p\ = id|T£^. This imphes TE = 
VE + HE, where HE — ker V = imW. Obviously, HE is isomorphic to 
p~^TM as vector bundles. The morphism (over p) K := r o V : TE E is 
called the connection map and v~ioV,h — Wop\ are called vertical and 
horizontal projections, respectively. The morphism J — iop\ oi TE satisfies 
= since p! oi = 0, therefore J defines an almost tangent structure on E. 
Obviously, JV{E) — and ImJ = VE. The morphism 7 = 2hl, where / is 
the identity on TE, satisfies 

(1.2) J07 = J, 70 J= - J. 

Conversely, a morphism 7 satisfying (1.2) determines a unique splitting of 
the exact sequence (1.1), i.e a nonlinear connection on p : i? — )■ M. Indeed, 
let W be any right splitting map of the sequence (1.1) {W exists if M 
admits smooth partitions of unity). We put W — hW, where 2h — I + 
The morphism W docs not depend on W and it is easy to check, using (1.2), 
that p\ o W = idp-iTM- Therefore, we have the following definition of the 
nonlinear connections, equivalently to that previously given. 

Definition 1.1. A nonlinear connection on p :£'—>■ M is a smooth 
morphism 7 of TE (over id|s) satisfying (1.2). 

The Definition 1.1 generalizes a definition of nonlinear connections on 
finite dimensional manifolds given by J. Grifone [3]. As in finite dimensional 
case (see [3]), one can proves the following. 

Tneorem 1.1. A smooth morphism 7 ofTE is a nonlinear connection 
on p : E ^ M if and only if it defines an almost product structure on 
07 = /) such that for every u E E, the eigenspace of (the restriction 
of ^ to p~^u)) which corresponds to the eigenvalue 1 he VuE. 



2 Generalized afRne connections 

Let F be a Banach space. The map — )■: F x F — )■ F given by {u,v) — )■ 
ui = V — u defines the so-called canonical affine structure on F. Every vector 
bundle can be considered as an affine bundle if one considers its fibers with 
the canonical affine structure. 

Let F' be another Banach space. A map t : F ^ F' is said to be affine 
if t{u) — T{u) + 1(0) for every u e F, where T : F — ;> F' is a linear map. If 
we regard F and F' as affine spaces, the map t is affine if and only if it is an 
affine morphism. 

Given two vector bundles E ^ M and E' — ?> Af , a map h : E ^ E' which 
preserves the fibers is said to be affine if it is smooth and its restrictions to 
fibers are affine. Of course, h can be considered as a morphism in the category 
of affine bundles. 

Definition 2.1. A nonlinear connection on p : E ^ M will be called 
generalized affine connection (briefly g.a.c.) if its connection map, denoted 
above by K, is an affine map with respect to the structure of vector bundle 
of TE given by Tp:TE ^ TM. 

An examination of the local situation will be suitable to lead us to the 
essential properties of g.a.c. Let {U, ip) be a local chart on M. We identify 
U with ip{U) and, restricting U if necessary, suppose that there exists a 
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bundle chart U x 'E = E|[/. Then the tangent map gives a local chart 
[/xExMxE = TE\if and the sequence (1.1) restricted to U becomes 

(2.1) O^C/xExOxE^C/xExMxE^C/xExM^O, 

where p\{x, a, A, b) = {x, a, \), x E U, \ E M, a, 6 G E. 

The map Tp is locally given by Tp{x, a, A, b) = {x, A). Therefore the fibers 
of bundle Tp-.TE ^ TM are isomorphic toxxExAxE^E^. J. Vilms 
has proved (see [7]) the following 

Lemma. A morphism ( over p) K : TE E is the connection map of a 
nonlinear connection on p : E ^ M, if and only if it is locally given by 

(2.2) K{x, a, A, b) = {x,b + uj{x, a)A), x e U, A G M, a, 6 e E, 

where : f/ x E — )■ L(M, E) is smooth. 

For the above the nonlinear connection we shall prove 

Lemma 2.1. A morphism (over p) K : TE E is the connection map 

of a g.a.c. if and only if it is locally given by 

(2.3) K{x, a, A, b) ^{x,b + r{x){a, A) + A{x)X), 

where F : U ^ L'^i^, M; E) and A : U ^ L{M, E) are smooth maps. 
Proof. Let K be the connection map of a g.a.c. By Definition 2.1. the map 
{x,a,\,b) — )■ {x,b + u){x,a)X) must be affine on Tp— fibers. Consequently, 
the map (a, 6) — >■ 6 + c<;(a;, a)A of E x A x E ^ E must be affine with respect 
to both the variables. Being linear, hence affine with respect to b, it remains 
to be affine with respect to a. This happens if and only^if there exists a 
smooth map a; : C/ — >■ -L(E, L(M, E)) such that u!{x, a) = u{x){a) + u{x, 0). 
We put A{x) = uj{x,0). Since L(E,L(M,E)) ^ L^{E,M;E), u determines 
a unique smooth map T : U L'^(Ej, M; E) such that u}{x){a)X = r[x){a, A). 
Therefore, u{x, a)\ = T{x){a, A) + A{x)X and (2.3) follows from (2.2). 

The maps T and A will be called local components of the g.a.c. 

Remarks. If the connection map of a nonlinear connection is linear on 
Tp— fibers, the connection becomes a linear connection. A g.a.c. is linear if 
and only if A vanishes on U. 

When u!{x, a) is 1-homogeneous with respect to a, or equivalently, K is 1- 
homogeneous on Tp— fibers, the nonlinear connection is called homogeneous 
connection. The class of homogeneous connections is used in the theory 
of Finsler connections (see [3], [5]). In the definition of an homogeneous 
connections one needs a greater generality, namely the smoothness of it must 
be assumed only on E — 0, otherwise it becomes linear. Our considerations 
from the first section remain true in such a generality (with the appropriate 
modifications), but it is not necessary for the theory of g.a.c. 

Let {U, (f) and (V, ip) two local charts on M, such that f/ fl K 7^ 0. We 
put / = ^ o (p-\ If $ : p-\U) ^ X E and ^ : p-\V) V x E 
are bundle local charts, we denote hy B : U H V ^ L{E, E) the map 
X — >■ B(x) = ^ o In this notations the change of bundle local charts 

on E can be written as (x, a) — )■ {f{x),B{x)a), a E E and the change 
of bundle local charts on Tp : TE — )■ TM induced by it, is given by 
{x,a,X,b) {f{x)),B{x)a,df{x),dB{x){X)a + B{x)b), x^X e E_^a,b e E, 

where d means Prechet differentiation. Let us denote by F and A the local 
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components of g.a.c. with respect to the local chart (y,ip). Using (2.3) and 
the expressions of changes of bundle local charts given above, we find the 
following transformation rule for the local components of a g.a.c. 

T{f{x)){B{x)a,df{x)X)+A{f{x))df{x) = B{x)r{x){a, X) + 

(2.4) 

+B{x)A{x)X - dB{x){X)a, xeUnV, a,beE, XeM. 
For a = 0, the relation (2.4) becomes 

(2.5) A{f{x))df{x)X = B{x)A{x)X, xeUnV, XeM, 
which, used in (2.4), leads to 

(2.6) T{f{x)){B{x)a, df{x)X) = B{x)T{x){a, A) - dB{x){X)a. 

The relation (2.5) shows that A is the local part of a section, denoted also 
by A, of the vector bundle L, {TM, E) ^ M (of fiber L(T,M, E^), x e M). 
The relation (2.6) is just the transformation rule of the local connector of a 
linear connection on E. Therefore, F defines a linear connection on E, which 
will be denoted also by F. Conversely, a section A of the vector bundle 
L{TM, E) ^ M and a linear connection F on determine a unique g.a.c. 
via their local parts. So, we have proved 

Theorem 2.1. Let p : E ^ M be a Banach vector bundle. There exists 
a one-to-one correspondence between the set of g.a.c. on p : E ^ M and the 
pairs (F, A), where T is a linear connection onp : E ^ M and A is a section 
ofL{TM,E) M. 

Let us denote by Xe{M) the set of smooth sections oi p : E ^ M and 
let us put X{M) = Xtm{M). Now, let us regard p : £^ — )■ M as an affine 
bundle. Its fiber in a; G M will be denoted by ""E^ and x, identified with zero 
of Ex will be called the contact point of M with ""E^. A map P : M ^ E 
given by x — ^ G" E^ is by definition of class C°°, if the map a : M ^ E 
defined hj x ^ = x P^ e E^ is of class C°°. 

Such a map P of class will be called a point field. We denote by 
Ve{M) the set of point fields of class and wc put V{M) = Vtm{M). 

By Theorem 2.1 a g.a.c. is well determined by the pair {T^A). But a 
linear connection, defines a covariant differentiation i.e. a map V : X{M) x 
Xe{M) — >■ A'e(M) with the following properties: 

(2.7) V(X, aa) = aV{X, a) + X{a) ■ a, 

(2.8) V(X,a + 6) = V(X,a) + V(X,6), 

(2.9) V{aX+^Y,a) ^ aV{X,a) + ^V{Y,a) X,Y e X{M), a,b E Xe{M). 

and a, /3 G ^i.^) the module of real functions defined on M. 

Using V and A we shall define an analogue of V for a g.a.c, namely: 
D ■.V{M)x rE{M) rE{M) given by 

(2.10) QD{P, q] = V{X, a) + A{X), where X = and a = x^- 
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Theorem 2.2. The map D associated to a g.a.c. as above, has the 
following properties: 

(2.11) D{P, aQ + pR) = aD{P, Q) + ^L>(P, R) + X{a)P + X{^)Q 

(2.12) D{aP + /3P', g) = aD{P, Q) + /^^(P', Q), 
(2.13) 

L>(x, Q) = Q, for a, ^ e J-(M), a + ^ = 1, P e 7'(M), Q, P e 7'e(M) 

and X = xP where x is the contact point field. 

Proof. To prove (2.11) we remark that it is equivalent to 

(*) xD{P, aQ + /3pj = axD{P, q] + /3xD{P, r] + X{a)xP + X{/3)x$, 



or 



(aQ + ^R)D{P, aQ + /Sr] = aQD{P, q]+/3RD{P, R]+X{a)xP+X{/3)x^. 

Now we can use (2.10) to obtain 

(**) 

V{X, aa+pb)+A(X) = aV(X, a)+aA(X)+pV(X, b)+pA(X)+X(a)a+X(/3)b, 



where a = xQ, b = xR. 

Since a + /3 = 1, (**) is true by virtue of (2.7) and (2.8). The proof 
of (2.11) foUows the pattern of the previous proof. The property (2.13) 

is equivalent to xD{x, q\ = a?^, or QD(x,Q = 0. Using again (2.10) we 
obtain V{0, a) + A{0) = 0, which is obviously true. Conversely, given a map 
D : V{M) X Pi?(M) Ve{M) which satisfies (2.11)-(2.13) we can derive 
from it a covariant differentiation V and a section of L{TM, E) ^ M, as 
follows: 

(2.14) V(X, a) = QD(P, q] - xD{P,x], A(X) = xD(P,x], 

where 

X — xP, a — xQ. 

But the covariant differentiation V does not define F, such that in our 
framework the map D does not determine a g.a.c. This happens when the 
dimension of M, as well as of E is finite (see [2]). It is also easy to prove, 
using (2.14), the following 

Theorem 2.3. A generalized affine connections on M is affine if and 
only if D(P, x) ^ P for every P eV{M). 

We obtain a g.a.c. on M when E = TM. Every section of L{TM, TM) 
M is a tensor field of type (1,1). Therefore, we have: 

Corollary 2.1. Let M be a Banach manifold. There exists a one-to-one 
correspondence between the set of g.a.c. on M and the set of pairs consisting 
of a linear connection on M and a tensor field of type (1,1) on M . 

The g.a.c. T which corresponds to (F, /), where I is the tensor of Kro- 
necker, will be called affine connection. 
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Let r be a g.a.c. on the Banach manifold M and let be K : TTM 
TM its connection map. The map D defined above, induces a covariant 

differentiation V : X{M) x X[M) — )■ A'(M), which can be expressed as 

V(X, r) = X o TY{X), where TY is the tangent map io Y : M ^ TM. 

Indeed, the local parts of V and D are given by the right part of the equality 

(2.15) VxY\^ = dY^{X^) + r^(r^, X^) + A{X^), 

where X^, are the local parts of X and Y , respectively and and A are 
the local components of g.a.c. 

Let c : (a, 6) C -R — )■ M be a smooth curve on M and let Tc : {a,b) x R ^ 
TM be its tangent map. We denote by c the vector field on c(a, b) C M 
given by c(t) — > c(t), where t G (a, &) and c(t) = Tc{t, 1). In a local chart 
(t/, (^) with [/ n c(a, 6) 7^ 0, the c{t) is given by 

(2.16) c{t) = (c(t), ac^(t)(l)), 
where = ip o c. 

A curve c will be called a geodesic of the g.a.c. F if VcC = 0. The local 
component of a geodesic of F satisfies the following differential equation 

(2.17) d''c^{t) + T^{dc^{t),dc^{t)) + A{dc^{t)) = 0. 

From the theory of differential equations, it follows the local existence 
and the uniqueness of a geodesic with the initial conditions c<^(to) = cq € M 
and dc^{to){l) = G M. 

In the following, we shall prove that the well-known relationship between 
geodesies and sprays holds within the general context. A vector field S on 
TM, smooth on TM — 0, is said to be a spray on M if TnoS =id|TM- Let C 
be the canonical vector field on TM defined locally by C{x, a) — {x, a, 0, a), 
X e U, a eM. 

Lemma 2.2. A vector field S on TM, smooth on TM — 0, is a spray on 
M if and only if J o S — C, where J is the natural almost tangent structure 
on TM. 

Proof. A vector field S on TM can be written locally as follows 

S{x,a) = {x,a, Si{x,a), S^{x,aj), x EU,aE M. 

The condition T710S =id|TM implies Si{x, a) = a, therefore S{x, a) = (x, a, a, 
Sy:,{x, a)), where is smooth on U C M — 0. It follows easily J o S = C , 
because J{x, a, b, c) = {x, a,0,b), x E U, a,b,c & M. 

Conversely, given S as above, the condition JoS — C implies Si{x, a) — a, 
hence Ttt o S =id|TM- 

Lemma 2.3. Let K he the connection map of a nonlinear connection on 
M . There exists a unique spray on M such that K o S — 0, called geodesic 
spray. 

Proof. Locally, every spray S can be written as follows: 

S{x, a) = {x, a, a, S^{x, a)). 
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We obtain the geodesies spray if we take S{x, a) = uj{x, a) a, x eU , a E M. 

The geodesies of a nonhnear connection are the solutions of the following 
differential equation. 

(2.18) d''c^{t) + u{c^{t), dc^{t))dc^{t) = 0. 

Theorem 2.4. A curve c : {a,b) M is a geodesic of a nonlinear 
connection N if and only if there exists an integral curve c : (a, b) — >■ TM of 
the geodesic spray S of N, such that n oc = c. 

Proof. The curve c on TM is a integral curve of 5* if c = 5", therefore in 
a local chart {U,ip) we have dc^{t) = S^{ti oc^p{t),c^{t)). Differentiating 
TT o c = c, we obtain C(p(t) = dc^{t), therefore d'^c^it) = S^{c^(t),dc^(t)) = 
-io{c^{t),dc^{t))dc^{t), or d'^c^it) + uj{c^{t),dc^{t))dc^{t) = 0, i.e. c is a 
geodesic of A^. Conversely, if c is a geodesic of A^, then the curve c on TM 
given by c(t) = c(t) is a integral curve of the geodesic spray of N and ttoc = c. 

Remarks. As a corollary of the Theorem 2.4 one obtains again the local 
existence and uniqueness of a geodesic with given initial conditions. The 
geodesic spray of a g.a.c. is locally given by ""S^i^x, a) = (x, a, a, —T{x){a, a) — 
A{x)a). Using (2.18) one obtains again the equation (2.17) for the geodesies 
of a g.a.c. Let us suppose that M has finite dimension. Then a curve c can 
be write as follows: = x^it), t e (ci,&), i — 1,2, ...,m =dimM and the 
equation (2.17) becomes 

,„ „, (i^x* dx^ dx^ ,idx^ 

where F*^ are the Christoffel symbols of the linear connection associated to 

the g.a.c. and A'j are the components of a tensor of type (1.1) on M. The 

solutions of the equation (2.19), called holomorphically planar curves have 
been used to give some geometrical meanings in the geometry of complex 
manifolds [6]. 

When M is the space-time manifold of the general theory of relativity, 
the solutions of (2.19) are the trajectories of a charged particle moving in an 
electromagnetic field [1]. 



3 Flat generalized affine connections 

Let V : TE — )■ VE be the splitting map which defines a g.a.c. onp : E ^ M. 
The map V can be viewed as a 1-form VE valued. On the other hand, the 

linear connection F defined by F, induces a linear connection F„ on VE E. 

Definition 3.1. The exterior differential dV of the 1-form FE'— valued 
V, accounted using the linear connection F„ on VE — > E will be called the 

curvature form of F. 

The local component of V, denoted also by V : U x E ^ L{M, E, E) is 
V{x, a) (A, 6) = 6 + F(x)(a, A) + A{x)\, x e U, X e M, a,b e E. After a cal- 
culus rather long but not difficult, one obtains the following local expression 

for the curvature of form F: 

dV{z, a)((A, b), ill, c)) = R{x){X, /x) + dA{x){X, n)- 

(3.1) 

-9A(x)(/x, A) + F(x)(A(x)//, A) - F(x)(A(x)A/x), 



55 



X e U, \, fx e M, a,b,c e E, where R{x) is the local component of the 
curvature tensor of F. 

Prom (3.1) it follows that dV vanishes when it is applied to a vertical 
vector field (A = or // = 0), therefore dV is an horizontal 2-form i.e. 

(3.2) dV {A,B) = dV{h A, hB) 

holds for every vector fields A, B on E. Using dV{A, B) =^ VaV'B 
VbV^A — V[A, B], where is the covariant differentiation associated to 
and (3.2), one obtains. 

(3.3) dV{A, B) = V[hA, hB] (the structure equation of f). 

Definition 3.2. A g.a.c. will be called flat if its horizontal distribution is 
involutivc i.e. the bracket of two horizontal vector flelds is again a horizontal 
vector fleld. 

From the structure equation (3.3) it follows 

Theorem 3.1. The g.a.c. F is flat if and only if dV = 0. 
Taking dV — and a = in (5.1) one obtains 

(3.4) dA{x){X, /i) - dA{x){fi, A) + T{x){A{x)fi, A) - T{x){A{x)X, n) = 0. 
Taking again dV = in (3.1) and using (3.4) one obtains 

(3.5) R{x){X,fj,)a^O. 

Conversely, if (3.4) and (3.5) hold, then dV = 0, therefore we have proved 
the following 

Theorem 3.2. The g.a.c. F = (F, A) is flat if and only if the curvature 
tensor R ofV vanishes identically and (3.4) holds. 

When p — n: TM — >■ M, the conditions (3.4) is equivalent to the vanish- 
ing of the following tensor of type (1,2) on M 

(3.6) «T(X, Y) = VxA{Y) - VyA(X) - A[X, Y], 

where X, Y are vector fields on M, which will be called the torsion tensor of 
g.a.c. F. The Theorem 3.2 has the following 

Corollary 3.2. A g.a.c. F = (r, ^) on the manifold M is flat if and 

only ifR = and "T = 0. 

When A = I (the Kronecker tensor), ""T becomes the well-known torsion 
tensor of an a affinc connection, therefore we have 

Corollary 3.3. An affine connection on a Banach manifold M is flat if 
and only if its curvature tensor and torsion tensor are both identically zero. 
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SOME EXISTENCE THEOREMS 
IN FINSLER GEOMETRY 

BY 

M. ANASTASIEI 



Let M be a differentiable manifolds of class {k > 3) and let p : TM 
M be the tangent bundle to it. A positive real valued function L : TM — )■ 
with properties: 

1) L is differentiable of class C*^"^ on TM \ O and continuous on the 
image of the null-section of p, 

2) Its local representation in every chart {p~^ (Ui) , x'^ , y^) on TM induced 
by the chart (U,x^) on Af, denoted by L(a;*,i/*) or for brevity by L{x,y) is 
(1) p— homogeneous i.e. L{x, sy) = sL{x,y) for every s > 0, 

fd'^iLP'ix y)/2)\ 

3) The matrix {gij{x,y)) — I ' . 1 is invertible and the qua- 

\ oy^oyJ J 

dratic form associated to it is positive definite, 

is called fundamental Finsler function and the pair (M, L) is called a Finsler 
space. 

The matrix {gij{x,y)) changes, when the local chart changes, as the com- 
ponents of a tensor of type (0, 2) on M but it depends on direction (given by 
y*) so gij{x, y) defines a Finsler tensor field of type (0, 2) (see [1] for a general 
definition of Finsler geometric objects). New fields of Finsler geometric ob- 
jects (tensors, connections) can be derived from L. Obviously, their existence 



is assured by the existence o: 
As it was pointed out in 



L. 

3, p. 81], the conditions imposed on L are too 
restrictive. It was an idea of R. Miron to eliminate the function L and to de- 
fine a Finsler space as a pair (M, g)^ where is a symmetrical Finsler tensor 
field of type (0,2), nondegenerate, positive definite or not. He called such a 
g a metrical Finsler structure on M. The fields of Finsler geometric objects 
can be defined independent on L or (7. So the problem of their existence, 
in particular that of the existence of L and g is quite natural. The aim of 
this paper is to prove the global existence of Finsler tensor fields, of linear 
Finsler connections and of metrical Finsler structures in the hypothesis M 
paracompact, modeled by a separable Hilbert space. In a second section 
we make more explicit a proof due to S. Kashiwabara [2] of the global exis- 
tence of a fundamental function L, in the hypothesis M finite dimensional 
and paracompact. Some comments regarding the existence of L when M is 
infinite dimensional are made. 
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1 The global existence of Finsler geometric 
objects 

Let us state again the hypothesis on M in this section: differentiable of class 
{k > 3), modeled by a separable Hilbert space H and paracompact i.e 
it is separate Hausdorff and every open covering of it admits a locally finite 
refinement. We recall that a C'^— partition of unity on a manifold X is an 
indexed family of real valued functions {fj}j£j on X such that 

1) > 0, 

2) {supp(/j)}jgj is locally finite and 

3) = 
j 

The partition of unity {/jljgj is said to be subordinate to the covering {Ui}i(zi 
of X if {supp(/j)}jgj refines {Ui}i^i. 

As it was proved in [6, p. 57-60], every separable Hilbert space admits 
C*^— partition of unity and a necessary and sufficient condition that a C*^— ma- 
nifold X admit C'^— partition of unity is that X be paracompact and that 
each of its tangent spaces admit C^— partition of unity. Consequently, our 
manifold M admits C'^— partition of unity. 

Let A = {{Ui, (Pi)}i£i be an atlas on M. Suppose that A is maximal i.e. it 
contains all charts compatible with it. Then {[/j} is a basis for the topology of 
M. Let a; be a point of M and let {Ui, ^pi), {Uj, ipj) be two local charts around 
X. The triads (f/j, u) and (f/,-, ipj, v), where u, v G H, arc called equivalent 
if D^^{x){tpj o i^T^){u) = V, where D means Frcchct differentiation. This 
is indeed an equivalence relation on the set of such a triad s and the class 
of equivalence [{Ui,(fi,u)] is called vector tangent to M in x. Thus every 
chart {Ui,ipi) defines a map 9i^x '■ T^M — )■ H, Oi^xilUiyfijU)] = u. We set 
TM = Uo^eMTxM and p : TM '-^ M projects T^M on x. The topology and 
the differentiable structure of TM are induced by those of M. As a basis 
for the topology of TM is taken (p~^(?7j))jg/ and p becomes a continuous 
map. One verifies easily that {p~^ (Ui) , hi) , where hi : p~^{Ui) H x H, 
hi{z) = {ipi{p{z)). 9i,p[z){z) is a C'^^"'^— atlas (not maximal) on TM. Usually 
the differentiable structure defined by this atlas is considered. The map p 
becomes a C'^^^— submersion. 

Theorem 1.1. The manifold TM is paracompact. 

Proof. Let Zi, Z2 G TM and let us denote Xi = p{zi), Z2 = p{z2). There exist 
open sets Di and D2 such that Xi & Di, x ^ D2 and Di (1 D2 = 0. Putting 
Di = Uj^i^Uj and D2 = Ujfzj^Uj, it follows that there exist ji G Ji, j2 G I2 
such that xi G Uji, X2 G Uj2 and UjinUj2 = 0- Then p-^{Uji)np~^{Uj2) = 
and zi e p^^{Uji), Z2 G p^^{Uj2), therefore TM is separate Hausdorff. 

Let {Dj}jQj be an open covering of TM. We may write Dj — Uig/p"^ ([/,). 
The open covering {f/jjig/ admits an open locally finite refinement {Vk}keK 
i.e. for every k E K there exists i{k) G / such that Vk C Ui(k)- It follows 
C p^^{Ui(^k)) and obviously there exists -Dj(fc) D therefore 
{p~^{Vk))keK is an open refinement of the covering {Dj}. We prove that it is 
locally finite. If 2; G TM and x — p{z), there exists an open neighborhood U 
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of X which intersects only a finite number of K's say Vi, Vn- It follows by 
reductio ad absurdum that p~^{U) intersects only p~^{Vi), ...,p~^{Vn)- The 
proof is complete. 

CoroUciry 1.1. Let M be a paracompact manifold modeled by a separable 
Hubert space H . Then the manifold TM admits C^~^ —partition of unity. 

Proof. The space H x H being the product of two separable Hilbert spaces is 
itself a separable Hilbert space. The manifold TM being paracompact, the 
proof follows via the above-mentioned theorems. 

Corollary 1.2. Let M be a finite dimensional manifold of class C*^ 
paracompact. Then TM is a paracompact manifold of class C^~^ and it 
admits a C^~^— partition of unity. 

Proof. Obvious. 

A partition of unity for TM can be obtained from a partition of unity for 
M as follows: 

Theorem 1.2. Let {fj}j£j be a C^— partition of unity on M subordinated 
to the covering {Uiji^j. Then {f^ — fi op}jeJ is a C''^^— partition of unity 
on TM which is subordinated to the covering {p~^{Ui)}i^i. 

Proof Obviously, > for every j e J. Thencarr/J" ^ {z e TM\fj{p{z)) ^ 
0} C P~^(supp/j), therefore supp/J^ C P~^(supp/j) C p^^iUa^j)) because 
supp/j is closed. Since {supp/}jgj is locally finite, so is {supp/Jjjgj. The 

equalities Y] fY = = 1 ^nd the proof. 

The fields of Finsler geometric objects can be obtained as cross-sections 
of a convenient fibre bundle over TM . We recall briefiy the construction of 
that bundle FO^ TM (see [5]). Let us denote by LkiH) the set of A; -jets 
of source e if of the local diffeomorphism of H which preserves E H. 
The composition of A:— jets gives a group structure on Lk{H). The set P^{M) 
of all A;— jets of source e if of the local diffeomorphisms of if to M can be 
structured as a principal fibre bundle over M with structural group Lk{H). 
The pull-back by p of this bundle will be denoted by F^{M) TM (this is 
the Finsler bundle of order k). 

A pair {F,m), where i^ is a manifold and m a differentiable action of 
L^{H) on F, is called a manifold of geometric objects. Usually F is taken a 
linear space or an open subset of a linear space. The fibre bundle associated 
to F^{M) of type fiber (F,m) is denoted by FO^ TM and is called the 
bundle of Finsler geometric objects. Its cross-sections are called fields of 
Finsler geometric objects on M . If F is a linear space and m is a linear 
action on F, the cross-sections of the bundle of Finsler geometric objects are 
called fields of linear Finsler geometric objects. 

Now to state a result proved in [6, p. 62], some definitions are necessary. 

A subset C C. E, where E is the total space of a C'^— bundle q : E ^ M, is 
said to be convex if for each x E M , — C f] E^ is & nonvoid and convex 
set. (Here E^ denotes the fiber in x.) One says C admits local C*^— sections 
if given Cq E C with g(co) = Xq, there is an open neighborhood U of Xq and 
a C*^— section s over U with s{xq) = cq and s{U) C C. 



60 



Theorem 1.3. [6] Let q : E ^ M be a C''— bundle and let C be a convex 
subset of E which admits local C''— sections. There exists a C''— section S of 
q over M such that S{x) G C for every x G M. 

The bundle FO^ ^- TM associated to P%M) ^- TM with F a hnear 
space and m a hnear action admits local C*^— sections, because it is a locally 
trivial vector bundle (every bundle chart of it defines a local C'^— section). 
Using the Theorem 1.3 one obtains 

Theorem 1.4. Let M be a paracompact manifold modeled by a separable 
Hilbert space. There exist global fields of linear Finsler geometric objects on 
M i.e. cross-sections over TM of vector bundle FO^ — >■ TM. 

The Finsler tensor fields of type (0, r) or (1, r), r > 1 can be considered as 
linear Finsler fields of geometric objects by adjusting in an obvious manner 
a definition from finite dimensional case (see [1]). So, we have 

CoroUciry 1.5. Under the hypothesis of the above theorem, there exist 
globally on M, Finsler vector fields and Finsler tensor fields of type (0, r) 
and (1, r). 

Corollary 1.6. Let M be a paracompact finite dimensional manifold. 
Then there exists global Finsler tensor fields of any type on M. 

Let us take F — L2{H, H) i.e. the linear space of linear maps H x H ^ 

H and let the action m be denoted by rric and defined by mc : L2{H) x 
L2{H,H) L2{H,H), mc{h,K) = AK{A-\A-^) - Ai{A-\A-^) ii h = 
{A,Ai) G L2{H). With this choice of F and m, the cross-sections of pc : 
FO^ — )■ TM are called linear Finsler connections on M. The fiber p'^^{z), 
z G TM, is not a linear space although its elements can be added and 
multiplied by reals, because rUc is not linear. However it is a convex set 
because ii a + b = 1, a,b E R, mdh, aKi + bK2) = amdh, Ki) + brndh, K2) 

holds good. The bundle p,. is locally trivial hence it admits local C*^— sections. 
The Theorem 1.3 applies and leads to 

Theorem 1.7. On every paracompact manifold modeled by a separable 
Hilbert space there exist global Finsler linear connections. 

Corollary 1.8. On every paracompact finite dimensional manifold there 

exist global Finsler linear connections. 

Let us now take F = L2{H, R), the linear space of real valued bilinear and 
symmetrical maps on H and m : GL{H) x L^iH^R) Ll{H,R) given by 
m{A,g) = g(A~^,A^^). where A belongs to the general linear group GL[H) 
of H. The cross-sections of the bundle pi : FO^ — )■ TM obtained with such 
a choice of F and m are symmetric Finsler tensor fields of type (0, 2). Every 
g G Ll{H, R) defines a linear operator g : H ^ H*. If is invertible, g 
is called nondegenerate. The set TZ{H, R) of all nondegenerate symmetrical 
bilinear maps on H is an open and convex subset of i^|(-ff, R). Obviously, m 
leaves invariant the subset 1Z{H,R). By applying the general construction 
sketched above taking TZ{H, R) as F, one obtains a fibre bundle over TM 
whose total space TZFO^ is a subset of FO^ which is clearly open and convex. 
Being open it admits local C^— sections, therefore by applying the Theorem 
1.3 one obtains 
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Theorem 1.9. On every paracompact manifold modeled by a separable 
Hubert space, there exist global metrical Finsler structures i.e. cross-sections 
g:TM^FO^ such that g{TM) C UFOK 

Corollciry 1.10. On every paracompact finite dimensional manifold there 
exist global metrical Finsler structures. 

When F is a Unear space and m a Hnear action, the bundle FO'^ — )■ TM 
can be identified (is isomorphic) to a vector bundle obtained from the vertical 
subbundle V of TTM — > TM by algebraic operations. So, the Finsler vector 
fields appear as sections of F — )■ TM, the Finsler tensor fields of type (0, r) 
appear as sections of L{V, V; R) — )■ TM, the Finsler tensor fields of type 
(1, r) arc sections of L{V, ...,V;V) TM and so on. 

A Finsler almost product structure on M is a section P : TM — )■ L{V, V) 
which satisfies P{z) o P{z) = I, where / is identity map on fiber V^. The 
global existence of such a structure on M is a consequence of the following 
fact: if V is a subbundle of V, there exists a subbundle V" of V such that 
V © V" = V. Its proof is standard, using a partition of unity on TM. So, if 
Sz = s'^ + s'^ where G and s'^ G V" we may define -P(s^) = s'^, P{s'^) = s'^ 
and it follows P o P — I. 



2 The global existence of a fundamental Finsler 
function 

Let us suppose that M is a separate Hausdorff, finite dimensional manifold, 
satisfying the second axiom of countability. It follows that M is paracompact, 
therefore it admits C'^— partition of unity. We shall prove the existence of a 
real valued function L on TM verifying the conditions to be a fundamental 
Finsler function. Firstly, we prove the following 

Lemma 2.1. Let n be the dimension of M. There exists a continuous 
function f : ^ i?"*" which is 

a) 1 {p)— homogeneous, 

b) differentiable at least of class on the complement of the origin and 

d'^(f'^(y)/2) 

the quadratic form — . — z^z^ is positive definite for all values of z^ ^ 0, 

oy'-dy^ 

where y ~ {y^, y"'), z — {zi, z"') belong to R^. Furthermore, f is a norm 
on R^ . 

Proof. Let h : i?" — )■ i? be a continuous function !(]?)— homogeneous, differen- 
tiable at lest of class on the complement of the origin and /i(0) = 0. Such 

^ i/p 

a function always exists. For instance we may take h{y) — | ^^(?/* 

\i=i 

^(y*) + eh^{y) j , where e 

is a positive real number. Obviously, / is homogeneous and differ- 

entiable at least of class on the complement of the origin. The matrix 
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A — I ^ . is given as follows: A = I + B, where / is the unity 
V dy'dy^ J 

f dh dh d^h \ 

matrix and B = —— ■ —— + hiy)—-—- . Choosing e < 1/||S||, where 

\dy''- oy3 oy'dy^ ) 

1 1 51 1 means a norm on the space of matrices, A becomes an invertible matrix 
and furthermore, the quadratic form associated to A becomes positive defi- 
nite. It is obvious that /(y) > 0, the equality sign occurring only if y = 0. 
The condition /(sy) = is clearly satisfied. A proof of the inequality 

f{x + y) < f{x) + /(y), x,y E can be performed using a method of H. 
Rund [7, p. 18-20]. 

Theorem 2.1. Let M be a finite dimensional paracompact manifold. 
There exists a fundamental Finsler function on TM. 

Proof. Let {ai)i(zj be a C'^— partition of unity {k > 1) on M subordinate to 
a covering {f/i}ie/ of M, where f/j, is the domain of a bundle chart : 
{Ui) UiX R"-. Define : f/j x i?" i? by u) = f{u), where / is given 

by the Lemma 2.1. The function L defined by L{vp) — ai{p)Li{ipi{vp)), 

i 

Vp e TM, satisfies all requirements to be a fundamental Finsler function. 

In his lectures given at Brandeis University in 1965, R. S. Palais has 
considered what he called Finsler structures on a Banach bundle, in particular 
on a Banach manifold. Following his definition, a Finsler structure on M is 
a function L : TM — )■ i?"*" such that for every po E M there exists a bundle 
chart ip : p~^{U) U x H such that L o ip^^ verifies 

1) (L o (p~^){po) : H — )■ i?+ is an admissible norm on H, 

2) There exists a neighborhood Uq G U of Pq such that (L o ip~^){p) be 
an equivalent norm to (L o (p~^)ipo) for every p e Uq. 

This notion is less restrictive then the usual notion of Finsler structure in 
finite dimensions, where the second condition becomes trivial. The existence 
of a function L satisfying 1) and 2) was proved by R. S. Palais by means of 
a partition of unity on M. The basic tool in his proof was the so-called flat 
Finsler structure given by the map N : M x H ^ J?"*", N{p,u) = \\u\\, for 
every p E M and u E H, where || • || is the norm induced by the inner product 
of H. Such a Finsler structure satisfles a third condition 

3) D'^{L o (p~^)'^/2 is for every u E H an isomorphism of H to H*, but it 
is essential a Riemannian one. Here means Frechet differentiation of the 
second order. 

When the norm on H is not Hilbcrtian i.e. H is a separable Banach space 
which admits a partition of unity, the procedure of R. S. Palais leads to a 
proper Finsler structure, but if the condition 3) is imposed, it becomes a 
Riemannian one. This happens since the condition 3) implies that the norm 
of H is equivalent to a norm induced by an inner product of H. We give in 
the following a proof of this assertion. Let po be a flxed point of M and let 
us put g = {Lo f-^)^/2 = = || ■ f/2 and T = Dig. The map T can be 

viewed as a continuous and symmetrical bilinear form on H. Differentiating 
g, one obtains Dlg{v,v) = {DuN{v)Y + \\u\\'^DlN{v,v) > for every v e H 
since D^l ■ \\{v,v) > (see [7]). Therefore T is also a positive bilinear form 
on H, hence the inequality of Cauchy-Schwarz \T{u,v) < p{u)p{v), where 
p{u) = T^UjU)^^"^, holds. U p{v) = it follows T{u,v) = for every u E H 
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or {T{v))(u) — for every u & H and v = Q because T is an isomorphism. 
So, T is an inner product on H. The inequahty p{v) < ||T||^/^||t;|| is obvious. 
Let us take S = {v ^ H\p{y) < 1}. Then the inequahty \T{u){v)\ < p{v) 
holds for every u e S. It foUows there exists c > such that ||T(m)|| < c for 
every ueS. We have = \\{T-^ o T){u)\\ < \\T-^\\ \\T{u)\\ < \\T-^\\c for 
every u & S. So, < c||T~^||p(ii) for every u & H. Therefore the norms 
II • II and p are equivalent. 

The above considerations show that in the framework of Banach man- 
ifolds the definition of Finsler structures given by R. S. Palais is the most 
convenient. 
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VECTOR BUNDLES. EINSTEIN EQUATIONS 

BY 

M. ANASTASIEI 



In the last years a Finslerian theory of relativity was built from various 
standpoints [2], [4], [7]. Recently, R. Miron has completed a more generalized 
version of this theory, which was called a Lagrangian theory of relativity in 
6]. Some physical aspects of this theory were considered by S. Ikeda in 
3] . His considerations show that the geometry of the total space of a vector 
bundle is useful from a physical viewpoint. 

In this paper the Einstein equations and the conservation law on the total 
space of a vector bundle are written. If the vector bundle is just the tangent 
bundle to the base manifold wc recover the Einstein equations established by 
R. Miron in [6] as well as a new kind of Einstein's equations whose physical 
meaning remains to be found. If the vector bundle has 1-dimensional fibres, 
we obtain a geometrical framework for an unitary projective theory. 

The author is indebted to Prof. Radu Miron who suggested him the 
subject of this work. 



1 Vector bundles 

Let ^ = {E,p, M), p : E ^ M, be a vector bundle of paracompact base M 
and finite dimensional type fibre F. We set n =dimM and ni =dimF. Let 
us denote, by (a;*,?/") the local coordinates on p~\U) C E, where U C M. 
In what follows we use i,j, k, h... = 1, 2, n and a, b, c, ... = 1, 2, m. 
The law of transformation of the local coordinates is the following: 

(LI) x' = x\x\...,x^), y^' ^S:'{x\...,x^)y\ 

If the vector bundle is endowed with a nonlinear connection, then, for every 
u G EjWe have TuE = HuE(BVuE, where VuE is the vertical part and HuE is 
the horizontal part. A basis of TuE adapted to this decomposition is {5i, da), 
where Si = di — N^{x,y)da. Here {N^{x,y)) are the local coefficients of the 
nonlinear connection and and da stand for d/dx'' and d/dy°', respectively. 
The basis dual to it is (dx*, Sy"-), where = dx" + N^dx\ 

Definition 1.1. A linear connection D on the manifold E is said to 

be a (/—connection if it preserves by parallel displacement the horizontal 
distribution u HuE and vertical distribution u VuE. 
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If we set: 



(1.2) 



then Fji^{x,y) and Ll^[x,y) change hke the local coefficients of a connection 
on M, respectively on ^, and Mj^{x,y), C^^{x,y) are tensor fields on E. A 
(/—connection is completely determined by FT = (Fj^, L^^, Mj„, C^^). (See 
also [5]). 

There exist d— connections on E. For instance, if Fj^(x) are the local co- 
efficients of a linear connection on M (there exists such a connection because 
M is paracompact), then {Fjj^{x),di,Nj,0,(}) is a rf— connection on E. 

A pair of linear connections on M and ^ defines a d— connection on E. 
Indeed, if L^k{x) are the local coefficients of a hnear connection on ^, then 
N^{x, y) = L'^f.y^ are the local coefficients of a nonlinear connection on ^ and 
{Fji.{x), Ll^{x),0,0) is a rf— connection. 

A (i— connection FT is called a Berwald connection if 



ra 

^bk 



dbK{x,y), 



M;^{x,y)=0. 



The connections showed above are Berwald connections. We shall 
denote by | and | the h— and v— covariant derivative, respectively, associated 
to the (i— connection D. 

The Ricci identities introduce five torsions: 



(1.3) 



and six curvatures: 



(1.4) 



pi 

^jkh 



pa 
^bkc 



pi 

jkc 



m: 



jbc 



Ca 
'-'bed 



^hFjk + F'ji^Fl^ 



jk 



^bkh — ^hL^k + Hk^ch 



k\h + M^.Rt^, 



k\h + ClRlh, 



dT a r^a i c'a tds 
c-^bk ~ '^bc\k + ^bd^kc^ 

1 



jc\k 

(^dC^c + ^bc^ed — C\d, 



for a d— connection FT. Here and in the following —k\h means the substrac- 
tion of the previous terms after having changed the indices one to another 
one. 
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2 Metrical structures on E. Metrical d— con- 



nections 



A metrical structure on £^ is a tensor field G on £^ of type (0, 2), symmetric 
and nondegencratc. If such a metrical structure G is given, then there exists 
a canonical nonlinear connection on ^ defined by the orthogonal distribution 
to the vertical distribution with respect to G. In what follows we shall refer 
only to this nonlinear connection. It is obvious that, with respect to the 
adapted frame to this nonlinear connection, G can be written as follows: 

(2.1) G = gij{x, y)dx (8) dx^ + hab{x, y)5y'' (g) 5y\ 



Definition 2.1. A d— connection on E is said to be metrical if 



(2.2) 
hold. 



gij\k — 0, Qijla — 0, hab\k — 0, hab\c — 0, 



O t O O 



There exist metrical ci— connections. Indeed, if FT = (i^j^, Lf^j^, ^ jai ^bc) 
is any d— connection on E, then the d— connection whose local coefficients 
are given below is metrical. 



(2.3) 



Z db\c 



where | and | denotes the h— and covariant derivative, respectively, asso- 

o 

ciatcd to FT . 

The formulas (2.3) can be thought of as a process of mctrization of any 
connection. This process will be called Kawaguchi mctrization. 
We say that a connection is /i — v— metrical with respect to G given by 
(2.1), if gij\k — and hab\c ~ 0. We remark that there exist h — t^— metrical 
connections which are not metrical. Indeed, it is easy to check that the 
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following Berwald connection 



(2.4) 



1 



jk 



g {hghj + SjQhk - hgjk) 



ddhc) 



is h — f— metrical but it is not metrical. 

Theorem 2.1. // two skew- symmetrical tensor fields Tj^ and S^^ are 
given, then there exists an unique Berwald connection which is h — v— metric 
and has h{hh)— and v{vv) — torsions the tensor fields Tjj. and S^^, respec- 
tively. Its local coefficients are as follows: 



(2.5) 



% - 




\g'\ghrT^k 


- gjrThk + gkrTjh) 


fa _ 
^bk — 


dbN^ 








-- 















Proof. All Berwald connections have the form (F*;. + rj;., dbN^, 0, C^^ + 



'bcJj 



where rj^ and r^" are arbitrary tensor fields. Imposing that such a connection 
be /i — t'— metrical and its h{hh)— and t'(t'i;)— torsions to be just Tj^ and 5"^^, 
respectively, one obtains that rjj. and r^^ are uniquely determined and they 
have the expressions from (2.5), q.e.d. 

Theorem 2.2. There exists an unique metrical d-connection with h{hh) — 

and v{vv) — torsions TJ^ and S^^ prescribed obtained by Kawaguchi metrization 
of a h — V— metrical Berwald connection. Its local coefficients are as follows: 



(2.6) 



jk 



jk 



CI 



CI- 
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Proof. By the Kawaguchi metrization of the unique Berwald h — metrical 
connection given by (2.5) one obtains (2.6), q.e.d. 



3 Einstein equations on E 

Let E be the total space of the vector bundle {E,p,M). Suppose that 
E is furnished with a metrical structure G and denote by D the metrical 
(i— connection having h{hh)— and t'(w)— torsions prescribed, given locally by 
(2.6). 

We associate to D the following Einstein equation 

(3.1) Ric(D) - (1/2)RG = xT, 

where Ric(£') and R denote the Ricci tensor and the scalar curvature of D, 
respectively, x is a constant and T is a tensor field of type (0, 2) called the 
energy- momentum tensor. 

Remark 3.1. The tensor field from the left hand of the eq. (3.1) is not 
symmetric nor free divergence since D has torsion. 

To express (3.1) by using the curvature of the d— connection let us put 
Xa — da}. Then we have: 

(3.2) Dx^Xp = r^^X„, a, /3, 7, 5- = 1, 2, n + m, 

(3.3) T^, = r^, - r^;^ + W^^, where X^] = W^^X,, 

(3.4) R^^, = x,r^^ + r^/^, - 7|5 + r^^iy;„ 

(3.5) Ric(D) = R^, = R^^„, 

(3.6) R = G^^Ra/s, 
and the eq. (3.1) becomes: 

1 

(3.7) Rq^ — -RGa^ — xTq^j. 

It results that it is equivalent to the following equations: 



(3.8) 



1 1 2 

Rij + S)gij = xTjj, Pai = xT„i, Pj„ = -xTia 

Sab - -^iR+ S)hab = ^Tab, whcrC : Pia = Pi 

_ / 1 _ 1" 

-^ij — jh^ ^ai — Pa ib^ ^ab — S^bc^ R — Q^^ Rij , S — h'^Sab- 
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All tensor fields from (3.8) are distinguished tensor fields on E i.e. in 
their laws of transformations to a change of local coordinates, does not 
appear explicitly. 

The conservation law i?x„(R^ - (l/2)R5^) = 0, where = G^^^R^^ 
can be written as follows: 



(3.9) 



2' 



0, 



where R 



■J 9^'^Rkj, 



Generally, the eqs. (3.9) are not identically satisfied; so it appears that 
the energy-momentum tensor is not conservative. 

Definition 3.1. The eqs. (3.8) will be called the Einstein equations on 
the total space E of the vector bundle ^. 



4 Some particular cases 

a) Let us take { = {TM,t, M), where M is a generalized Lagrange space 
i.e. M = {M^, gij{x,y)) (cf. R. Miron [6]). If some additional conditions on 
gij{x,y) are fulfilled (see R. Miron [6]) then gij{x,y) determines an unique 
nonlinear connection on {TM,t, M). Let {Nj{x,y)) be its local coefficients, 

i, j, k, ... = 1, 2, n, and let {6i, di) be the frame adapted to it. The following 
Riemannian metric on TM appears as natural: 

G — gij{x, y)dx^ ® dx^ + gij{x, y)5y'^ ® 6y^, where 

(4.1) 

5yi = dy' + NidxK 

As in the general linear d— connection on TM is completely de- 

termined by a set of functions on TM, let say 

Fr = (i^„L}„M;„q,). 

Let J be the natural almost tangent structure on TM i.e. 

J{5i)^di, J{di)^0. 

Definition 4.1. A linear o?— connection D on TM is said to be normal 
if DJ = 0. 
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It is easy to see that a normal linear d— connection is characterized by 

L*;, = F*^, and Afj^ = C^jj^, so a normal hnear c?— connection is completely 

determined by FT = {Fjf., Cj^), where Fj^ and Cj^ have the laws of transfor- 
mation like a linear connection and a tensor on M, respectively, if the local 
coordinates are changed. 

Theorem 4.1. Given two skew-symmetrical tensor fields Tj/^ and S^^, 
there exists an unique metrical normal linear d-connection on TM which has 
Tjf. and Sji^ as h{hh)— and v{yv)— torsions, respectively. Its local coefficients 
are as follows: 

-g'''{Sjghk + Skghj - ^hQjk + QhrT'^^. - gjrT^^ + QkrTjy^, 
-g^'^{djghk + dkQhj — dng-jk + dhrSj^ — djrSlk + 9krSjh)- 



(4.2) 



Proof. Taking any linear d— connection FT = {Fji^, Cj^) and imposing the 
conditions gij\k = 0, gij\k = 0, F]^ - F^- = T^^ and Cj^ - Clj = S]^, one gets 
that F^-j^ and Cj^ are uniquely determined as in (4.2), q.e.d. 

Einstein equations associated to the metrical, normal, linear rf— connection 
given by the Theorem 4.1 are just the Einstein equations obtained by R. 
Miron in [6]. 

b) Preserving the hypothesis from a) we only change the metric G as 
follows: 

(4.3) G = gij{x, y)dx^ <S> dx^ - gij{x, y)5y^ <S> Sy^ . 

This G is nondegenerate but it is nondefinite. However, the Theorem 4.1 is 
still true. The Einstein equations associated to the metrical, normal, linear 
d— connection stated by it, written with respect to the adapted frame (5j, di) 
are as follows: 



(4.4) 



1 1 

1 2 

Pij — xT(j)j, Pij — —xTii^j), 



where Rij = iif^-^, R = g'^Rij. 

Sij = S^ji^, S = g^^Sij and in the right hand appear the components of 
the energy-momentum tensor with respect to the adapted frame. 

Remark 4-1- The cqs. (4.4) could be also interesting for physicists because 
G is nondefinite. Its signature is always {n,n). 

Remark 4-2. Setting P{Si) = —5i, P{di) = Si one obtains an almost 
product structure on TM which satisfies G{PX, PY) = G{X, Y) for any 
vector fields X and Y on TM and G given by (4.3). Therefore, (TM, P, G) 
is an almost hyperbolic manifold. 
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c) Now, let us take = {E,p, M) with dimF = 1. If {U, if) is a local chart 
on M, let {x^, ...,x^,x^) the local coordinates of a point u e p~^{U). These 
coordinates change as follows (cf. (1.1)): 



(4.5) 



x'' ^x''{x\...,x''), x'^ ^ f{x\...,x'') 



X 



where / is a real function locally defined on M, f ^ 0. 

The formulas (4.5) show that the manifold E is the most general frame- 
work for an unitary projective theory (cf. [8], p. 233). 

A nonlinear connection on will be defined by a set of functions (Ni) 
on E such that Si — di — Nido verify Si' — {dl,x^)5i, where do — d/dx^ and 
5ii = 6/6x\ 

A linear d— connection will be completely determined by the following 
set of functions on E, FT = {F^^, L^, Mi,C) where Lk = L^^, Mj = Mjo, 

^ — '-"no- 

Such a connection has four torsions: 

(4.6) 7], = F;, - F^., Rkh = SkNk - S^N^, Pj = doNj - Lj, Pj = Mj 
and four curvatures: 

r m,^ = d,F;, + Fl,Fi^-h\k + MmkH 



(4.7) 



Rkh — ShLk — SkLh + CRkh 

Pk^doLk-dkC + do{CNk) 



^ Pj, = doF;, - 9,Mj + 9o(7VfeMj) + MlF^, - M^Fl,. 

The h— and v— covariant derivatives are defined as in the general case. 

Let be G = gij{x^, x"^, x^)dx^^dx^+goo{x^, x", x°)(5x°) where 6x^ — 
dx^ + Nidx\ a Riemannian metric on E. 

There exists a metrical (i— connection with Tj^ prescribed. Its local coef- 
ficients are as follows: 



(4.8) 



Fjk = 7,9 i.^j9hk + hghj - SkQhj + ghvTJk - QivTlk + QkrT^jh) 



1 11 
Lk = ^9oo^k9oo, M] = -g'^dogkj, C = -goodogoo- 



Einstein's equations associated to the metrical d— connection given by 
(4.8), written with respect to the adapted frame, are as follows: 



ij 



-Rg 



(4.9) 



Pi = xTio, P.fe = -xTo,-, %oo = -2Too, 
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where R — g^^Rij. 

The conservation law looks as follows: 



(4.10) 



^doR + g^^Pj^i^O. 



Remark 4-3. If {M, gij{x)) is a Lorentz manifold and we set G = gij{x^, 
x"^, x^, x'^)dx^ ^ dx^ + goo{x^, i,j = 1,...,4, then the first group 

from eqs. (4.9) are just the Einstein equations for {M, gij{x)). The following 
two groups can be thought of or interpreted as Maxwell equations. Therefore, 
a way for developing an unitary projective theory has appeared. 
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THE PROCEEDINGS OF THE FOURTH NATIONAL SEMINAR 
ON FINSLER AND LAGRANGE SPACES 
Bra§ov - 1986, 43-56 



MODELS OF FINSLER AND 
LAGRANGE GEOMETRY 

BY 

M. ANASTASIEI 



1 Introduction 

Although closely related to the Riemann geometry, the Finsler geometry had 
a more slow and sinuous development. Two reasons can he pointed out. Its 
foundation which is not so firm as of Riemann geometry (a prejudice!) and 
its too complicated character owing to a lot of differential invariants (a true!). 
The beginnings were stated by B. Riemann in 1854 (cf. M. Matsumoto [8]). 
Until 1960 almost all its results had a local character. Since 1960 up to now 
many efforts to modernize this geometry were made. The theory of connec- 
tions in fibre bundles has been applied to this aim. In this period the studies 
in Finsler geometry have progressed very much mainly because three quite 
distinct models of this geometry were created. These models added to the 
model "space of line elements" introduced by E. Cartan, enriched consid- 
erably the area of researches in Finsler geometry. Our aim is to describe 
these models. We shall begin by giving a definition of Finsler, as well as of 
Lagrange geometry. Some historical facts which motivate these definitions 
are pointed out. The necessity and the usefulness of the models in study- 
ing Finsler and Lagrange geometry is explained. The model "space of line 
elements" will be only sketched since now it is of historical interest. The 
models which we call "principal Finsler bundle", "vectorial Finsler bundle" 
and "almost hermitian" will be presented with some details. 

It is not our purpose to establish accurately the history of appearance 
and development of these models. Our lecture is mainly an invitation for 
studying Finsler and Lagrange geometry by using one of these models. The 
author is indebted to Prof. Dr. Radu Miron for his helpful advices during 
the preparation of this lecture. 

2 A definition of Finsler and Lagrange geom- 
etry 

We begin with some historical facts (see M. Matsumoto [83]). In a famous 
lecture (1854), B. Riemann proposed the study of manifolds endowed with 
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the so-called Riemannian metric ds ~ gij(x)dx^dx^ . Before arriving at 
this metric, he is concerned with the concept of generalized metric ds = 
L{x^, ...jX"", dx^,..., dx"'), shortly ds = L{x,dx), which gives the distance 
between two points x and x + dx. B. Riemann himself gives a concrete 
example of generalized metric L(x, y) — + ■■■ + (z/")^)^^^ which satisfies 

the conditions imposed by him: 
(LI) L{x, y) > for any y 0. 
(L2) L{x, ay) = aL{x, y) for any a > 0. 
(L3) L{x,-y) = L{x,y). 

Then, the notion of generahzed metric space completely had been forgot- 
ten for almost 60 years. It was rediscovered in a geometrical treatment of 
the variational calculus about the beginning of this century. The disserta- 
tion of P. Finsler from 1918 is remarkable in this respect. He introduced the 
so-called fundamental tensor gij{x,y) = {d'^L'^ / dy'^dy^) /2 and the C— tensor 
Cijk{x,y) — {dgij{x,y)/dy^). The equations Cijk{x,y) = characterizes Rie- 
mannian metrics among Finslerian metrics. Finsler added a fourth condition 
on L: 

(L4) gij{x, y)u^u^ > for any u = (ti*) ^ 

This so-called positive definiteness condition is called the regularity condition 
in the calculus of variations. 

A pair (M, L) of an n— dimensional manifold M and a general metric L 
satisfying (L2) and 
(L5) det{gij) ^ 0, 

is called a Finsler space. If L satisfies only (L5), the pair {M,L) is called 
a Lagrange space. This notion was recently introduced by J. Kern [6]. The 
other conditions (LI, 3, 4) are necessary in some theorems and in some 
geometrical theories or applications. 

The variables y\ i = 1,2, ...n from L{x, y) define, from the historical point 
of view, a direction in the point {x) . But these variables can also be thought 
as parameters and can be taken in a number different by n. This fact is a 
support for the study of the so-called Finsler geometry of vector bundles (R. 
Miron [10]). 

The entities gij{x,y) and Cijk{x,y) are not tensors in an usual sense 
because of their dependence upon y. However, if a change of local coordinates 

(2.1) x'' ^x''{x\...,x''), 

is performed and if suppose that the law of transformation of y is 

these entitles have laws of transformation similar to that of a tensor of type 
(0,2), respectively (0,3), on manifold M. Such entities are called Finsler 
tensors. It is noteworthy that if T{x, y) is a Finsler tensor then dT{x, y)/dy^ 
is also a Finsler tensor. 

The geodesies of a Finsler space (M, L) are the extremals of the variation 

rb 

problem 5 / L{x{t);dx/dt)dt — 0. These are the solutions of the differential 

J a 
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system 

(Px^ i ( dx\ dx^ dx^ 

where 7*^ are the Christoffel symbols constructed from gij{x, y) with respect 
to x^. 

L. Berwald has put = l^icV^y^ and has considered G\ = — — and 

J J (jyj 

dG) 

G^., — -—f. The laws of transformation of G] and Gk are as follows: 
dv 

(2 A) G^' (x' v') - ^^G^ + d^J^ y 

dx"^' dx^ dx^ dx^' d'^x'^ 



(2.5) G),y{x', y') - G], + . 

So {G'^jf,{x,y)) changes as a linear connection although it depends by y. The 

above consideration lead to the following 

Definition 2.1. A set of functions of {x,y) whose law of transformation 
is like that of a geometric object on M is called a Finsler geometric object. 

Therefore, gij{x,y), Cijk{x,y), G^ji,{x,y) are Finsler geometric objects 

while (x, y) is not so. It is now clear what means a field of Finsler geomet- 
ric objects. These fields can be also defined as cross-sections in convenient 
fibre bundles (M. Anastasiei [2], R. Miron and M. Anastasiei [15]). But such 
an abstract definition has a little use without some interpretations of these 
fields. So appears a necessity to construct the models in which a field of 
Finsler geometric objects to get a convenient interpretation. 

A Finsler vector field is a set of functions {X^{x,y)) with the following 
law of transformation: 

(2.6) X^'{x',y') = ^X\x,y). 

It is easily to sec that I — — - ) does not define a Finsler geometric object. So 



^ dx^ ^ 

it is necessary to consider a derivation of X^ which lead to a Finsler object. 
Such a (covariant) derivative has been defined by L. Berwald: 

dX'' dX^ 

5 d ■ d 

and is called /i— covariant derivative. If one puts -r-r = -m — G^-—^, then 

dx'^ ox" oyi 

5X^ 

X.^ = -—- + G^ji^X^ , equality which reminds an usual formula for a covariant 
derivative. So it is natural to define: 

9ir,k GlkQsj - G'j^Qis. 
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If one puts X* 



one obtains a new covariant derivative called v— covariant 



derivative. The triad (G*, G*^, 0)is called the Berwald connection. This con- 
nection is not metrical because gij-k 7^ and gij^k 7^ 0, too. To look for a 
metrical connection one must modify the definition of h— and t)— covariant 
derivatives. One defines: 



(2.8) 



where 



sx 



dX' 



\k 



d 



■ d ■ 

^fc ~ ^ikV'^^ ^jk ^ functions of {x,y) 



which changes hke a linear connection on M and Cj^ is a Finsler tensor of 
type (1, 2) on M. 



If the equalities Cj^ 
conditions gij\k = and gij\k 



CI, and F;, 



Fl - are assumed, then from the 



by a "Christoffel process" one obtains 



(2.9) 



G) 



jk 



c 



jk 



-q 



^9sk ^ Sgsj 
5x^ 5x^ 



dgsk ^ dgsj 



^9jk\ 
Sx^ J 



dg 



jk 



dyj Qyk dys 



2^ dy'' 



The triad {G^j, Fji^,Cjf.) whose elements are given by (2.9) is called the 

Cartan connection of the Finsler space (M, L). More general, a triad {N^^{x, y), 

Fji^{x,y), Cjj^{x,y)), where Nj has a law of transformation similar to Cj, F^j^ 

has a law of transformation similar to G*-, has a law of transformation 

similar to and Gj^ is a Finsler tensor field, is called a Finsler connection. 

The definition of v— and /i— covariant derivative is similar to (2.8). The 
commutation formulae lead to the five torsion Finsler tensors: 



(2.10) 



jk 



^jk - ^ki^ ^ 



'■^jkl ^jk 



kji ^jk 



mi 

Sx'' 



^ p i. 
Sx^ ' 



dm 

Qyk fci' 



-"jk ^kj 

and three curvature Finsler tensors: 



^h'jk 



SF 



hj 



SF 



hk 



Sx'' Sx^ 



+ ^hj^rk ~ ^hk^rj + ^hr^jk^ 



(2.11) 



pi 
^hjk 



OF, 



hj 



dy'' 



l^i _|_ r^i jDr 

^hk\j ^hr^jk^ 



dC\ 



h jk 



hj 



dC 



hk 



dyk Qyj 



+ '-^hj'-^rk ~ ^hk*-^rj- 
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Then Bianchi identities can be established and the Finsler spaces with spe- 
cial properties can be studied. We conclude with the following definition of 
Finsler (Lagrange) geometry. 

Definition 2.2. We call Finsler (Lagrange) geometry the study of Finsler 
geometric objects on a manifold M endowed with a general homogeneous 
(non-homogeneous) metric L. 

The content of the classical Finsler geometry has mainly been obtained 
by using the methods discussed above. It is full represented by H. Rund's 
book [19]. 



3 The model "space of line elements" . Non- 
linear connections 

E. Cartan has arrived at his connection by creating a model of Finsler geom- 
etry. As we have seen, the quantities appearing in Finsler geometry depend 
by 2n variables x = (x*) and y = (?/*). E. Cartan calls the pair {x,y) the 
supporting element of these quantities and considers the set M' of all the 
supporting elements. Owing to the homogeneity, y of a supporting element 
{x, y) is an oriented direction in x so M' is a {2n — 1)— dimensional manifold 
called the space of line elements. E. Cartan considers the Finsler geometry 
as the geometry of the manifold M' and identifies a Finsler connection to 
an euclidian connection on M'. By using four axioms he determines what 
is now called the Cartan connection i.e. a metrical Finsler connection com- 
pletely determined by the fundamental function L (see (2.9)). In this model 
the Finsler geometric objects are geometric objects defined on M'. Later, 
instead of M' was considered the total space TM of the tangent bundle over 
M or TM — when the homogeneity is taken in account for. 

The models of Finsler geometry created after 1960 have had mainly two 
purposes. The first one was to give a clear meaning to the notion of Finsler 
geometric object and the second one was to establish a global definition for 
connections in Finsler spaces and to re-examine E. Cartan'system of axioms. 
In all three models which we shall discuss in the following the notion of 
nonlinear connection appears, in two of them this notion being in a central 
place. The importance of the nonlinear connections was late recognized. Now 
there exist a lot of equivalent definitions of this notion. We shall give some 
here (cf. R. Miron, M. Anastasiei [43]). 

1. Let be r : TM M the tangent bundle to M, r' its tangent map and 
VTM =kerr'. A nonlinear connection on TM is a subbundle HTM C TTM 
such that TTM = HTM © VTM. 

2. Let be r'^iTM) TM the pull-back of TM by r. Let us denote 
by TT : TTM — )■ TM the projection map. The following sequence of vector 
bundles over TM is exact: 

VTM TTM '"-^'^ T-^{TM) 0. 

A splitting F : t-^{TM) TTM of this exact sequence is a nonlinear 
connection on TM . 

3. Let J be the natural almost tangent structure on TM. A nonlinear 
connection on TM is a tensor field P of type (1, 1) on TM such that PJ — — J 
and JP = J hold. 
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4. A nonlinear connection on TM is an almost product structure P on 
TM which satisfies P{X) = —X for any vertical vector field X. 

5. A nonlinear connection is a set of functions (A^j) on TM which has 
the law of transformation like G*- in (2.4). 

A nonlinear connection always exists if the paracompactness of M is 
assumed. If (M, L) is a Finsler or a Lagrange space, then there exists a 
canonical nonlinear connection determined by L only (cf. Section 2). 

4 The "principal Finsler bundle" model 

As it is well known, a linear connection on a manifold M can be defined as 
a certain distribution on the linear frame bundle L{M). A point of L{M) is 
regarded as a pair [x, z) of a point a; of M and a frame z in x. The Finsler 
geometric objects are special functions on TM so they depend on {x,y), a 
pair of a point x of M and a tangent vector y at x. Therefore, the set of 
triads {x, y, z) may be a good foundation for Finsler geometry. Such a set 
is obtained as follows. Let r~^(L(M)) — > TM be the pull-back of L{M) 
by T. This is a principal bundle over TM with structural group GL{n,R). 
It is called the Finsler bundle of M and it will be denoted by F{M). Its 
total space is F = {{y,z) G TM x L{M),T{y) = 7i{z)}. A right translation 
/3g of F,g G GL{n,R) is given as: u = {y,z) ug = {y,zg). The bundle 
F{M) was introduced by L. Auslander ([4]). It was also considered by H. 
Akbar-Zadeh [1]. F{M) was called a Finsler bundle of M by M. Matsumoto. 
He also used it systematically and efficiently as a model of Finsler geometry 
(see his monograph [7]). Let (-R")^ be the space of tensors of type (r, s) over 
i?". A Finsler tensor field of type (r, s) is defined as a map K : F ^ (-R")s 
which satisfies a condition K o (3g = g~^K for any g G GL{n,R). This 
definition is equivalent to a classical one (M. Matsumoto [7], p. 49). A Finsler 
connection F on a manifold M is a pair (F, A^) of a connection F in F{M) 
and a nonlinear connection M on the tangent bundle TM. Such a definition 
is very general because F and A^ are not yet related. A second definition of 
a Finsler connection ([7], p. 63) lead to a definition of v— and /i— covariant 
derivatives quite similar to that with respect to a linear connection. Torsions 
and curvatures are obtained by a suitable generalization of the structure 
equations of a linear connection to a Finsler connection ([7], p. 70-76). 

All Bianchi identities arc obtained from some general identities. If M 
is endowed with a fundamental function L, then the nonlinear connection is 
completely determined by L. The following theorem of M. Matsumoto holds: 

The Cartan connection CF of a Finsler space (M, L) is uniquely deter- 
mined by the five axioms as follows: 

(1) /i— metrical: gij \k = 

(2) without /i-torsion: T = (F]^ = F^^) 

(3) metrical: gij\k — 

(4) without w-torsion: = {Cj^ = Clj) 

(5) D''j = Nj — F^-y^ = (the deflection tensor vanishes). 

The "principal Finsler bundle" model lead to a clear definition of the no- 
tion of Finsler geometric object, to a global definition of Finsler connections 
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from which all classical Finsler connections are derived and to an interest- 
ing theory of transformations of Finsler spaces. Of course, there are some 
problems which can not be solved nor attacked by using this model. For 
instance the theory of Finsler spaces with constant curvature or the theory 
of subspaces in Finsler spaces. 



5 The "vectorial Finsler bundle" model 

In this model the base manifold is TM, too. The pull-back r"^(TM) TM 

of TM by r will be called the vectorial Finsler bundle of M. If (x*) is a 

coordinate system on M and (x*, y*) is the coordinate system on TM induced 

f d d \ f d \ 

by it, then — ^, -— is a basis in TJTM, u e TM, and -— is a basis 
^ \dx' dy' J \dy' J 

in T~^{TM), the fiber of t~^(TM) over u. It follows easily that the vectorial 

Finsler bundle is isomorphic to the vertical subbundlc. Wc denote by v its 

inclusion map in TTM. A cross-section X of the vectorial Finsler bundle has 

the local form X = X -—. Since — = -7r~'^r^ it follows that the set of 

oy^ oy^ ax* ay* 

functions (X'(x, y)) defines a Finsler vector field. More general, the tensorial 
algebra on the vectorial Finsler bundle is a model for the algebra of Finsler 
tensor fields. 

A Finsler connection is defined gular connection in the vectorial 

Finsler bundle. Let be V : X {T M) x S {t-\T M)) S{t-\TM)). (X.Y) 

. d 

Vx^ a linear connection in the vectorial Finsler bundle. Let be C = y^^r^ 

oy^ 

the canonical field (Liouville) on TM . A vector field X on TM is called 
horizontal if VxC* = 0. Let be iJ„ the subspace of horizontal vectors and 
Vu the subspace of vertical vectors. The connection V is called regular if 
TuTM = Hu ® Vu for any u e TM. Such a decomposition of T^TM defines a 
splitting of the exact sequence from Section 3, hence a nonlinear connection 
on TAf. If V is a regular connection, then r' is an isomorphism on Hu- 
Let us denote by /i„ the map {t'/Hu)~^ : Tt-(u)M Hu and let us put 

^" (^) " '^i- ~ ^) " ° ^^''^''"^ """"^^ ^identity 

— — I = 7—. Therefore — -— ^ are vertical vector fields. We 
ax*/ ax* ox* ax* 

may write = S— — N^- —— because Vu is spanned by \ -^— \ . A linear 

5x' 9x* ' dyi f J ^Qyj J 

connection on the vectorial Finsler bundle is locally given as follows: 

d i ^ 9 i 9 

^dy^~ ^^'dy'' l^dy^~ ^^'dy^' 

From the equality V_s_C = {§1 + y^Cl-) it follows that V is regular if and 
only if the matrix (Sj +y'^Cl-) is regular for any y. The condition V_5^C = 
is equivalent to N^{Sl + y^Clj^ — T^-y^. It follows again that the regularity 
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condition on V allow the determination of a nonlinear connection (iVj). If 

wc put = r*^, - A^I'Cjp then it results that (iVj, F]^„ Cj J defines a Finsler 
connection in the classical sense. Therefore, any regular connection in the 
vectorial Finsler bundle is a model of a Finsler connection. The curvatures 
and torsions^of such a Finsler connection are obtained as follows. 

Let be R{X,Y)Z = Vx^yZ - VyVx^ - ^{xy\Z the curvature of 

V. The following tensor fields: R{X.Y)Z = R{hX,hY)Z, P{X,Y)Z = 

R{vX , hY)Z , S{X,Y)Z = R{vX , vY)Z are Finsler tensor fields and are 
models for the curvatures of a Finsler connection. The tensor field T{X, Y) = 
VxiY-VY^X~i[X, Y] is called the torsion of V. It results that T{hX, hY), 
T[hX,vY) and T{vX,vY) are Finsler tensor fields, models for the three 
torsions of a Finsler connection. The others are Cj^. and i?*^ given by 

The model of a metrical Finsler connection is a regular connection V 
which verifies Vg = 0. We remark that as a model of Finsler geometry 
can also serve the vertical subbundle which is isomorphic to the vectorial 
Finsler bundle. This model appears in a paper by V. Oproiu [17]. The 
"vectorial Finsler bundle" model was systematically used by B.T. Hassan 
[5]. A generahzation of it was treated by D. Opris [16]. 



. d 
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6 The "almost hermitian" model 

This model was pointed out by R. Miron and was used by him for an inter- 
esting theory of finslerian relativity (R. Miron [12]). The base manifold is 
TM furnished with a nonlinear connection determined by the fundamental 
function or not. The tensorial Finsler fields have as models the elements 

of the tensorial algebra of the bundle H (B V ^ TM. Let I -— , 7— ) be 

\ dx^ oy'^ J 

the local frame adapted to the decomposition T^TM = © Vu- Putting 
^fS\ d ^ f d \ 6 

h = — TT-^, r TT- = one obtams an almost complex structure 

\Sx' J dy' \dy' J 5x' 

(F^ = — /) on TM. A model for a Finsler connection is a linear connection 
D on TM which satisfies the following two conditions: 

(1) D preserves by parallelism the horizontal distribution u — >■ as well 
as the vertical distribution u ^ Vu- 

(2) DP = 0. 

indeed, the first condition leads to the following local form of D: 

D 5 —^F' — D a & — 

l^5xi ^^5x^' l^Sx^ ^^5x^' 

d ~ d d d 

Jx^ dy^ ^"dy' dy^ ^"dy^ 

and the second one gives = FJ^, Cjj^ — Cj^. So D which satisfies (1) and 
(2) is a model for the Finsler connection {Nj, Fj^,Cjf^). As a model of the 
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fundamental tensor (gij) is taken the tensor field G = gijdx^ dx^ + gij5y^ <S> 
Sy\ where Sy^ = dy^ + Nldx^. This G is called the iV— lift of (gij). By a direct 
calculation it follows that G{FX, FY) = G{X, X) for any vector fields X, Y 
on TM. Therefore (F, G) defines an almost hermitian structure on TM. The 
triad H'^'^ = (TM, G, F) is called the "almost hermitian" model of a Finsler 
space {M,L) or a Lagrange space {M,C). The term is also justified by the 
following theorem: 

Let G be a Riemannian metric on TM of rank n on the vertical distri- 
bution and let N be the distribution supplementary and orthogonal to the 
vertical distribution. Let F be the almost complex structure determined by 
N . If (G, F) is an almost hermitian structure then there exists an unique 
fundamental tensor (gij) whose N—lift is G. 

Proof. The distribution N spanned by is determined from the equations 

dx^ 

G I TT- I = 0- Locally, G is as follows: G = hijdx^ (g) dx^ + gaSy^ ® Sy^ . 
\ox^ oy^ J 

From G{FX,FY) = G{X,Y) it results hij = gij is obvious that the iV-hft 
of gij is just G. 

The following theorem holds (R. Miron [12]): 

The model H"^^ is hermitian if and only if 

Sx^ 5x^ ' dyj dy^ 

A metrical Finsler connection is a linear connection D on TM which 
satisfies and the third condition: 
(3) DG = 0. 

There exists an unique metrical Finsler connection such that T{hX, hY) = 
and T[vX,yY) — 0, where T is its torsion. 

This connection coincide to the Cartan connection when the nonlinear 
connection N is determined by the fundamental function L. On TM there 
exists also a symplectic structure defined by Y) = G{X, FY). It is easy 
to see that a metrical Finsler connection is also a symplectic one {D(f) = 0). If 
M is a Finsler space its model H^" is almost Kahler i.e. d(f) = (Matsumoto 
[9]). This result is also vahd if M is a Lagrange space (V. Oproiu [18]). 

The "almost hermitian" model suggests at least two generalizations stud- 
ied until now. The first one is the considering of the linear connections D 
on TM which preserve the horizontal and vertical distributions but do not 
verify DF = 0. Locally, such a connection has four distinct components. A 
Lagrangian theory of relativity by using such a connection was developed (R. 
Miron, S. Watanabe, S. Ikeda [13]). The second one is the considering of the 
geometry of the total space of a vector bundle (R. Miron [10]) or a principal 
bundle (M. Anastasiei [3]). 

Quite recently it was observed the importance of the study of the pair 
{M, gij{x, y)), where gij{x, y) is not provided by a fundamental function L (R. 

Miron [10]). The models described above can also be used for studying such 
a spaces {M, gij{x,y)) called generalized Lagrange spaces (R. Miron [12]). 

The "almost hermitian" model is very complex so it allow to obtain much 
information about Finsler and Lagrange spaces. 
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The models which we just described rise a lot of new problems for Finsler 
and Lagrange geometry and allow the solving of the elder problems which 
could not be solved in a classical treatment. These models suggests also 
various generalizations and applications of Finsler and Lagrange geometry. 
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1 Introduction 

In a recent paper [lJ3 we have considered the Einstein equations on the total 
space of a vector bundle in order to obtain a Finslerian unitary projective 
theory as an extension of the Finslerian theory of relativity developed by 
R. Miron [5]. We have written the corresponding conservation laws which 
here, generally, are not identities, i. e., it is of interest to find vector bun- 
dles for which such a conservation laws are identically verified. In this paper 
we take, into considerations, the vector bundles whose type fibers are finite 
dimensional normed spaces V and, moreover, admit the reductions to a sub- 
group H of the group of the automorphisms of V which preserve the norm, 
shortly, {V, i/}— bundles. This class of vector bundles, which contains the 
tangent bundles to the {V, iJ}— manifolds of Y. Ichijyo [2], may be of own 
interest so we treat it with some details in §3. In §2 we give necessary pre- 
liminaries from the geometry of the total space of a vector bundle (cf. [7], 
[8]). The conservation laws on the {V, if}— bundles are discussed in §4. 

2 Vector bundles. Metrical c?— connections 

Let M be an n— dimensional differentiable (of class C°°) manifold and ^ = 
{E,p, M), p : E M, a vector bundle whose type fiber is a vector space V 

isomorphic to R"^. Let {{Ua, 4>a, -R")} be an atlas on M and let {{Ua, (pa, V)} 
be a bundle atlas of ^ i.e. (pa '■ P~\Ua) UaXV are bijective mappings such 
that = a; for X G M and v E V, and the apphcations gii,x{,x) = 

(pjSa ° (pa\ '■ Ua^Up ^ V are differentiable. The manifold structure of E 
is defined by the differentiable atlas {{p^^{Ua),ha)}, where : p~\Ua) — 
R"^ xV is given as ha{u) = {(pa{u), (pa,p{u)iu)). If we set h^iu) = {x'^, y") and 

*Received January 27, 1987 

^Number in brackets refer to the references at the end of the paper 
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h/s{u) — (x'^', y"'), k, k' — 1, n; a, a' — 1, m, then hp o h^^ is as follows: 



. . . yk 

x^' = x^' [x^, a;"), det 



(2.1) 



ya' = y<^ . s^'{x\...,x''), \\S^'{x)\\ e GL{m,R). 



The transformation law (2.1) of the local coordinates on E shows that E, 
for m = 1 or m = 2, is the most general framework for an unitary projective 
theory (of. [10] p. 233). 

Let : TE TM be the differential of p. Then kerp^ = VE is a 
subbundle of TE — )■ TM called the vertical subbundle. 

Definition 2.1. A nonlinear connection on ^ is a subbundle HE of 

TE -> TM such that TE = HE® VE. 

The local fiber H^E of the vector bundle HE TM is spanned by {5k) 
given as follows: 

(2.2) 5u^dk-N^{x,y)da. 

d d 

Here and da stand for — — r and — — , respectively. The functions N^{x,y) 

are called the local coefficients of the nonlinear connection. This set of func- 
tions has appeared, for the particular case E — TM, early in the development 
of Finsler geometry, but the first who recognized its importance and treated 
it as defining a nonlinear connection was A. Kawaguchi ([3], [4]). The map- 
ping u — >■ HuE (u — > VuE) is called the horizontal (vertical) distribution. 
The local frame {Sk,da) is adapted to the horizontal and the vertical dis- 
tributions. Its dual is {dx^,6y"'), where Sy"" = dy"- + N^dx^. The tensorial 
algebra spanned by l,6k,da,dx^,6y"' is called the algebra of d-tens or fields 
([6]' [7])- . . 

Definition 2.2. A linear connection D on is a connection if it 
preserves over parallel displacement of the horizontal and the vertical distri- 
butions. 

Every o?— connection D on E can be locally given as follows: 



(2.3) 



Dsjj = F^^{x, y)5i, Dskdb = ^^i^, y)da, 
DaJj = MUx, y)5,, D9A = Qd^, y)da. 



The coefficients F^j^^x, y) and L'^k{x, y) change under (2.1) like the coefficients 
of a linear connection on M and on ^, respectively, although they depend on 
y"; Mj^(x,y) and C^^x^y) are defining tensor fields on E. Conversely, a set 
of coefficients LT = {F^^{x,y), Ll^{x,y), Mj^{x,y), C^dx,y)) which change 
under (2.1) as the above determines an unique c?— connection on E. We shall 
denote by | and | the h— and f — covariant derivative associated with the 

d— connection D (see [6]). The commutation or Ricci formulae introduce for 
a d— connection five torsion rf— tensor fields: 



(2.4) 



1 « 2 * 

P jb = 9bN^ - LI-, P = Mjj, = C^^ - 
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and six curvature d— tensor fields: 



(2.5) 



Kkh = Wk + LlkKh - k/h + ClRl^, 



1 « 
P 



b kc 



bd^ kci 



P 



j kc 



Sb'^cd = daCl + - c/d, 

where k/h^h/c^c/d mean the interchange of indices in the foregoing terms. 

A metrical structure on £J is a tensor field G of type (0, 2) on symmetric 
and nondegenerate. It determines an unique nonlinear connection on ^ by 
taking into consideration the distribution which is orthogonal to the vertical 
distribution, with respect to it. In the frames adapted to this nonlinear 
connection, G can be expressed as follows: 



(2.6) 



G{x, y) = gij{x, y)dx'dx^ + gab{x, y)Sy°'Sy\ 



A d— connection D on is metrical with respect to G if DG — 0. It is easy 
to prove that a d— connection D is metrical if and only if 



(2.7) 



gij\k — 0, 5'ijla — 0, Qablc — O, Qablk — ^ 



hold. There exists a metrical ci— connection which has the torsion fields 
Tji^ and S^^ prescribed and which is unique in a certain sense [1]. Another 

metrical o?— connection will be constructed in §4. 



3 {y,i:f}-bundles 

Let ^ be the vector bundle from §2. Suppose that its fiber V is endowed 
with a norm || ■ || : V ^ i.e. y is a Minkowski space. If f = v"'ea, 
where (e^) is a basis of V, we set = /(f',...,f™) = f{v"') and suppose 
that / is differentiable at least of class for v ^ 0. The set {T\T e 
GL{m,R), \\Tv\\ = \\v\\,v e V} is a Lie group. Let if be a subgroup of it. 

Definition 3.1. A vector bundle ^ = {E, p, M) is said to be a {V, i?}— bun- 
dle if there exists a bundle atlas {{p^'\Ua),4'a,V)} such that the mappings 
'4'i3,x ° belongs to H for every x G Ua^Ujj ^ ip. We also say that ^ 
admits an i7— structure. 

Proposition 3.1. If ^ is a {V^H} — bundle, then its local fibers are 
Minkowski spaces isomorphic and isometric each to others. 
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Proof. If u G Ex, wc set ||-u|| = f{ipa,x{u)) and obtain a norm on Er^ which 
does not depend on ipa^x because ^ admits an if— structure. Namely ipa^x is 
also an isometry of E^ and V for every x G M. Therefore the local fibers are 
isomorphic and isometric each to others. Q. E. D. 

Examples a) If V is a Euclidian space then 0{m) leaves invariant its 
norm. Then ^ is a {V, 0(m)}— bundle if and only if it is a Riemannian 
bundle. 

b) If ^ = (£" = TM, T, M) and M is modeled by V, then ^ is a {V, H}-hm\- 
dle if and only if M is a {V, i/}— manifold in Ichijyo's sense [2]. 

If {{p~^{Ua), (t>a, y)} is any bundle atlas on ^, the cross-section Sa,a{x) — 
Sa) define a frame in E^ and the fiber coordinates {y"") are introduced 
by the equality = y°'Sa,a{x). Setting aa,a{x) = ip~^{x,ea) we obtain a 
new frame in E^, so that = u"-aa,a{x). Taking aa,a{x) = Kti^)^a,b{^)^ 
follows y"' = \l{x)v}' or u"- = iil{x)y^ , where (/x^) is the inverse of the matrix 

(A^). Now, \\Ux\\ = fi^aA^)) = /(^a,x(MV,,,(x)) = = 

Now we have a function F : E R^, given locally by F{x,y) = /(Ai^(ic)y^), 
which is (1)— homogeneous and differentiable at least of class for y ^ 0. 

Moreover, as F is provided by a norm, the matrix {hab{x, y)) — ^ (F^) 

is nonsingular, and the quadratic form hab'U°"<f is positive defined (see [9] p. 
21 for a proof). We say that F is a fundamental Finsler function on E. 
Therefore we have proved 

Theorem 3.1. // a vector bundle {E,p,M) admits an H— structure, 
then there exists on E a fundamental Finsler function of the form F{x, y) — 
f{l^l{x)y'). 

IDefinition 3.2. A linear connection V on a {V, if}— bundle is said to be 
an H— connection if its parallel displacement preserves the Minkowski norms 
of fibers. 

Let us set Vaj.Sa = V\^{x)si,. We have 

Theorem 3.2. If V is an H— connection on the {V, H}— bundle ^, then 

SkF = 0, where k = dk - rtk{x)y'da. 

Proof. Let C = {x{t), t e [0, 1]} be a curve on M and S(x{t)) = S''{x{t))sa{x{t)) 

a cross-section of ^ along C. It is parallel along C with respect to V 

dS"- dx^ 
if and only if Vx(t))S = 0, i.e. + ri^{x)S^— = 0. If V is an 

ii-connection, then ^ q. But \\S{t)\\ = F{x{t), S^ixit))) so we 

(Jjv 

Obtain = + d,F^ = {d,F - Tt,{x)S'>)— = 6,F^. Since C 

o 

is arbitrary, it results 5kF — 0. Q.E.D. 



4 Einstein equations and the conservation laws 

If r^^(a:) are the coefficients of a linear connection V on ^, then N^{x,y) = 
^bki^)y'' define a nonlinear connection on ^. We consider a "deformation" 
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o « 

of this nonlinear connection, i.e. N^{x,y) = Nj^{x,y) + Al.{x), where Al{x) 
defines a (i— tensor field on depending only on x. Using Theorem 3.2 we 
easily obtain 

Proposition 4.1. // V given by ^^ki^) '^'^ H— connection on the 
{V, H} -bundle ^ then, 5kF = dkF - N^daF ^ if and only if 

(4.1) Al{x)daF = 0, 
holds good. 

In what follows we assume that V is an if— connection on ^ and that 
^4^(2;) satisfies (4.1). Now, let gij{x) be a metric on M and let r^j}^{x) be 

the corresponding Christoffel symbols. The definition of F shows that in the 
adapted frames to the if— structure on ^, the functions hab depend only on 
y. The following natural metrical structure on E can be considered: 

(4.2) g{x, y) = g^j{x)dx'dx^ + hab{y)Sy''6y\ 

This is an example of Ricmann-Minkowski metric on E. A study of the 
Riemann-Minkowski metrics on TM is given in [8]. Let C^^{y) be the Christof- 
fel's symbols associated with hab{y)- Then it is clear that ET — (F*^, T^f^(x), 0, C^^ 
is a (i— connection on E. Moreover, we have 

Theorem 4.1. The d— connection ET is metrical with respect to the 
metric Q. 

Proof. The first three equalities from (2.7) hold by virtue of the definition of 
ET. To prove the last one we remark that 5kF = is the same with F\^k = 
and we note that \k o da — daO \k. So, hab\k = dadb{F\k) = 0. Q.E.D. 
An easy computation shows that 

(4.3) i?^, = K,k{^)y' + (4A^« + Tl,A] - j/k), 

where Rfj°'jj,{x) is the curvature of V. The others torsions of ET are vanishing. 
The (i— tensor field A1{x) can be viewed as defining an 1-form A on M, 

o 

valued in ^. If V denotes the Levi-Civita connection of gij then the covariant 
differential of A is the 2-form 

(VA)(X,Y) = VyA(X) - A(VyX), for X,Y e X(M). 

Theorem 4.2. The metrical d— connection ET coincide with the Levi- 
Civita connection of Q if and only if a) V is flat, and b) VA is symmetric. 
Proof. By annihilating R"--^ from (4.3) we obtain that V is flat, and VA is 

symmetric. The converse is clear. Q. E. D. 

Particularizing (2.5) one obtains 

Proposition 4.2. The curvatures of ET are as follows: R/^h ^■^ 

curvature of V, R,\, = R,\, + C^^R'^,^, P, kc = -C^c\k = 0, Pj kc = 0, 
^b"'cd general form. 

Note that C» = results from = h'"^dbdcF^ /A and F\k = 0. 
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Corollary 4.1. The metrical d— connection ET has no curvature if a) V 

is flat, h) V is flat, c) VA is symmetric, d) S^^^ — 0. 

As to the metrical d— connection E we are associated with the Einstein 
equation 

(4.4) Ric(Er) -ng = kT, 

where Ric(i?r) and TZ denote the Ricci tensor and the scalar curvature of 
^r, respectively; x is a constant; T is the energy momentum tensor. With 
respect to the adapted frame {5k, da), equation (4.4) decomposes as follows 
(cf. [1]): 



(4.5) 



Rij - ^(i? + S)gij = xTij, = Tai, O^Tia 
Sab -^iS + R)hab = ^Tab, 



where Rij = -Rj j^, Sab = Sfi^^, R = g^^Rij, S = h'^ Sab', in the right members 
appear the components of T, two of them must be taken zero because the 

1 2 

curvatures P and P of ET are vanishing. 

Equation (4.5) will be called the Einstein equations on E. The conserva- 
tion law is obtained by annihilating the divergence of the tensor which appear 
as the first member of (4.4), called the Einstein tensor. In the adapted frame 
one obtains as conservation laws: 



(4.6) 



R^-^{R + S)Sij^ =0, 



{S^-{R + S)S^,)\a^O. 



As is well known the divergence of the Einstein tensor associated with the 
Levi-Civita connection identically vanishes. By using Theorem 4.2 one ob- 
tains 

Theorem 4.3. The conservation laws on E with respect to EF are iden- 
tities if: i) V is flat and ii) VA is symmetric. 

The conditions ii) and (4.1) on A can be easily satisfied taking, for in- 
stance, A = Q. The condition i) is a strong one because if M is simply 
connected, then E = M x V . Examining (4.6) we shall find algebraic con- 
ditions on A under which the conservation laws are identities. The second 

equality (4.6) reduces to ^^-SS^^ |a = which is an identity by virtue of 
Bianchi identities. The first is reduced to ( R)^ ] Su = 0, and by virtue of 



the Bianchi identities it become an identity if and only if S\i — 0. Namely 
we have proved 

Theorem 4.4. The conservation laws on E with respect to EF are iden- 
tities if 

(4.7) (Ft^y' + ADdaS^O, 
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holds good. 

The conditions (4.1) and (4.7) form together an algebraic system of 2n 
equations with nm unknowns A^. If m = 1 the first n equations give = 0, 
k — 1, ...,n and the last n equations are verified if S is constant or if F^]. — 0. 
For m = 2 the determinant of the system is —{diFd2S — d2FdiS)^ which 
generally is different from zero. For m > 2 some unknowns can be arbitrarily 
taken. 

To conclude we must say that the total space £' of a {V, H}— bundle, 
whose base is a Lorentz manifold, {M,gij) can be endowed with a metrical 
d— connection with torsion for which the conservation laws are verified. We 
think this is a basic facts to an unitary theory of Finslerian type. 
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Abstract 

A generalization of Lagrange geometry appropriate for time-dependent 
Lagrangians arising in physics and biology, called rheonomic Lagrange 
geometry, is developed. Nonlinear and linear connections, their tor- 
sions, curvatures and deflections are explicitly given. Almost contact 
structures in rheonomic Lagrange spaces are characterized. Maxwell's 
equations, for a given Lagrangian, determined by the deflection ten- 
sors, are derived. 

1 Introduction 

Variational principles are basic for most mathematical models in mechanics, 
physics, ecology, physiology, and so on. These involve Lagrangians or Hamil- 
tonians from which the Euler-Lagrange or Hamilton equations are derived, 
the theory being then centered on the later. From a geometrical point of 
view, the most general framework for such a theory is provided by differen- 
tiable (smooth) fibre bundles. It means that, for instance, a Lagrangian is 
a smooth real valued function on the total space TM of the tangent bun- 
dle (TM, r, M) over a smooth manifold M. For a geometrization of such 
Lagrangians, we refer to [1-5]. 

There exist certain mathematical models, as for instance those for the 
three-body problem [6, p. 206] and those concerning ecological systems due 
to Antonelli [7,8] in which an explicit dependence on time of the Lagrangian 
(Hamiltonian) is required. A time-dependent Lagrangian is smooth and real 
valued on R x TM , where M is the field of real numbers. 

It is our aim to present a geometrization of time-dependent Lagrangians 
using as a pattern the geometry of Lagrange spaces developed by Miron [3- 
5,9]. The reader is invited to compare this geometrization to those of [10,11]. 

am very indebted to P. L. Antonelli for his interest in this subject. I would like to 
thank R. Miron for his comments and valuable suggestions during the preparation of this 
paper. 
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We begin with some facts (almost tangent structures, nonlinear con- 
nections) from the geometry of manifold M x TM fibercd over M x M by 
7r{t,v) = {t,T{v)), t E M., V E TM. Then wc associate with any nonlinear 
connection N on E = x TM a semispray on E whose integral curves 
coincide with the paths of N. Regular time-dependent Lagrangians are in- 
troduced in Section 3. It is shown that any such Lagrangian L induces a 
canonical nonlinear connection A^^ on E. This nonlinear connection is 
derived from the Euler- Lagrange equations resulting from a variational prob- 
lem involving L. Then a metrical almost contact structure on E depending 
on L only is exhibited. The geometry of L is based on this structure and 
may be thought of as the counterpart of the almost Kahlerian model used 
in the geometry of time independent Lagrangians [3]. As a first step, the 
linear connections, which are compatible with Nl as well as with the al- 
most contact structure on E, called A^— linear connections, are studied. The 
metrical A'^— linear connections are studied too. The existence of a canoni- 
cal one is shown. Finally, some remarkable time-dependent Lagrangians are 
considered. Thus, we investigate homogeneous time-dependent Lagrangians. 

Similarities with Finsler geometry are emphasized. A second class of 
time-dependent Lagrangians which we consider contains Lagrangians used 
in electrodynamics. It is shown that their geometry supports a theory of 
electromagnetism based on A^— linear connections. 



1.1 On the Geometry of R x TM 

Let M be a smooth manifold of dimension n. It will be assumed Haus- 
dorff connected, and paracompact. We assume M x M is coordinated by 
(t,x^) = (t,x). The indices i,j,k,..., will run over l,2,...,n, and the Ein- 
stein summation convention will be used. The coordinates in the fibres 
of the submersion tt : M x TM — )■ R x M arc (i/) = [y), introduced by 

U{t,x) = {t,V:c) ^ (^t,y' (^-^^ ^ e 7r-^(i,x), with (^^^ the natural ba- 
sis in the tangent space T^M, in x G M. Thus, the manifold M x TM is 
coordinated by {t,x\y'^) = (t,x,y) and n takes the form (t,x,y) — )■ (t,x). 

A change of local coordinates {t, x, y) ^ {t,x,y) on E = R x TM has the 
following form 

(1.1) t^t,x^x\x\...,x^), f-Q^y\ 

with rank ( ^— ^ | = n. 
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f d d d \ 

The natural basis — , -— -, -— transforms under (1.1) as follows: 

d__d_ 

(2.1) r = r— H 

dx^ dx^ dx'^ dx^ dy^ ' 

d dy'^ d 
dyi dy^ dy^ 

The kernel of the Jacobian map Dti supplies a distribution u VuE, u & E, 
on E which will be called the vertical distribution on E. A local basis of the 

f d \ 

vertical distribution is given by the local vector fields 7— denoted in what 



^dy\ 

is to follow as (di). From (1.1) and (1.2), it follows that C = y^di is a global 
vector field on E. This may be used in order to express the homogeneity 
with respect to (y*) of various geometrical objects on E. With the help of 

(1.2) , one may check that setting 

(1.3) J (J^^ = 0, J{di) = 4, J{di) = 0, 

d 

where di stands for — and requiring the linearity of J one obtains a well- 
ax' 

defined (1, 1)— tensor field on E. Moreover, we have = 0, and the Nijenhuis 
tensor field Nj{X, Y) = [JX, JY] + J^[X, Y] - J[JX, Y] - J[X, JY], X. Y e 
x{E), the module of vector fields on E, identically vanishes. Thus J defines 
an almost tangent structure on E. Sometimes it is convenient to put t = x^ 
and to use the Greek indices a, f3, 7,..., ranging over 0, 1, 2, n. 

A nonlinear connection on is a distribution, called horizontal, u 
H^E, u & E, which is supplementary to the vertical distribution on E. Such 
a distribution can be given by {n + 1) local vector fields, say Sa- Choosing 

d 

5a such that they are projected by Dn to — — one gets 

ax" 

(1.4) Sa = da-K{t,x,y)di, 

d 

where da stands for - — and the minus sign is taken for convenience. 
dx'^ 

The invariance under (1.1) of the horizontal subspaces requires the con- 
dition 

(1.5) = —S,. 

In turn, equation (1.5) implies the following law of transformation for the 
coefficients A^* ,: 



a 



^ ' '^dx^ dx^^ dx^dx^^ ■ 
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If one rewrites (1.4) in the form 

(1.7) ^^^^t~ ^' y^^^^ 

one may state the foUowing theorem. 

Theorem 1.1. To give a nonlinear connection on E is equivalent to 
giving a set of functions {Nq.N^) defined in each coordinate chart on E, 
which transform under (1.1) as follows: 

(1-8) N^^{t,x,y) = ^N^{t,x,y), 

(1-9) = — ATHt,,;,^)- 



dx^ dx^ ^ dx^ 

Proof. If a nonlinear connection on E is given by the local coefficients {ND 
satisfying (1.6), taking into account (1.5) and (1.7), it comes out that equa- 
tion (1.6) is equivalent to (1.8) and (1.9). Conversely, a set of functions 
defined in each coordinate chart on E verifying (1.6) on overlaps, provides, 
according to (1.4) and (1.5), a nonhnear connection on E. ■ 

The local coefficients {NQ{t,x,y)) transform under (1.1) like the compo- 
nents of a vector field on M, although they depend on t, x and y. We shall say 
(A^^q) define a distinguished vector field on E, briefly a c?— vector fleld. More 
generally, an (r, s)— tensor field on E whose local components transform like 
those of an (r,s)— tensor field on M, ignoring their dependence on t,x, and 
y, will be called a o?— tensor field of type (r, s). A similar situation appears 
in [12], where a (i-tensor field is called a Finsler tensor field, as well as in [7, 
p. 131], where a d— tensor field is called a Douglas tensor field. 

The local coefficients (A^f (t, y)) transform under (1.1) like those of a 
nonlinear connection on TM [3] . When these local coefficients do not depend 
on t, they really define a nonlinear connection on TM. Conversely, a nonlin- 
ear connection on TM paired with a d— vector field on E defines a nonlinear 
connection on E. 

The decomposition T^E = H^E © VuE gives rise to two projectors, an 
horizontal one denoted by h and a vertical one denoted by f , as well as to an 
almost product structure P = h — v. All these depend smoothly on u & E 
and thus induce (1, 1)— tensor fields on E, which will be denoted again by 
h,v, and P, respectively. 

There exist many ways for introducing the curvature of a nonlinear con- 
nection. Wc choose the following formal one since it allows us to relate quickly 
the curvature to the integrability of the horizontal distribution. Namely, the 
curvature Q of a nonlinear connection is defined as the Nijenhuis tensor field 
Nh of the horizontal projector h, that is Q = N^. In a coordinate chart Q, it 
is given as follows: 

(1.10) n{5a, 5p) = R\^di, n{da, di) = 0, n{di, 4) = o, 

(1.11) = Sf,Ni - 5^Ni = dpNl - d^Nl + N%Nl - Np^N^ 
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On the other hand, we have 

(1.12) [6a, 5^] = KA^ = 

Thus, the horizontal distribution on E is integrable if and only if = 0, or 
equivalently, i?^^ = 0. We notice that i?*^ and i?*^ define d— tensor fields on 
E of type (1, 2) and (1, 1), respectively. 

Let B'^^ = djN^. Differentiating with respect to both sides (1.8), one 
finds that B'^^q defines a d— tensor field of type (1,1). Proceeding similarly 
with (1.9), one gets 

^ ■ ' ''dx^dxi dx^ dx^dxi' 

Thus, the functions B'^j-{t, x, y) transforms under (1.1) as the local coefficients 
of a classical linear connection, although they depend on x, y. It is said in 
[7, p. 131] that B^jj^ define a Douglas connection. We have used the letter B 
since in [12] these functions are related to the so-called Berwald connection. 

A nonlinear connection N{N^) is homogeneous (resp. linear) if the func- 
tions A^o(*' y) -^fc(*' y) homogeneous of degree one (resp. linear) 
with respect to (y^). Of course, in order to speak about homogeneous con- 
nections we must delete from E the points (t, x, 0) because any homogeneous 
real function of class at the origin becomes linear. 

When a hnear connection {Nq,Nj) is given, the equalities N^(t,x,y) — 

Kj{t,x)y^, Nj{t,x,y) — rj^{t,x)y'' provide a pair {Kj{t, x),T^ji^{t, x)) which 
may be thought of as a general affine connection on R x M in the sense of 
[131. 



2 Semisprays and nonlinear connections 

A time- dependent vector field on TM is a smooth map : R x TM — )■ 
T{TM), {t,u) X°{t,u) e T^{TM), u e TM. It induces a vector field X 

d 

on R X TM by setting X(t, u) = (1, X^(t, u)), and we have also X ^ — + X° 

at 

[2]. 

A time-dependent semispray (second order differential equation on M) is 
a time-dependent vector field on TM which satisfies 

(2.1) Dr o S\u) = u, for aU u e TM. 

The vector field S induced on R x TM by a time-dependent semispray S'^, 
that is 

(2.2) ^ = I + 
will be called a semispray. 
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According to (2.1) and (2.2) a semispray in a coordinate chart on E takes 
the form 

(2.3) s^^^+y% + S\t,x,y)di, 

with {S^) verifying on overlaps 

Conversely, a vector field 5" which in each coordinate chart has the form (2.3) 
such that equation (2.4) is fulfilled, is a semispray. 
A direct calculation gives the following result. 

Proposition 2.1. A vector field S on E is a semispray if and only if 

dt{S) = 1, ij\S) = 0, with ij' = dx' - y'dt. 

A relationship between semisprays and nonlinear connections is given by 
the following two theorems. 

Theorem 2.1. Let N be a nonlinear connection given by the local coef- 
ficients {N^{t, X, y), Nl{t, X, y)). Then S ^ ^ + y%- (N^ + Nly'')di is a 
semispray. 

Theorem 2.2. Let S{S^) be a semispray. Then ( "^'~2^~j) ^f^^^cal 

coefficients for a nonlinear connection on E. 

The proofs follow by showing that equations (1.8) and (1.9) imply (2.3), 
and conversely. 

A time-dependent semispray is said to be a spray if it is invariant under 
(a gauge transformation, dilatation or contraction) similarity on TM and a 
semispray will be called a spray if it is provided by a time dependent spray 
. It is immediate that a semispray is a spray if and only if the functions 
(S'*(t, a;, y)) are homogeneous of degree 2 in (y*). The later condition is clearly 
compatible with (2.4). 

If S{S'^) is a spray, then (0, —-djS'^) arc the local coefficients of a homo- 
geneous connection. Conversely, a homogeneous connection defines a spray 
Si = -Niy*". 

Let c : M — )> M be a smooth curve on M and c : M — )> TM its tangent 
vector field. Then a{t) = {t,c{t)) defines a smooth curve on M x TM. We 
say this curve is an integral curve of a semispray S if 

(2.5) &{t) = S{a{t)), t e R. 

If we assume that c{t) belongs to a coordinate chart for all t G M, and we 

take = x'^{t), t E M, as the equations of the curve c, then equation (2.5) is 
equivalent to 

(2.6) ^^S\t,x,x), x = 

d dx^ ■ dj^x^ • 
because of a{t) = 777 + -rr^i + -rz^^j- 
at dt dt^ 
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A curve c : t — )■ c{t), i e M, on M is said to be a path for a nonlinear 
connection if the curve o" : t — ?■ (t,c(t)) is horizontal with respect to N, 
that is, its tangent vector field belongs to the horizontal distribution on E. 

In a coordinate chart containing cr{t), f e R, if {5a, di) is the adapted 
basis introduced before and (dx", 5y^), with 5y'^ = dy^ + N^dx" is its dual, it 
appears as obvious that a is an horizontal curve if and only if 6y\a) — for 
every i = 1, ...,n. Writing down these equations, one obtains the following 
theorem. 

Theorem 2.3. A curve c : t ^ x^{t), t e B., on M is a path for a 
nonlinear connection {Nq, iVj) if and only if 

(2.7) +A^(t,a;,x)— + iV^(t,a;,x) = 0, = —. 



Looking at the semispray associated with a nonlinear connection one im- 
mediately gets the next result. 

Theorem 2.4. The paths of a nonlinear connection coincide with the 
integral curves of the semispray associated with it. 

We notice that the systems of differential equations (2.6) and (2.7) do not 
remain in the same form if an arbitrary change of parameter is performed. 

They keep their form only if one sets t = ±t + a, with a G M. Thus, t 
plays the role of an affine parameter. We conclude that the solutions of these 
systems have to be considered together with the parameters in which they 
are given. In other words, the curve c in the above has to be thought of as 
a parameterized curve. 



3 Time-dependent lagrangians 

Now, we shall point out that a regular time-dependent Lagrangian defines a 
nonlinear connection on = M x TM and, thus, a semispray on E. 

A smooth function L : M x TM R, {t,v) L(t,v), is called a time- 
dependent Lagrangian on M. It is said L is regular if the matrix with the 
entries 

(3-1) ^-^''^'^) = 2 9^' 

is of rank n on E. 

The condition for L regular does not depend on the coordinate chart 
involved. 

Definition 3.1. A pair RL^ — {M, L{t, x,y)) in which L is a regular 

time-dependent Lagrangian such that the quadratic form with the coefficients 
gij from (3.1) has constant signature, will be called a rheonomic Lagrange 
space. 

Let c : t — 7> c(t), t G R be a parameterized curve on M as before. If its 
image is in a coordinate chart, one may take a;* = a;*(t), t e R as its local 
representation, and then its tangent vector field c is locally represented as 
{x'^{t),x^{t)). When a regular time dependent Lagrangian L on M is given. 
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one may define a functional 

■■t-i 



C:c^C{c)^l L{t,x{t),x{t))dt, 

J to 



wliicli suggests tlie following variational problem: find those curves, called 
extremals, which afford extremal values for jC. Looking for such an extremal 

in the space of all curves with fixed end points, one finds [1, p. 153; 8, p. 58], 
that it is among curves which are solutions of the Euler-Lagrange equations 

Now, if one considers the curve Z= {t, c{t)), to < t < ti, on W x M, it comes 
out [8, p. 58] that c is an extremal of the functional 



£{c} = / L{t,x{t),x{t))dt, 

J to 



on the space of curves joining (to, xq) and (ti, xi) if the Euler-Lagrange equa- 
tions are satisfied along c. 

Expanding the derivative with respect to t, the equations (3.2) can be 
put in the form 

(3 3) 2g ^+ ( - —1 + - 

dt"^ ydx^dx^ dxy dtdx^ 

Using the inverse {g'''^) of the matrix (gij), one resolves (3.3) with respect to 
d^x'' 

—rrr as follows: 
dt^ 

j2 k 

(3.4) + 2G\t, X, x) + iVo^(t, X, x) = 0, 
in which the following notations were used 

(3.5) iVo^(t,x,t/) = V 



2^ dtdyi' 



Now, we state the following result: 

Theorem 3.1. The functions Nl = {NQ{t,x,y), N^{t,x,y)), where 
is given by (3.5) and Nf by 

(3.7) Nnt,.,y)^^^^^, 
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are local coefficients of a nonlinear connection on E completely determined 
byL. 

Proof. Under the coordinate transformation {t,x,y) {t,x,y), given by 

dL dL 
(1.1), is invariant; — — transform like a covector on M, i.e., they define 
at oy^ 

a d— covector field, and because (g^^) transforms like the components of a 
tensor field of type (2,0), it follows that {Nq) from (3.5) are the compo- 
nents of a d— vector field on E. The partial derivatives of L take, under (1.1), 
the following form: 

dL dL dx'^ dL d'^x^ j 
dx^ dx^ dx^ dy^ dx'^dx^ ^ ' 

d'^L d'^L dx^ dx^ dL d'^x^ _ dxJ d'^x^ 



QytQx'^ dyWy^ dx^ dx^ dy^ dx'^dx'' ' dx^ dx^dx^ 

Multiplying the second equality by y^, we introduce the result in the form of 
(3.6): 

d'^L . dL 



dy^dx^ dx^ ' 



which thus become 



- I '^^^ \ 9 ^^^^^ ^ ^ 



dyidx''" dxi ) dx^ dx^ dx^dx'' 

since two terms cancel each other. Hence, wc obtain the transformation law 
of as follows: _ _ 

dx^ 2 dx^dx^ 

on account of rank(gijj) =rank^— ^ = n. Differentiating both sides of the 

last equality with respect to y^, one gets A^^, from equation (3.7) has the 
transformation law (1.9), and the proof is complete. ■ 
As we have seen in Section 2, Nl defines two semisprays on E given by 

2^ dtdy'' dy'^y and^o- Qy,y , 

dL 

respectively. They coincide if, for instance, ——r do not depend on t. Note 

that these semisprays are determined by L only. 

Remark 3.1. The nonlinear connection Nl is without torsion. Let us 

dL . f dL \ 
consider an 1-form uj = -—^dx^ + { L — -^y^ ] dt on E and let 

dy' \ dy' ) 



e = duj 



d _ ^dt 

\dy^J dx^ 



A {dx'-y'dt). 
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Thus, 9 defines a contact structure on E. A vector field X on is said to be 
characteristic for 9 if the inner product of ^ by X vanishes, that is X ■ 9 — 0. 

A curve on E is said to be characteristic for 9 if its tangent vector field 
is characteristic for 9. We get the following theorem. 

Theorem 3.2. // a curve c : t ^ c{t) on M is an extremal for L, then 
the curve a(t) = {t,c{t)) is a characteristic curve for 9. 

Proof. As we have seen before, 9 — (pi A where (pi — d i —— ) -rr—dt and 



\dyy dx 
ijj^ = dx^ — y^dt. 

Next, {a{t) • 9){Y) = ipi{a{tM{Y) - ^,{Y)xl^\a{t)) for any Y e x{E). 
But il)^&{t)) — 0, since along a, = -r— and ipi{&{t)) = by virtue of the 

(JjL 

Euler-Lagrangc cqs. Thus, &{t) -9 = 0. ■ 
This theorem opens up a way in which contact geometry can come into 
the theory of Lagrangian systems [2]. We do not follow this way. Our ge- 
ometrization is centered on a metrical structure derived from a regular time- 
dependent Lagrangian. 

Finally, if we compare (3.4) with (2.7), we see that if G'^ is homogeneous 
of degree two with respect to y, a fact which is equivalent to Nj'y^ = 2G'', it 
follows that the extremals of £ coincide with the paths of the canonical non- 
linear connection and with the integral curves of the semispray associated 
with Nl as well. 



4 A metrical almost contact structure on E 

Let i?" = {M, L{t,x,y)) be a rheonomic Lagrange space. The canonical 
nonlinear connection produces a decomposition of the tangent bundle TE as 

a direct sum TE = HE © VE. Let {So, Si, di) be the local frame adapted to 
this decomposition and [dt, dx\ Sy^) its dual. Let us consider a linear map 
F:TuE^ TuE given by 

(4.1) F(5o)-0, F{Si)^-di, F{di)^Si. 

Then u — > F„, u e E, defines an (1, 1)— tensor field on E. It is obvious that 
rankF = 2n and an easy calculation gives F^ + F — 0. Thus F defines an 
/(3, 1)— structure on E [11]. 

Theorem 4.1. Let RL^ — {M, L{t,x,y)) be a rheonomic Lagrange 
space. Then the manifold E — M. x TM carries an almost contact struc- 
ture {F,So,dt). 

Proof. We have dt{So) = 1 and equation (4.1) gives F^{Si) = —Si, F'^{di) = 

—di. Thus it follows that F"^ = —I + Sq x dt. 

The torsion tensor field [14] of the almost contact structure {F, So, d,t) 
reduces to the Nijcnhuis tensor Np of F. Thus, the almost contact structure 
(F, So, dt) is normal if and only if Np = 0. 

Evaluating Np in the frame {Sq, Si, dt) one obtains the following theorem. 

Theorem 4.2. The almost contact structure {F, Sq, dt) is normal if and 
only if 
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(1) The canonical nonlinear connection — {Nq, Nf) is without curva- 
ture; and 

(2) d,N^ = 0. 

As it is easy to check, the functions {gij) given by (3.1) are the compo- 
nents of a (i— tensor of type (0, 2) on E. This will be called the metrical 
or fundamental tensor field of RL^. Using it we can define the following 
(0, 2)— tensor field on E: 

(4.2) G ^dt®dt + gijdx"- dx^ + gijdy^ dy^. 

We notice that if (gij) is positive definite, then G is a Riemann metric on E. 
Otherwise, it is said it defines a metrical structure on E. 

Remark 4-1- The horizontal and vertical distributions are orthogonal each 
to the other with respect to G. 

A direct calculation in the frame {6o, Si, dj) gives the following result. 

Theorem 4.3. The metrical structure G satisfies the following equations 

G(FX, FY) = G{X, Y) - dt(X)dt{Y), 

(4.3) 

dt{X)=G{6o,X), X,Yex{E). 

In other words, the previous theorem says that {F, 6o, dt, G) is a metrical 
almost contact structure on E. Recall that this metrical almost contact 
structure is completely determined by L. The particular form of L could 
provide examples of structures which cover the classifications quoted in [11]. 



5 AT— linear connections on E 

Now we shall consider a class of linear connections on E which are compatible 
with a nonlinear connection A^, in particular with N^, as well as with the 
almost contact structure associated with it. These will be called A"— linear 
connections, recalling their compatibility with A^. 

The decomposition TuE = H^E ® VuE produced by a nonlinear connec- 
tion A^ induces a decomposition 

(5.1) X = + Xex{E), 

where X^[X^), is a vector field on E taking its values in horizontal (vertical) 
distribution. 

The decomposition (5.1) induces a decomposition of any tensor field on 
E in horizontal and vertical parts. We denote also by h and v the horizontal 
and vertical projectors defined by (5.1), and then P — h — v is asi almost 
product structure on E. 

Definition 5.1. A linear connection D : x(-E) xx(£') — )> x(-E'), {X,Y) 
DxY is said to be an A"— hnear connection if 

(a) DxP = Q, ih) DxF = 0, (c) Dx6o = 0, 

hold for any X e x{E). 
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Condition (a) is equivalent to the fact that Dx preserves by parallehsm 
the horizontal and vertical distributions, i.e., {DxY^)^ = and [DxY^)^ — 
0, or DxY = {DxY")^ + (DxY^)^ . Now, if one sets 

(5.2) D^Y^DxhY, D^f^X^^f, feT{E) 

and extends Dx to any ci— tensor field on E by the usual method, one obtains 
an operator called the /i— covariant derivation in the algebra of d— tensor 
fields on E. Similarly, one may construct an operator for the v— covariant 
derivation, setting 

(5.3) DlY^DxvY, Dxyf^X^'f, f e J'iE). 

Now we state the following local characterization of an A'^— linear connection. 

Theorem 5.1. To give an N— linear connection on E is equivalent to 
give in every local chart on E, a set of functions DV = (L*q, L*^, Cj^) which 
satisfy on overlaps, 

J. dx^ _ dx^ ^ 



^^dx^'dx^ dx^ '■^ dx^'dx^' 

dx^dx^ ^ dx' , 
^^dx^dx^ dx^ 

Proof. If we express DxY in a local chart, it comes out that it is well-defined 

by 

Ds,5^ = L%5o + L)^5i, Dg^dj = Mjo4, 
DsA = L%6o + L),5,, Ds,d, = Mj,4, 

Da^S, = Q%6o + Q],5,, D,d, = C]A 

where (a) and (c) from Definition 5.1 were taken into consideration. Taking 
into consideration (b) from the same definition, these equations reduce to 

(5-5) 

and thus a set of functions DT = {L^jq, L'jk, Cjk) appears. If a transformation 
of coordinates on E is performed, it turns out that these functions satisfy 
(5.4). 

Conversely, given a set of functions DF, which on overlaps satisfy (5.4), 
by using (5.5), a well-defined linear connection on E is obtained, and by a 
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direct calculation one proves it satisfies (a), (b), and (c) from Definition 5.1, 
that is, it is an .'V— linear connection. ■ 

We notice that (5.4) shows that {L'jq) are the components of a d— tensor 
field of type (1, 1), {Cj^} are the components of a d— tensor field of type (1, 2) 
and (I/jfe) define a Douglas connection. 

Let 

T = t°::f:::So ® ... xSi^ ... x v ® ••• 

be a (i— tensor field on E. By (5.5), one obtains the h— and w— covariant 
derivative of T as follows: 

Ds,T = i^::^::^oSo ... (^SiX ... ® 5y^ 
D^T = X''iP;;^;;^^o ... X 5^ (g) ... x V ® 

when X — X^5k + X^d^, where we have put 

j.0...j... r J.O. ...... I ri +0...k... rk 

^..i...|0 - + ^kO'^...j... ~ ^jO'^...k... ' 

(5.6) ■::|, = s,iP±- + LyP::^:r - ^^±, 

The torsion of an iV— linear connection decomposes because of (5.1) into five 
d— tensor fields (the sixth identically vanishes) whose local components, in 
the adapted frame, are the following: 

(5.6') 

Pqj = djN^ — LjQ, Pj^- = djNj^ — Lj^, Sjj. = Cjj. — C^y 

All these functions will be called torsions of DT. 

Analogously, one may prove that the curvature of an A?"— linear connection 
is locally determined by the following functions called curvatures of DT: 

pi A _L P'* 

Ok — '-'k^ jO ^ jfe|0 ^ jh^ Ofc' 

(5.7) 

^j^hk = ^-^'jTi ~ ^^jh\k + ^^js-P\k-> 

We say Tj^ is the /i(/i/i)— torsion of DT and S'^^i^ is v(t'w)— torsion of DT. The 

torsions and curvatures of DT satisfy a number of a Bianchi identities. We 
do not write them here. 
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6 Metrical A^^— linear connections 



Let RL^ = (M, L) be a rheonomic Lagrange space and let us consider 
iV— linear connections on E which are compatible with the metrical structure 
G defined by L. 

Definition 6.1. An A?"— linear connection D on E is said to be metrical 

if Dxg = 0, for any X G x{E)- 

A direct calculation in local coordinates leads to the following result. 

Theorem 6.1. An N— linear connection D — {Ujq, Ljj.,Cji.) is metrical 
if and only if 

(6-1) 9ij\o^O, gij\k^O, ^i,u = 0. 

As to the existence of metrical A^— linear connections, we have the follow- 
ing theorem. 

Theorem 6.2. Let RL^ = (M, L{t, x, y)) he a rheonomic Lagrange space. 
IfT'jk arid 

^^jk ar'c two arbitrary skew- symmetric d— tensor fields on E — 

M X TM, then there exists a set of metrical N— linear connections on E, 
such that each of them has T^^ and S'*^-^ as h{hh)— and v{vv) — torsions; 

respectively. The local coefficients of a connection from this set are given as 
follows: 

(6.2) = \g''\^igh3 + ^jgih - Sngij + gisT% + gjsT'ih + 9hsT%), 

^% = \9^\9ighj + djgih - dugij + gisS'^k + 9jsS%h + 9hsS%j), 

where X^q is an arbitrary d— tensor field on E, and Oj^ denotes the Obata 
operator 

(6.3) Oi^^^m-9iH9'''). 



Proof. The condition gij^k = is equivalent to 6kgij = L i/^ghj + L jj^gih. 
Permuting {k,i,j) to {i,j,k) and {j,k,i) in this equality, adding two and 
subtracting one from the equalities thus obtained, and denoting j^ — L\j = 
T'^jk, one obtains L'^^j in the form (6.2). One may proceed analogously in order 
to obtain C\j as in (6.2), using gij\k = and denoting C*^;, — C\j = S'^jf,. 

Next, it is easy to check that L'^^q = l:g'''^Sogih are solutions of the equa- 

tions fifjjio = ^oS'ij - ^^i^guj - L^jogik = 0, in the unknowns L'^iQ. 

Now, if are any solutions of these equations, then B'^-q = L'^-q — 

-g^^S^gih satisfy the equations gkiB^^Q + gjkB% — 0- The general solutions 
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of these equations are S'^g = O^^X^'q, where X^'q is an arbitrary d— tensor 
field. Thus L'^-q has the form given in (6.2). ■ 

Taking X^j^ = in (6.2) one obtains the following corollary. 

Corollary 6.1. Let i?L" = (M, L{t, x, y)) be a rheonomic Lagrange space 
andT'^j^, S^j^ be two arbitrary skew-symmetric d— tensor fields on E. Then, 

there exists an unique metrical N —linear connection DV = ^-g'^'^Sogih, L'^^j, C' 

whose h{hh) — torsion is T^j. and v{yv) — torsion is S^'^/^. The coefficients 
and C'^ jk fl'^e given by (6.2). 

Proof. The uniqueness of L*^^ and C'^jk from (6.2) follows by contradiction. 
■ 

In particular, taking T'^j. = S'^^j^ — 0, one obtains the next corollary. 

Corollary 6.2. Let RL^ = {M, L{t,x,y)) be a rheonomic Lagrange 
space. Then, there exists a set of metrical N— linear connections, such that 
each of them has the vanishing h{hh)— and v{vv)— torsion. The local coeffi- 
cients of any connection of this set are given by 

(6-4) L\. = ^g''''{5ighj + Sjghi - Sugij), 

^% = \9^^i^i9hj + djghi - dhgij), 

where X'*^q is an arbitrary d— tensor field on E. 

Definition 6.2. The metrical A?"— linear connection whose local coeffi- 
cients are given by (6.4), with X'^jq — will be called the canonical metrical 

c 

A?"— linear connection on E. It will be denoted by DF. 

c 

The A?^— linear connection DF is completely determined by the time-de- 

c 

pendent Lagrangian L. Thus DF is similar to the connection CF in Lagrange 
spaces [3]. 

c 

The h— and f — covariant derivatives of C = y^di, with respect to DF lead 
us to introduce the following deflection tensors for D: 

(6.5) D\^y\„ D\^y\„ d\ ^ y^ 

Setting Dko = gkiy\o, D^j = gkiy\j, dkj = gkid'j, and keeping in mind that 
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IDT is metrical, one gets 



(6.6) 



Ao|fe ■ 


- Afc|o 


= RjiOkV^ 


'-I'ih-'^ Qki 


Dhi\k 


— Dhk\i 


= RjhikU^ 


- dhsR%k^ 


Dho\k 


— dhk\Q 


— PjhOk ~ 


^kj^ Ofe' 


Dhi\k 


— dhk\i ■ 


= PjhikV^ ■ 


- P'hjC^ik ■ 


dik\h - 


- dih\k - 


- SjikhV^- 





We may also introduce the h— and electromagnetic tensor fields, respec- 
tively, 

1 1 

(6.7) Fij ^ -{Dij - Dji), fij^^{dij-dji). 

As it is easy to check, fij = 0. As for Fij, a direct calculation gives the 
following result. 

Theorem 6.3. The tensor field Fij, given by (6.7) satisfies the following 

Maxwell equations 

Fij\k + Fjk\i + Fki\j — — R^jk^ishU^ , 

(6.8) ^'''^''^ 

Fij\k ~l~ Fjk\i ~l~ Fki\j 0) 



7 Some time-dependent lagrangians 

Let TM be the manifold of nonyanishing vectors on M and let F : M x TM 

M be a smooth function on M x TM and only continuous at the points {t, x,0). 

Assume F is positive on M x TM and homogeneous of degree one with respect 
to y. 

A quadratic form is defined by 
(7.1) hij{t,x,y) = ^MjF\ 

If this is positive definite, hij will be called a rheonomic Finsler metric on M 
and the pair RF"' — (M, F) will be called a rheonomic Finsler space. If we 

set L = F"^, it turns out that {M,L) is a rheonomic Lagrange space. Thus, 
we may study the geometry of regarding it as a rheonomic Lagrange 

space whose Lagrangian L is positive, differentiable only on M x TM and 
homogeneous of degree two with respect to y. 
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Thus, the canonical nonhnear connection for (M, L) will be called the 
Cartan nonlinear connection of RF"', and the canonical metrical A^— linear 
connection of (M, L) will be called the Cartan metrical connection of RF^, in 
such a way that the terminology corresponds to that from Finsler geometry 
[12]. By the Euler theorem on homogeneous functions, one finds 

(7.2) L^F'^h,j{t,x,y)yy. 
Introducing the Cartan tensor fields of 

(7.3) Cijk — —dihjki Cijo — -— Coijk — doCijk, 

2 2 at 

d 

where Oq do stands for — the same theorem leads to the next proposition. 

at 

Proposition 7.1. The following identities hold: 

y^Cijk = y^Cjik = y^Cjki = 0, 

(7.4) 

y^Coijk — y^Cojik — y'^Cojki — 0. 

Introducing the usual Christoffel symbols, 

7^fe = ^h'^'idjhrk + dkhjr - drhjk), 

we may state the following result. 

Theorem 7.1. The local coefficients of the Cartan nonlinear connection 
are as follows 

(7.5) = h^'dodkF^, N\ = dkG\ where 



(7.6) = IfjkyV. 

c ci ci ci 

Theorem 7.2. The Cartan metrical connection FT = {F ^q, F C j/.) 
is as follows: 

ci 1 . 
^ jo = -jh'-^^ohkj, 

/_ _s C ' 1 

(7.7; F = ^h^'{5jhsk + 5khjs - Sshjk), 

c i 



C jk — h^^Csjk, 
where 5j is constructed by the help of (7.5) . 
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The proofs are achieved by direct calculation. Also, by a direct calcula- 
tion, one gets 

Nly' = 9oF2, with = hisV^ 

(7.8) 

?/V = 0, F2, = 0, y%^5\, F\ = 2h,uy\ 

By (7.8), the deflection tensors of an i?F" space are Dij — 0, dij — hij, and 
thus the h— and f— electromagnetic tensors identically vanishes. Thus, no 
rheonomic Finsler space supports a theory of electromagnetism. 

It is clear that hij from (7.1) is 0— homogeneous with respect to y. This 
fact suggests that we consider rheonomic Lagrange spaces whose metrical 
tensor fields are 0— homogeneous with respect to y, that is, the functions Qij 
given by (3.1) are 0— homogeneous with respect to y. As to the general form 
of the Lagrangians of these spaces, we have the following theorem. 

Theorem 7.3. If the metrical tensor field (gij) of a space RL^ = {M,L) 
is 0— homogeneous with respect to y, then L has the general form 

(7.9) L(t, X, y) = gij{t, x, y)yY + Ai{t, x)y' + U {t, x), 
where Ai is a covector field and U is a real function onW x M. 

o 

Proof If we put L(t,x,y) = gij(t,x,y)y'^y^ , by the homogeneity of gij, it 

. . o 

follows didj{LL) = 0, which implies (7.9). ■ 
The following time-dependent Lagrangian, a particular form of (7.9), 

(7.10) L{t,x,y) = aij{t,x)yy + Ai{t,x)y' + U{t,x), 

where ( time-dependent Riemann metric, was used in treating some 

problems of dynamics [15-17]. 

Let's apply our previous theory to a rheonomic Lagrange space with the 
time-dependent Lagrangian (7.10). First, we note that its fundamental met- 
ric tensor field is just {aij{t, x)). The canonical nonlinear connection is given 
by 

N^{t, X, y) = a''''{doahi)y' + doa{t, x), 

(7.11) 

N^{t, X, y) = a\i{t, x)y' - a^^A^j, 

where 

(7 12) A -U^^^ ^^'^^ 

and a\j denotes the Christoffel symbols constructed with {aij{t,x)). 

c 

The canonical metrical A^— linear connection is DT = (0, a*^^,(t, x), 0). 
The covariant deflection tensor flelds are as follows: Dij — Aij, dij = aij. It 
comes out that Fij — Aij and the term of /i— electromagnetic tensor for Fij is 
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supported by the form of Aij. The Maxwell equations reduce to the classical 
ones. 

Finally, we mention the possibiUty of ignoring that the metric tensor 
gij{t,x,y) of a rheonomic Lagrange space is provided by a regular time- 
dependent Lagrangian, and study the geometry of the pair [M, gij{t,x,y)). 
Many results discussed in the above may be extended to this more general 
setting (cf. [5, Ch. XIII]). 



References 

[1] R. Hermann, Differential Geometry and the Calculus of Variations, 
Academic-Press, New York, (1968). 

[2] P. Libermann and Ch.-M. Marie, Symplectic Geometry and Analytical 
Mechanics, D. Reidel, Dordrecht, (1987). 

[3] R. Miron, Lagrange geometry, (this issue). 

[4] R. Miron and M. Anastasici, Vector Bundles, Lagrange Spaces, Applica- 
tions to Relativity, (in Romanian), Ed. Academiei Romane, Bucuresti, 
(1987). 

[5] R. Miron and M. Anastasiei, Lagrange Spaces, Theory and Applications, 
Kluwer Academic Pubhsher, Dordrecht, (1994). 

[6] R. Abraham and J. Marsden, Foundations of Mechanics, Benjamin Inc., 
New York, (1967). 

[7] P.L. Antonelli, Editor, Mathematical Essays on Growth and the Emer- 
gence of Form, The Univ. of Alberta Press, (1985). 

[8] P.L. Antonelli, Finsler Volterra- Hamilton systems in ecology. Tensor 
N.S. 50, 22-31 (1991). 

[9] R. Miron, Techniques of Finsler geometry in the theory of vector bundles. 
Acta Sci. Math. 49, 119-129 (1985). 

[10] M. Anastasiei and H. Kawaguchi, A geometrical theory of time- 
dependent Lagrangians, Tensor N.S. 48, 273-293 (1989); Tensor N.S. 
49, 296-304 (1990). 

[11] M. de Leon and P.R. Rodrigues, Methods of Differential Geometry in 
Analytical Mechanics, North- Holland, Amsterdam, (1989). 

[12] M. Matsumoto, Foundations of Finsler Geometry and Special Finsler 
Spaces, Kaiseisha Press, Otsu, Japan, (1986). 

[13] S. Kobayashi and K. Nomizu, Foundations of Differential Geometry, 
Interscience, New York, (1963). 

[14] S. Sasaki, Almost contact manifolds, Tohoku Institute, 1965-1968. 



110 



[15] N. Oshima, Survey of rheonomic aspects in problems of dynamics, 
RAAG Memoirs I (B-II), 62-69 (1955). 

[16] V.I. Arnold, Mathematical Methods of Classical Mechanics, Springer- 
Verlag, New York, (1978). 

[17] G.S. Asanov, Finsler Geometry, Relativity and Gauge Theories, D. Rei- 
del, Dordrecht, (1985). 



Ill 



Contcmp. Math., 196, 161-169, Amer. Math. Soc, 
Providence, RI, 1996 



CERTAIN GENERALIZATIONS 
OF FINSLER METRICS 

by Mihai ANASTASIEI 

1 Introduction 

Scrutinizing the main body of results from Finsler geometry it is observed 
that many of them depend on the Finsler metric only and not on the fun- 
damental Finsler function. Moreover, there are many such results in which 
only some basic properties of the Finsler metric are involved. 

These facts led R. Miron ([9] [11]) to propose the study of generalized 
Lagrange metrics, GL-metrics for brevity, whose definition is tailored after 
the basic properties of Finsler metrics. 

The geometry of these metrics proved to be useful in the Theory of Gene- 
ral Relativity, Gauge Theory, and Ecology (cf. [11] and references therein). 

Certain problems from Mechanics and Theoretical Physics require one, 
even at the Finslerian level, to study the geometry of a GL-metric which, 
furthermore, depends on a special variable analogous to the physical time. 
We contributed to this study in [4]. 

The main objective of this paper is to review from our own viewpoint the 
generalizations of Finsler metrics mentioned above. We take this opportunity 
to cast a new light on some well-known results and to add several new ones. 
Some new examples are provided, too. 



2 Some properties of the Finsler metric 

Let M be a real, smooth i.e. C°°, finite dimensional manifold and r : TM — > 

M its tangent bundle. Set f M = TM \ {0^ e T^M, x e M}. Let {U, {x')) 
be a local chart on M. The indices i,j, k, ... will run from 1 to n = dimM 
and the Einstein convention on summation will be implied. Associate to 
V e T~^{U) the coordinates (a;*(r(-u)) and (y*) provided by Vr{v) = y^di, 
d 

di := 7— and TM becomes a smooth orientable manifold. A change of 

ox'- 

coordinates (x*, y*) (x* , ) on TM is as follows: 

(2.1) x^' = x^\x^, x"), / = {djX^')y\ rank {djX^') = n. 

Let F" = (M, F) be a Finsler space and 'jij{x,y) the local components 
of its Finsler metric. We list the following known properties of the Finsler 
metric, some of which are stated just as the definition. 
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Pi- A change of coordinates (2.1) implies 

(2.2) 7,,(a;, y) = {d,x'')/{d,x^'h,A^' , y'). 

Thus {'^ij{x, y)) are the components of a special, distinguished tensor field 

o 

on T M in the sense that their transformation law (2.2) is similar with that 
of the components of a tensor field on M. Throughout Finsler geometry 
and its generalizations one meets such geometrical objects i.e. defined on 

o 

T M or TM but transforming under (2.1), as being on M. We called them 
d-geometrical objects, [11]. 

P2- lij{.x,y) = -iji{x,y) (symmetry). 

P3. det(7ij(a;, y)) 7^ (non-degeneracy). 

This property is usually postulated in a stronger form: the quadratic form 
liji^i^ 1 {€) ^ is positive definite. 

2 o o o Q 

P4. lij{x,y) = - didj F^, di-.^ — . 

Ps- lij{,x, y) arep (positively)-homogeneous functions of zero degree with 
respect to (y*). Recall that F is p-homogeneous of degree 1 in y\ 

o 1 ° 

Pg. The function Cijk— - are the components of a totally sym- 

o o 

metric rf-tcnsor field on T M. Moreover, y^ Cijk= 0. 

P7. Let jiki^,y) = ^Y^idj^hk + dkljh - dhljk) be the Christofell sym- 
bols derived from (7^^). Then — - ^jkU^v'^ the components of the 

o 000 000 

(geodesic) spray S= y'^di+ di on T M and N'j =djG^ has the following 
law of transformation under (2.1): 

(2.3) N';,{diX^') = {djx'') Ni - {didjx'')y^, 

that is, these functions are the coefficients of the nonlinear Cartan connection. 

Set °6i:= di- iV f dk and it results that Si = {dix'')6i>. For v ef M, 
the linear space Hy spanned by (5j)„ is supplementary to the vertical space 

o 

Vv — Ker(Dr)^ spanned by {di)y, that is, 

(2.4) 7; f M = //^ ® K (direct sum). 

o o 

Pg. The function {L^jk, Cj^) given by 



(2.5) 



^k = 2^ i^j lhk+ Skljh- Shijk), 

i 

jk 



^\k = W'^i^j lhk+ dk Ijh- dh Ijk) = 1''' Chjk: 
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are the local coefficients of the Cartan connection. This connection is h- 

o o o 

metrical (7 = 0), t'-metrical {Yjhlk ~ 0)' ^-symmetric {L jf. —Llj), 

ij I k 

00 o 

v-symmetric (C**^ ~^kj) is free of deflection (D* = yl = 0). In other 

i 

words, it satisfies the well-known Matsumoto's axioms. The list could be 
continued but these properties are essential for developing Finsler geometry. 



3 A generalization of the Finsler metrics: GL— 
metrics 

A collection of functions {gij{x,y)) locally defined on TM and satisfying 
P1-P3 is called a generalized Lagrange metric, shortly a GL-metric. As P7 
cannot be recovered from P1-P3 only, we introduce the assumption 

(Hi) There exists a non-linear connection on TM i.e. a set of coefficients 
(Nj(x,y)) verifying (2.3). 

This is always true if M is paracompact. Notice that we shall indicate the 
general case by deleting the superscript "o" from the entities previously in- 
troduced. Thus we may consider (flj) and the decomposition (2.4) holds for 
V e TM. The functions provided by (2.5) define a connection with the first 
four properties of the Cartan connection. Its deflection generally docs not 
vanish. From now on the torsions, the curvatures, the h- and v-paths and 
so on can be introduced and studied. 

The postulate (Hi) is not very strong as the hypothesis of paracompact- 
ness of M is generally accepted. But an arbitrary non-linear connection i.e. 
without any relationship to {gij{x,y)) is far from useful. 

Fortunately, in the most important examples there exists a non-linear 
connection determined by or strongly related to the given GL-metric. 

o 

Example. For any positive functions a and b on T M we set 
(3.1) gij{x, y) = a{x, y)iij{x, y) + h{x, y)yiyj, yi = -fiky''. 

This is a GL-metric. Indeed, it is easy to check that 

verifies gijg^'' = (5f . 

o 

In order to study it we have on hand the non-linear connection (A^* (x, y)). 
We stress that for various functions a and b the GL-metric (3.1) supplies all 
the GL-mctrics treated in [11]. 

A GL-metric is said to be an L-metric if there exists a smooth function 
L : TM R such that 

2 o o 

(3.3) gij{x, y) = 2 ^'^^ 
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Such a function, called a regular Lagrangian, exists if and only if {C^jk) 
is a totally symmetric li-tensor field. If L exists, it is not unique since 
L{x,y) = L{x,y) + ipi{x)y^ + c is a new solution of (3.3). Choosing such an 
L, the pair (M, L) is called a Lagrange space. In particular, (M, F^) is a 
Lagrange space. 

For L-metrics, a canonical non-linear connection is derived from the 

rh 

Euler- Lagrange equations provided by the variational problem 6 / Ldt — 0, 

J to 

1 • ° 

by first considering = -g^^[{dk djL)y^ — dkL] (the components of the 

o 

canonical semi-spray) and then taking Nj =dj G*. 

If one requires that a L-metric be (m — 2) — p— homogeneous, then L 
is uniquely determined and is m — (p)— homogeneous. For such L-metrics 
the functions and the connection {L^j^, Cj^) is deflection free. Thus these 
L-metrics are closely related to Finsler metrics, [5], [6]. 

Coming-back to the Example, we notice that {gij{x,y)) is an L-metric if 
and only if 

O O 

(3.4) [(dk a)-fij - (di a)-fkj] + [(dk h)yi - (di a)yk]yj + &[yi7fcj - Vklij] = 0. 
Contracting this by (7*-') one gets 

(3.5) {n - l){dk a) - h{n - l)yk + {dk h)F^ - {k b)y% = 0. 

Remark 3.1. Even for simple functions a and b, the GL-metric (3.1) docs 
not reduce to an L-metric. For instance, if a and b are positive constants, 

3.5) simplifies to b{n — l)yk = 0, which does not hold for n > 1. So (3.4) 

ails. 

Remark 3.2. Let a = a{F^) and b = f3{F^) with a, P : IR*^ M;. Then 
(3.5) implies (3 = 2a' and the condition a + bF'^ > becomes a + 2a't > 0, 
t a{t), t e M+. Set a = with : K ^ M;, > 0, <^'{t) + 2^"t > 0. 
One obtains the (^-Lagrange metrics studied in [6]. 

4 Almost Hermitian Model of a GL-metric 

Let M be endowed with a GL- metric {gij{x, y)) and a non-linear connection 
{Nj(x,y)). The decomposition (2.4) implies a decomposition X — hX + vY 

for every vector field (v.f.) X on TM. Denote by P the almost product 
structure provided by the horizontal and vertical distributions according to: 
P{hX) = hX, P(vX) = —vX. Consider also the almost complex structure 
F defined as follows: F{hX) = -vX, F{vX) = hX. Next, setting G = 
gij{x,y)dx^ ® dx^ + gijSy"^ ® Sy^ , = dy* + N^dx'', one gets a metrical 
structure on TM which is a Riemannian structure if (gij) is positive definite. 
It is easily seen that (F, G) is an almost Hermitian structure. 
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This simple construction has much more imphcations in the geometry of 
{gij{x,y)) then it seems at a first insight. Indeed, the coefiicients (L*-^,Cjj;.) 

o 

supply a linear connection D on TM given in the adapted basis {Si, di) as 
follows: 

This connection preserves the both distributions {DP = 0), is almost com- 
plex {DF = 0) and is metrical {DG = 0). Moreover, if its torsion T is 
decomposed into vertical and horizontal components, then hT{h-,h-) = 
and vT{v-,v-) = 0. Conversely, every linear connection D on TM, with 
the above properties, has (L*^,, Cj^,) from (2.5) as local coefficients in the 

o 

adapted basis {6i,dj). Thus the study of the connection (2.5) is equivalent 
to the study of such a linear connection D on TM endowed with (F.G). 
This is a reason to call {F,G) the almost Hermitian model of {gij{x,y)). A 
first important application of this model is due to R. Miron. He considered 
the Einstein equations for G and projecting them on horizontal and verti- 
cal distributions, he arrived at a correct form of the Einstein equations for 
{9ij{x:y)): [9]. See also [2], [3], [11], [12]. 

A simpler usage of the almost Hermitian model is as follows. Looking for 
a meaning of the divergence of a rf- vector field {X'^{x,y)) we observe that it 
defines an horizontal vector field hX = X''{x, y)6i as well as a vertical vector 

o 

field vX = X^{x,y) d^. As {TM,G) is an orientable Riemannian manifold 
(the positiveness of ((?.y) is implied), we define an /i-divergence {divhX) and 
a i'-divergence (divyX) according to C^xdv = {diy^,X)dv, * = h,v, where C 
means the Lie derivative and dv is the volume element associated to G. 

Since D has torsion, it comes out that the usual formula for the divergence 
of a vector field Z on TM is div Z = Trace{Y DyZ + T{Z, Y)). In the 

adapted basis one finds div^AT = X\^ - X^P^, Pk = P^, P^^ N] - Ll^, 
diVyX — X'f + X^Ck, Ck — C|.j. For the L-metrics described in Remark 

r 

3.2, in particular, for Finsler metrics we get div/j 5" = 0, a generalization of a 
Liouville theorem from the Riemannian geometry. For any function / on TM 

o 

we have a /i-gradient grad^/ = {g'^^5kf)5i and a T;-gradient: grad^/ = {g'^^ dk 

o 

/) di. Accordingly, we may define the ^-Laplacean A^/ = div/j(grad;j/) and 
the f-Laplacean A^f = div,u(grad^/). 

The function e = gij{x,y)y^y^ is called the absolute energy of the GL- 
metric {gij{x,y)). For L-metrics discussed in the Remark 3.2, the absolute 
energy is /i-harmonic i.e. A^e — 0. 

o 

Let C = y^ di be the Liouville vector field on TM. The postulate (Hi) is 
clearly implied by the following one. 

(H2) There exists a linear connection V in the vertical bundle which is re- 
gular, that is, the space = {X„ I Vx„C = 0} is supplementary to 
K, V e TM. 
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Let be the inverse of the isomorphism D„t : — )■ T^f^y^M and 5i — 

K{di). Then {D^T){5i - di) = 0. Thus 5^ = 9^ - Nf dk, where the sign "-" 

is taken for the sake of convenience. The functions (N^) define a nonhnear 
connection. 

o o o 

Let the hnear connection V be given as follows: Vq^ dj= F*^ di, dj= 

5]^ di. The condition Vs,{y^ dj) =0 4=^ {Si + y^Ai^)Nl! = y^T)^ shows 
that the regularity of V is equivalent to the regularity of the matrix (5)^ + 
y^A'ji^). The triad {Nj, L*^ = Vj/^—Nj^Bji^, Bjf,) is an usual Finsler connection. 

The postulate (II2) is involved in what we called the vector bundle model 
of Finsler geometry (cf. [1]). This model was recently used by D.Bao, 
S.S.Chern [7] and Z.Shen [13] for solving some global problems in Finsler 
geometry. A variant of it, useiuU for Physics, was developed by J.G. Vargas 
and D.Torr [14]. An essentially different model, called by us the principal 
bundle model (cf. [1]), is due to M. Matsumoto [8]. 



5 Finsler geometry of a vector bundle 

It is to be observed that the geometry of a GL-metric essentially depends on a 
non-linear connection on TM. The extension of this notion of connection to a 
vector bundle 7: : E ^ M is quite natural. It is nothing but a supplementary 
distribution to the vertical distribution u — > (KerD7r)„, u E E. Notice 
that the horizontal distribution is non-holonomic, so a study of this pair of 
distributions is of interest. 

If E is endowed with a metrical structure G, we may take as non-linear 
connection the orthogonal distribution to the vertical distribution. Then G 
takes the form 

(5.1) G = gij{x, y)dx' ® dx^ + gab{x, y)Sy'' Sy\ Sy" = dy" + A^«o^x^ 

where {x\y"'), a,b,c, ... = 1, m — fibre dimension, are the local coordi- 
nates on E and {N^{x, y)) are the local coefficients of the non-linear connec- 
tion defined by G. 

A change of coordinates (x*, y°-) — )■ (x* , y" ) on E has the form 

/ _s a;*' = x*'(a;^, ...,a;"'), idx\k{djX^') = n, 

^ ' ' y"-' = M^\x)y\ rank{Mf) = m. 

The coefficients (N^) of a non-linear connection have the following transfor- 
mation law under (5.2): 

(5.3) Nfidix'') = M:'{x)N^ - {d,M:'{x))y\ 

A geometrical study of the pair (£', G) using the above ingredients was per- 
formed by R. Miron [10]. Some applications of his theory we have pointed 
out in [2], [3] (see also [11]). 
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6 Rheonomic GL— metrics 

Let us consider the functions {gij{t, x, y)) with the properties of a GL-metric. 
Assume t remains unchanged under (2.1), that is, t is viewed as absolute 
time. We call such a collection of functions a rheonomic GL -metric, shortly 
a JiGL-metric. It is clear that this kind of GL-metric is living on R x 
TM, a manifold which could be thought of as fibcrcd in three different ways 
projecting it on M, TM or M x TM. Each of these fibrations has a certain 
value for geometrizing problems from Mechanics or Calculus of Variations. 
As more appropriate seems to be the fibration 

TT : R X TM ^ R X M, 7r(i, v) = {t, t{v)), v e TM. 

Set E = M. X TM. The manifold E is coordinizated by (t,a;*,|/*) and the tt 

takes the form {t,x\y^) {t,x''). It is convenient to put x'^ — t and to use 
the Greek indices a, f3, 7, ... ranging over 0, 1, 2, n. A non-linear connection 
can be given by (n + 1) local vector fields, say da- Choosing 6a such that they 
are projected to da, one gets 

(6.1) 5a^da-Kit,x,y)k. 

The invariance of the horizontal subspaccs requires the condition 
= {daX°' )6a', whcu a change of coordinates on R x TM is performed. 
This implies the following law of transformation for (N'l^): 

(6.2) N^a'idpx^') = {dkx'')N'p - {dpdkx'')yK 
If one rewrites (6.1) in the form 

5o^dt- Ni{t, X, y) di, Si^di- N^(t, X, y) k, 

it comes out from (6.2) that {NQ(t,x,y)) change like the components of a 
d-vector field and {Nj{t,x,y)) change like the coefficients of a non-linear 
connection on TM. Thus, we may identify a non-linear connection on E 
with the pair {Nq,Nj). 

o 

Let (5o, Si, di) be the basis adapted to the decomposition TuE = HuE © 
VuE and {dt, dx\ dy^) its dual. Denote by P the almost product structure on 
E associated as in §4 to the decomposition TuE — N^E © VuE and define a 
tensor field $ of type (1,2) on E as follows: 

(6.3) $((5o) = 0, $(5,) = - d,, $(9,) = 5.1. 

It easily comes out that ($, 5q, 6t) is an almost contact structure on E. Using 
{gij{t,x,y)) the following metrical structure on G is obtained 

(6.4) G ^dt<S>dt + Qijdx' dx^ + QijSy^ ® 5yK 

It is easy to see that ($, 5q, dt, G) is a metrical almost contact structure on 
E. This will be called the almost contact model for gij{t,x,y). As in the 
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almost Hermitian model it is quite natural to look for a linear connection D 
on E with the properties: 

(6.5) DP = 0, D$ = 0, DG = 0, DSo = 0, hT{h-,h-) = 0, vT{v,v-) = 0. 

o 

In the frame (SQ.Si.di) this connection has the coefficients {L'jq, Uj^.Cjf^), 

where the latter two are similar with those from (2.5) while the first has the 
form 

(6.6) L}o = I gH,gn, + - gjng'iX^o: 

with Xj^Q an arbitrary (i-tensor field, cf. [4]. 

This set of connections allows us to develop the geometry of the RGL- 
metric gijit, x, y). 

As for GL-metrics, in the most important examples, the non-linear con- 
nection is completely determined by [gij)- A i?GL-mctric will be called a 
rheonomic L-metric if there exists a smooth function L : M x TM M such 
that 

2 o o 

(6.7) gij{t,x,y) = - didj L. 

If L exists, it is not unique. Taking one L as solution of (6.6), the pair (M, L) 
is called a rheonomic Lagrange space. In particular, we arrive at the notion 
of theonomic Finsler space as a pair (M, F) with F : Rx TM — > a positive 

o 

function, smooth on Rx T M, p— homogeneous of degree 1 with respect to 

2 o o 

(y*) such that the functions gij{t,x,y) — -didj F"^ satisfy det{gij{t,x,y))y^O. 
For a theory of rheonomic Finsler and Lagrange spaces we refer to [4] . 
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A HISTORICAL REMARK ON 
THE CONNECTIONS OF CHERN AND RUND 

BY 

M. ANASTASIEI 



1 Introduction 



TpM, p G M, has the form v = 



Let M be a real, n— dimensional smooth (i.e. C°°) manifold and r : TM 
M its tangent bundle. In a local chart {U, x^) on M, a tangent vector v e 

dx 

or, y^) as local coordinates on TM. Throughout the paper the indices run 
from 1 to n and the Einstein convention on summation is implied. 

A local change of coordinates — )■ P on M induces in turn a change of 
coordinates {x^,y^) — >■ {x\y^) on TM: 



and it is usual to take (r ^f/, = 

p 



[1.1) 



dx^ 



[x)y''. 



Set {x, y) := {x\ y') and TM = TM \ {{x, 0)}. 

A fundamental Finsler function is a function F : TM M, [x, y) 
F{x,y), with the properties 

(1.2) F{x, y) >0 with equality if and only if y = 0, 

o o 

(1.3) F is smooth on TM and only continuous on TM \ TM, 

(lA) F{x,\y) = \F{x,y),\>0, 

(1.5) gij{x,y)^'^^^ > with equality if, and only if, (^*) = 0, where 

1 d'^F^ 

(1-6) gij{x,y) = - 



2 dy'dy^ 

The pair F" = (M, F) is called a Finsler space. Its geometry is called 
Finsler geometry. 

The geometrical objects from Finsler geometry are in fact living on the 
sphere bundle SM M, SM = TM/ ~, (x, y) ~ (x, y) if, and only if, there 
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exists an a > such that y = ay. However, for convenience we shall work 

o 

with the slit tangent bundle TM instead of SM. 

The equivalence problem in Finsler geometry is to decide whether two 

fundamental Finsler functions F and F will transform into each other un- 
der a diffeomorphism {x,y) — )■ {x,y). In order to solve this problem using 
E. Cartan's equivalence method, S.S. Chern has introduced in 1948, [1], a 
remarkable connection in Finsler geometry by means of some connection 
1— forms. That connection remained outside of the mainstream of the devel- 
opment of Finsler geometry in the next decades. It was only briefly treated in 
the monograph by H. Rund, [6], and not at all in those of M. Matsumoto [1], 
R. Miron and M. Anastasiei [5]. Chern came back to his connection in 1992, 
[2]. Then, in a large joint paper with Bao, [3], its extraordinary usefulness 
in treating global problems in Finsler geometry was shown. 

This fact appeared quite strange to us since along years of study of Finsler 
geometry and its generalizations we thought of and experienced a mechanism 
of producing Finsler connections. Thus we decided to see what is the place 
of Chern's connection among all Finsler connections. 

o 

Let T*TM — )■ TM be the pull-back of the tangent bundle by r. An 
interpretation of Chern's connection as a linear connection in this pull-back 
bundle has been sketched in [?]. We have, however, chosen to relate it to 
the Cartan nonlinear connection associated to F. This allows us to view 
Chern's connection as a Finsler connection, [2], or in the terminology from 
[5] as a normal rf— connection. Quite surprisingly we arrived at the Rund 
connection as defined in [?], [2], [H]. Thus in the famous diagram involving 
the four remarkable Finsler connection: Berwald, Rund, Cartan, Hashiguchi, 
[2], p. 120, Rund's name has to be replaced by Chern's who discovered the 
connection in question almost ten years earlier. In fact, Rund had a little 
bad luck with this connection (cf. Remark 18.1 in [2]). These facts do not 
diminish at all the contribution of Rund and any history of Finsler geometry 
has to put his name on an outstanding place. 

The structure of the paper is as follows. In §2, we recall Chern's connec- 
tion 1— forms. Then in §3, viewing Chern's connection as a Finsler connection 
we show that it coincides with the Rund connection. 



2 The Chern connection 1— form 

We follow [?] for recalling the definition and some properties of Chern's 
connection 1— forms. 

d ° d 
Set di := — , di := — . 

The homogeneity stipulation (1.4) implies 

(2.1) y'kF = F, 

(2.2) y%kF = 0, 

(2.3) y'gij = ^djF', 
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(2.4) 



(2.5) y'Cijk = 0, djk = IkkdjF^- 

By (1.1) and (1.5) it follows that, as a well-defined (0, 2)— tensor field on 
TM, 

(2.6) g = gijdx" ® dx^ 
is symmetric and positive definite. 

o 

The sections of t*TM — > TM will be called r— vector fields or vector fields 

along T. Let x(t) be the set of all r-vector fields. The fibre of t*TM TM 

f d \ 

at w e TM is Tt-(u)M. It has a basis 7— and an inner product given 

— — ■ f d \ 

by (2.6). A T— vector field X e x(t) is locally given as X — X^{x, y) ( ^— - j , 

the components (X'(x, y)) being smooth functions and transforming under 
(1.1) as follows 

(2.7) X\x^y)^—^^—^{x)X\x^y). 

■ f d \ 

This suggests that we take into consideration T — y'^ [ ] as a remark- 
able element of x(r). 

By (2.4) and (2.7) one gets 

(2.8) g{T,r) = F^ 

i.e. the length of T is just F. 

Let {cj} be a local orthonormal (with respect to g) frame field for the vec- 

° y^ d 

tor bundle t*TM TM such that e„ = — — ^ and iw*) its dual cu— frame. 

o 

One finds that a;" = {diF)dx^. Let us set 

(2.9) uj' = vidx\ ej = uph 



(2.10) dx' - ulcu", dj = v^eu. 

These show that a;* and tj can be regarded as 1— forms and vector fields on 

o 

TM, respectively. 
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According to [?], §2, there exists a set of 1— forms on TM such that 

(2.11) du' Au], 

(2.12) + ujki := ujfSjk + ujl.6ji = -HikjU^^, 

(2.13) Habcvtvy, = F^kg^r 

The 1— forms define Chern's connection. We do not write down the 
fairly comphcated expression of these 1— forms in which the partial deriva- 
tives of F are involved. We notice only the following combinations of these 
partial derivatives which will be used later. 

(2.14) Gr.^\{y%dkF'-d,F'), 

(2.15) = g^'Gk, 

(2.16) G] := djG\ 

In the structure equation (2.11), d means the exterior differentiation on TM. 

Let be the representation of ooj in the natural frame. One defines a 
covariant differentiation V by 

(2.17) Vdk = rl (g) di, 
and one proves that 

(2.18) n = nHdx\ = n„ 

and with F^^ = g^^^jkh one finds 

(2.19) Fjkh = ^{dhQjk - djQkh + dkQhj) + ^(^jfe/i - -^fchj + ^fejfe), 
where 

(2.20) M^^n = -Gidtg^k- 
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3 Chern's connection as Finsler connection 

Recall that according to [4J, Ch. I, III, a Finsler connection (a normal 
(i— connection in [5], Ch. VII) is a triad (A''j(x, y), y), Cj^(x, y)) where 

{Nj{x, y)) are the local coefficients of a nonlinear connection, Fji^{x, y) behave 
like the coefficients of a linear connection and Cjf.{x,y) are the components 
of a tensor field. Such a connection is called /i— metrical if 

(3.1) gij\k '■= h9ij - F^lghj - F^kdih = 0, 

o 

where 6k = dk — Nld, and w— metrical if 

° h h 

(3-2) gij\k := OkQij — C^f^ghj — Cji^gih = 0. 

Now we shall regard Chern's connection as a Finsler connection showing 
that it is a /i— metrical one. First, we re-express F^^- as follows. Considering 

. o 

Si = di — Gjdj we observe that 6igkh = digkh + M^hi- Inserting this in (2.19) 
we find 

(3.3) Tjkh = ^{^kgjh + Shgjk - Sjgkh)- 

Now we must check that (Fl^) behave like (FlfJ under (1.1). But we can 
avoid this complicated calculation as we shall see below. 

For the covariant differentiation of g with respect to Chern's connection 
we have {Vg){di, dj) = dgij - T^g^j - T^gik = dgij - {V^i^ghj + T'^h9ik)dx'' and 

using (3.1) we find {Vg){di,dj) = {dhgij){dy'' + G'^dx'). 

We put Sy'^ = dy^ + G^dx^ and it is easily checked that 6y^{6k) = 0. 
Going back to the above formulae we conclude that Chern's connection 
satisfies 

(3.4) dg,, = T^^gk, + FJ^?,, + 2Ck^,5y\ 

o 

We note also that from {yg){di, dj) = {dhgij)Sy^ it results that V is metrical 

only for those tangent vectors v which verify Sy^{v) = 0. Recall that for 
Cijk = 0, reduces to a Riemannian space. 

This fact motivates us to introduce the following: 

o 

Definition 3.1. A tangent vector X„ G T^TM is said to be horizontal 
if 5y\X^) = 0. 

Thus V is metrical along horizontal vectors, in particular along the 5iS 
and on the subspace spanned by them, called the horizontal subspace of 

TuTM. 

The significance of (3.3) is underlined by 

o 

Proposition 3.1. There exists a unique set of 1— forms {F*} on TM 
satisfying 
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(a) d{dx') = dx^ A T), 

(b) dg^j = r^Qkj + r'^Qik + 2ChiM- 

Proof. The existence was proved in the above. Let F* = T'^-^dx'^ + V^-^dy^ be 
1— forms satisfying (a) and (b). From dx^ A F* = it follows that F*;,, = T\- 
and F*;, = 0. Subtracting member by member the equations (b) for F's and 

F's one obtains (F|^, — Tl^)gsj + (F^^, — Tji^)gsj = 0. Permuting cyclicly the 
indices i,j,k one gets two new equations which added and subtracting from 
the result the previous one gives (F-^ — Tl-)gsk = 0. Hence F^^ = T^-, q.e.d. 

o o 

Remark 3.1. As {di,di) is the natural frame on TM, (2.17) is equivalent 

to 

(3.5) 

Vo di = 0. 



Calculating (3.4) for (dh) one finds 

(3.6) Qijlh := (Vo g){di, dj) = 2Cijh- 

Oh 

In Finsler geometry there exist four remarkable Finsler connections which 

c i 

have in common the Cartan nonlinear connection of coefficients {Nj). Among 

c i 

them we have the Rund connection which has the form {Nj{x, y), Fjf^[x, y), 0) 
with the coefficients Fj,^{x,y) given by 

(3.7) F;, = ^g^\lg,, + 6,g,,), 

c c k o 

where 6j = dj — Nj {x, y)dk- 

This connection is /i— metrical but it is not t;— metrical since by (3.2) we 
have 

(3.60 ^,,|fe = 2C,,fe^0, 

except when is a Riemannian space. 

Looking at Chern's connection we see that the F's from (3.3) coincide 

with the F's from (3.7) if the (G*) given by (2.16) are just the {Nj{x,y)) of 
Cartan. 

This indeed holds as we now prove. 

Let 'jji^{x,y) be the "Christoffel symbols" 

fjk = ^9'^\djghk + dkgjk - dhgjk)- 
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Then the coefficients of the Cartan nonlinear connection are 

(3.8) N.^d,{Tl^y'y^). 

By (2.16) it is sufficient to check that 2G* = ^Ihy^y^. Equivalently, 

(3.9) AGi ^ {djQik + dkQji - dgjk)y^y^. 

By (2.14), AGi = y^dkiF^) - diF^. Using (2.3) and (2.4), the righthand 
side of (3.9) becomes 

2dj{g{iky'')y^ - d^igj^y^y'^) = dj{hF^)y^ - F\ 
Hence (3.9) holds. 

The equalities = A^^-, F*^ = Fj^, and (3.6) in conjunction with (3.6)', 
show that we may think of Chern's connection as the Finsler connection 
(G* , r*^,,0) and furthermore it coincides with the Rund connection. 

Since this Finsler connection was first introduced by Chcrn, it is quite 
natural that it bear his name. However, Chern has rather graciously sug- 
gested that it be called the Chern-Rund connection. 
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FINSLER CONNECTIONS 
IN GENERALIZED LAGRANGE SPACES 

by Mihai ANASTASIEI 
Abstract 

The Chern-Rund connection from Finsler geometry is settled in 
the generalized Lagrange spaces. For the geometry of these spaces, we 
refer to [5]. 

AMS Subject Classification: 53C60. 

Key words and phrases: Finsler connections, generalized La- 
grange spaces, Chern-Rund connection. 

Introduction 

In a recent paper, W^, we showed that in a Finsler space the connection 
introduced by S.S. Chern in 1948 is the same with the connection proposed 
by H. Rund ten years later and bearing his name. Accordingly, we proposed 
the name of Rund be replaced with that of Chern, but several geometers 
including S.S. Chern himself, suggested to call it from now on a Chern-Rund 
connection. 

As S.S. Chern and D. Bao showed in [2J, the Chern-Rund connection 
is very convenient in treating of many global problems in Finsler geometry. 
This fact determined us to come back to the subject. 

The efforts made in defining a covariant derivative and accordingly, a 
parallel displacement in Finsler space led to a concept generically called a 
Finsler connection. Among the Finsler connections there exist four, which 
are remarkable by their properties named the Cartan, Berwald, Chern-Rund 
and Hashiguchi connections, respectively. These are usually put together in 
a nice commutative diagram (cf. [21 Ch. III]). 

The most utilized is the Cartan connection because it is fully metrical i.e. 
h— and f— metrical, in spite of the fact it has torsion. 

But there are some problems involving the Berwald connection which is 
by no means metrical or the Hashiguchi connection which is only f— metrical. 

The Chern-Rund connection being metrical and free of torsion is the 
nearest to the Levi-Civita connection a fact which explains its adequacy for 
global problems in Finsler geometry. 

The Finsler connections are also suitable for the geometries more general 
than the Finslerian one as the Lagrange geometry or generalized Lagrange 
geometry. Our purpose is to review Finsler connections and to settle the 
Chern-Rund connection in this more general framework. 
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First, we give in §1 a definition of Finsler connection by local components 
and introduce its compatibility with a generalized Lagrange metric. Then, 
in §2, a Finsler connection is defined as a pair {N, V), where TV is a nonlin- 
ear connection on TM and V is a linear connection in the pull-back bundle 
c~^TM — > TM with r : TM — > TM, the tangent bundle over a manifold 
M. These definitions are equivalent. The four remarkable connections men- 
tioned above are characterized. A special attention is paid to the possibility 
of determining N from V. 

Acknowledgement. We are indebted to Prof. Dr. Radu Miron who sug- 
gested us several improvements of the first version of this paper. 



1 Finsler connections. A definition by local 
components 

Let M be a smooth i.e. C°° manifold of finite dimension n and r : TM — > 

M its tangent bundle. A local chart {U, (a;*)) on M induces a local chart 
T^^{U), {x\y'^)) on TM, where = o r and (y*) are provided by it = 



y ^ 

ox 



p 

A change of coordinates y*) — > {x^, y^) on TM has the form 



x^ — x'^(x^, ...,x'^), rank 7— 

(LI) V^^V 

dx^ 



n 



^ dxi^ 

The indices k, will run from 1 to n and Einstein's convention on sum- 
mation is implied. 

Let L : TM — )■ i? be a scalar function on TM. Then L[x{x),y{y)) — 
L{x,y), from which, taking partial derivatives and using (1.1), one gets 

dy^ dx'^ dy^ ' 



dL dx'' dL d^x^ j dL 
dx^ dx^ dx^ dxWx^^ dy^ 

According to (1.2), the set of functions \ Tr^{x-,y) \ inay be regarded as 

xoy' J 

the components of a covector field on TM. From (1.2), it follows that 

^ . {x, y)\ may be also viewed as the components of a (symmetric) 

tensor field on TM. Thus on TM there exist geometrical objects whose law 
of transformation under (1.1) is the same as of the corresponding objects 
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on M. These were called c?— objects {d is from distinguished) in [S], Finsler 
objects in [3] and sometimes M— objects. 

The geometry of (i— objects is essentially involved in the study of those 
metrical structures which are more general than Riemannian structures i.e. 
Finsler structures, Lagrange structures, generalized Lagrange structures (see 

d 

Coming back to (1.3), we see that the behavior of the operators — — 

d 

is drastically different from that of 7— ■ Let us introduce a correction of 

ay* 



_d_ 



(1.4) 6,L = d,L + N^{x,y)dk, d, 
such that, with respect to (1.1): 

(1.5) ^*^=5^^^~^^' 

i.e. [SiL) to appear as the components of a covector field on TM. Then the 
functions {N^{x,y)) have to satisfy 

(1.6) ,N'^ = N^ rH : ry^. 

dx^ ■' * dx^ dx'^dx^ 

Note that (A^/(x, y)) are not the components of a (1, l)-tensor field on TM 
but the difference of two sets of this type is so. 

As it is well-known, when M is paracompact, there exists on M a linear 
connection, say of local coefficients (r*j^,(a;)). Then Nl{x,y) = T'^ji^{x)y^ verify 

(1.6) . This example assures also the existence of a nonlinear connection 
within a generally accepted hypothesis on M. 

The local vector fields (5^), i = 1,2, ...,n, given by (1.4) are linearly 
independent and in a point u G TM they span an tt,— dimensional subspace 
H^TM of r„TM. 

Let Tj. u be the tangent mapping (the Jacobian) of r. Then V^TM = 
ker T^^u is called the vertical subspace of TyTM. A vertical vector is of the 
form X^{x,y)dk such that under (1.1) one has 

(1.7) ^'-a?^* 

We immediately have 

(1.8) TuTM = VuTM © HuTM. 

Furthermore, r^,^„ restricted to HuTM gives an isomorphism of it with Tt-(^)M 



such that r^, u(5j) = dA 



t(u)' 
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Conversely, if a supplement of VuTM in T^TM is specified by a basis (Si), 
i — l,2,...,n, which is carried by r* to then letting 5i — di — Nfdi, the 
dx^ — 

condition 5i — -^r-^Sk implies (1.6) for (Nh. One says that (NHx,y)) are 

ox'' 

the coefficients of a nonlinear connection. 

A reason for this term is that when (A^f ) are linear with respect to (y) 
i.e. N^{x,y) = Gj^{x)y^ , then {Gj^} are the coefficients of a linear connection 
on M. 

Summarizing the foregoing discussion we may formulate the following two 
equivalent definitions for a nonlinear connections. 

Definition 1.1. A nonlinear connection is a set of functions {Nj{x,y)) 

defined on each domain of local chart on TM such that an overlaps, (1.6) 
holds good. 

Definition 1.2. A nonlinear connection is a smooth distribution u — > 
HuTM supplementary to the vertical distribution u — > VuTM i.e. (1.7) 
holds good for every u e TM. 

;^~^(^) y) 
oyJ 

are the components of a ci— tensor field of type (1,1). In other words the 
partial derivatives with respect to (yM are covariant. However, in some cir- 
cumstances, these have to be replaced, by 

(1-9) v\j^— + Cl^ix,yy, 

where {Clj{x, y)) are the components of a d— tensor field. One of them is as 

follows. 

First, we introduce 

Definition 1.3. A d— tensor field of type (0,2) of components {gij{x,y)) 
which is 

a) symmetric, i.e. = gji, 

b) nondegenerate i.e. del {gij{x,y)) ^ and 

c) the quadratic form gij{x,y)^'-xP (^ e M") 

has constant signature is called a generalized Lagrange metric (GL— metric 
for brevity). 

Extending (1.9), the covariant derivative of (gij) is given by 
(1-10) g^.^^^djv'-C^,g^j-C},g,^. 

One says that the GL— metric {gij{x, y)) is covariant constant if gijg\k — 0. 
For the general v^^-, the condition gij\k = can be fulfilled with 

(1-11) C% = ]:g^\d,gkj + d,g,k - d^g^j). 
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The partial derivatives with respect to (x*) are far to be covariant derivatives. 
A correction of them could be djv'^ + Hlj{x,y)v'', but {Hlj{x,y)) have a 
complicated law of transformation A better one is 

(1.12) v\^^5jv' + Fi.(x,y)v\ 

since then {F^j{x,y)) changes under (1.1) as the local coefficients of a linear 
connection on M. These derivatives can be extended to any d— tensor field. 
For instance, the f— covariant derivative of {gij{x,y)) is given by (1.10) and 
its /i— covariant derivative is 

(1-13) gij\k^ h9ij - FikQhj - F^kQih- 

The GL— metric {gij{x,y)) is said to be /i— covariant constant if gij\h = 0. 
It is easy to check that the equation g^j^h = is satisfied with 

(1-14) f'^j = Ig'^'iSighj + Sjgih - Kgij). 

The foregoing discussions suggest 

Definition 1.4 A Finsler connection is a triad FT = (Aj(,x, y), F^i^{x, y), 
Cjk{x,y)), where Nj{x,y) arc the coefficients of a nonlinear connection, 
Fji.{x,y) are like the coefficients of a linear connection on M and Cji.{x,y) 
are the components of a d— tensor field. 

We have also got a first example of Finsler connection CP = {Nj{x,y), 

C C 

Fikix,y), Cikix,y)). 

Definition 1.5 Let FT be a Finsler connection and {gij{x, y)) a GL— metric. 
FT is said to be /i— metrical if gij\h — 0, t;— metrical if gij\h — and metrical 
if the both equations hold. 

In the above we have proved 

Proposition 1.1 The Finsler connection CV is metrical. 
The following o?— tensor fields are called the torsions of FT: 

^ ■ ' pi a Afi Tpi Qi 

^jk — ^k^^j ~ ^kj^ "^jk — ^jk ~ '^kj- 

Remark. R^-f^ is the integrability tensor of the horizontal distribution. It 

measures also the curvature of the nonlinear connection N . 
The 0?— tensor fields 

(1-16) D] = Fl^y' -N],d^^ = S] + Cy\ 

where (5]) is Kronecker' symbol, are called /i— defiection and t;— defiection of 
FF, respectively. 
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From (1.6) we infer that G*;, = djNl transform under (1.1) as Fj^. Thus 
BT = {Nj, G^jj., 0) is a Finsler connection. It will be called the Berwald 
connection. This connection is no metrical nor /i— metrical and is free of 
torsions if and only if N is integrable (i?*^ = 0) and symmetric {djNl = 

The connection CT will be called the Cartan connection. It is /i— metrical, 
/i— symmetric {F^jj^{x,y) =Fkj ix,y)), t>— metrical and t>— symmetric. The 

c i 

Finsler connection HT = {Nj, G^jf^{x, y), C^j {^^ u)) will be called the Hashiguchi 
connection. This is f— metrical, no /;,— metrical and has torsion. The Finsler 

connection CRT = (Nj, Fj^ {x, y), 0) will be called the Chern-Rund connec- 
tion. This is /i— metrical but not f— metrical. 

Summarizing, for a fixed nonlinear connection N and a GL— metric {gij{x, 
y)) we have four typical Finsler connections: BT, CT, HT and CRT. 

Let us replace TM by TqM = TM \ 0. 

A GL— metric {gij{x,y)) on TqM reduces to a Finsler metric if there 
exists a fundamental Finsler function F : TqM — > i?+ such that gij{x,y) = 

-didjF'^{x,y). Taking as the Cartan nonlinear connection of coefficients 
d I . . . . 1 

Nj= ifjllo, Yoo = YjkV^y , Yjk = ^9 {djghk + dkg-jh - dhQjk), the afore 

mentioned Finsler connections reduce to the four remarkable connections in 
Finsler geometry ([3l Ch. III]). 

The form of D*- in (1.6) shows that one may associate to any FT a new 
Finsler connection {Fl^y^ — Dj, F^j, C\j) whose /i— deflection is just D], when 
this is prescribed. In particular, for = a Finsler connection without 
/i— deflection is obtained. In Finsler geometry BT, CT, HT and CRT are 
/i— deflection free. So we have an explanation why the nonlinear connection 
was noted quite late in Finsler geometry. 



2 Another definition of Finsler connections 

Let be t'^TM = {{u,v) G TM x TM,t{u) = t{v)} fibered over TM by 
Tr{u, v) = u. The local fiber in (u, v) is Tr(u)M. A section in {t~^TM, tt, TM) 
is locally of the form X = X\x,y)di with {di) the natural basis in Tt-(u)M. 
It follows that under (1.1) we have 

(2.1) ^--a?-?' 

X will be called a r— vector field on TM. It can be identified with the 
(i— vector field {X^{x,y)). More general, the tensorial algebra of the pull- 
back bundle r'^^TM can be thought of as algebra of d— tensor fields on TM. 
There exists a remarkable r— vector field C : u — y {u,u), which locally is 

y^di and so it can be identified to the Liouville vector field C = y^di. 
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Theorem 2.1. There exists a one-to-one correspondence between the 
set of Finsler connections FT and the set of pairs {N, V) with N a nonlinear 
connection on TM and V a linear connection in the pull-back bundle t^^TM . 

Proof. If FT is specified by [N], F'-^,Ci^?), we take N = {N]) and define V 
by 

(2.2) = F}A, v^a, = c]A 

In the natural basis V takes the form 

(2.3) va,a, = r},a„ v,B, = c],d,. 

(2.4) ^)k = Fl, + N^C]^. 

Conversely, given N = (Nj) and V specified by (2.3) it results that (A^j, 
FjkJ ^jk) with Fjf. given by (2.4) is a Finsler connection. □ 

A GL-metric {gij{x,y)) defines a metrical structure g in the bundle 

(2.5) g — gij{x, y)dx^ <S> dx-' . 

Conversely, any metrical structure in the bundle t~^TM defines by (2.5) 
a GL— metric. 

One easily checks 

Theorem 2.2 In the correspondence FT i — > {N, V) we have 

a) FT is h-metrical if and only if Vuxg = 0, 

b) FT is v-metrical if and only ifV^xg — 0, 

c) FT is metrical if and only ifVxg — 0, 
for every X e X{TM). 

Let p : TTM — > t^^TM be the morphism of vector bundles given by 
p{Xu) = (u,r*,„A:„), Xu = TuTM, u e TM. It follows that kerp„ = V^TM 

i.e. p{di) = and p{Si) = di. Alternatively, we may define a morphism 

(7 : TTM — > T-^TM on basis by a{5i) = 0, a{di) = Bi. We say that 

T,{X, Y) = Vxp{Y) - Vyp{X) - p[X, Y] , 
^ ■ ' T,{X, Y) = Vx<j{Y) - Vy'j{X) - a[X, Y], X,Y e X{TM), 

arc torsions of V. 

The following characterizations of the Finsler connections BF, HF, CRF 
and CT follow. 

Theorem 2.3. In the correspondence FF i — v {N, V) we have 
a) BF M (A^, V) with T^(hX,vY) = 0, i:p(hX,vY) = 0; 
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b) HF M {N, V) with T^ihX, vY) = 0, T^ivX, vY) = 0, V^xQ = 0; 

c) CRT i — y {N, V) with Tp{hX, vY) = 0, Tp{hX, hY) = 0, Vhxg = 0; 

d) Cr ^ (TV, V) with Tp{hX,vY) = 0, T^(vX,^;F) = 0, Vxg = 0. 

Proof. The local expressions of Tp and T^- in conjunction with Theorem 2.2 
give the desired results. 

Now the following question appears. Which conditions should satisfy V 
in order to determine such that the pair (A^, V) to correspond to a Finsler 
connection. An answer is as follows. 

Definition 2.1. A linear connection V in the pull-back bundle t~^TM 
is said to be regular if the subspace {X^ \ Vx„C = 0, X e X{TM)} of 
TyTM is supplementary to VuTM for every u G TM. 

By the definition, every regular connection V induces a nonlinear con- 
nection A^ on TM. The pair (iV, V), as we have seen before, corresponds to 
a Finsler connection FT. This FT has to be of a particular form. Indeed, 

one has 

Theorem 2.4. There exists a bijection between the set of regular con- 
nections in T~^TM and the set of Finsler connections FT — (Aj, Fj^, Cj^) 
satisfying = and det((i5j) ^ 0. 

Proof. Let V be specified by (2.3). Using A^ = (A]) provided by the regular- 
ity of V, we define F]^ as in (2.4). Then = V^.C = {y^F'-^ - Nl)dk implies 
Di = 0. Contracting (2.4) by y^ we get N^{d{) = y^V),^ and as (A^^) is 
specified this equation has to have an unique solution. Hence with necessity 
det(4) ^ 0. 

Conversely, let (A^, V) be in correspondence with FT. The condition 

D] = assures that the subspace {X„|Vx„C = 0, X e X{TM), u G TM} is 

contained in the horizontal subspace HyTM of A^. The condition det((i^) 7^ 
implies that this subspace is supplementary to VuTM . Thus V is regular and 
the nonlinear connection derived from it coincides with A^. □ 
Let us assume that {gij) reduces to a Finsler metric on TqM. Then CP 
is characterized by the following Matsumoto's axioms: 

(*) 7], = 0, g,^\, = 0, = 0, = 0, = 0. 

It results d^j = 5*. 

Combining these with Theorems 2.4 and 2.3, one obtains 

Theorem 2.5. Let F^ = (M, F) he a Finsler space. There exists a 
unique regular connection V in tt^^TqM satisfying the conditions: 

TpihX, hY) = 0, Ta{vX, vY) = 0, Vxg = 0, X,Y e X{ToM) 

where h and v are projectors of N induced by V. 
We note that V is determined by F only. 
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According to p] the Chern-Rund connection in a Finsler space is charac- 
terized by the following axioms: 

1], = 0, g,,\u = 0, = 0, D] = 0. 

We have again = 5*. By Theorems 2.3 and 2.4 we have 

Theorem 2.6. Let F" = (M, F) he a Finsler space. There exists a 
unique regular connection V in tt~^ToM satisfying the conditions: 

T,{hX, HY) = 0, Tp{hX, vY) = 0, Vhxg = 0, X, y G A'(ToM) 

where h and v are projectors of N induced by V. 

The systems of axioms for HT and BT discussed for minimality in [5] 
give similar results in view of Theorems 2.3 and 2.4. 

The Finsler connections may be viewed also as special liner connections 
on TM or in the Finsler bundle 7r~^LM, where LM is the principal bundle 
of linear frames on M. We refer to [S] and [3], respectively. 
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GENERALIZED LAGRANGE SPACES 

BY 

M. ANASTASIEI and I. BUCATARU 



Abstract 

We consider the first variation of those curves on tangent manifold 
TM which have property that are parallel with respect to the canoni- 
cal metrical connection in a generalized Lagrange space. Accordingly 
we introduce and study the Jacobi fields on TM. Several particular 
cases are discussed. 

1 Introduction 

Among the notions introduced and studied by Prof.Radu Miron, very in- 
teresting and useful for applications is that of generalized Lagrange space, 
GL-space for brevity. This is a pair made up by a smooth manifold M and 
a generalized Lagrange metric, shortly a GL-metric. Roughly speaking a 
GL-metric is a metrical structure in the vertical bundle over the manifold 
TM. Viewing in local coordinates one can see that its definition was tailored 
after the basic properties of a Finsler metric. Thus a GL-space appears as a 
very large generalization of a Finsler space. However, this notion preserves 
many properties of a Finsler space, the existence of a canonical metrical con- 
nection being an important one. The autoparallel curves of this connection 
are remarkable since in the Finslerian framework these are projecting on the 
geodesies of the Finsler metric. Calling then also geodesies, we consider their 
first variations, in Section 3, and accordingly we find a Jacobi equation whose 
solutions are called Jacobi fields. Some properties of these are found. Next, 
in Section 4, we consider horizontal and vertical Jacobi fields and we inves- 
tigate some particular cases. The Section 2 is devoted to some preliminaries 
and notations. 

We express our hearty thanks to Prof.Radu Miron for his constant en- 
couragements and valuable suggestions for our researches along many years. 
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2 Generalized Lagrange spaces 

Let M be a real, smooth i.e. C°° manifold of finite dimension n and TM 

o 

its tangent manifold projected to M by the mapping r. Set TM= TM \ 
{Oa; e TrM,x e M}. Let (t/, (x*)) be a local chart on M. The indices 
i,j, k, ...will run from 1 to n and the Einstein convention on summation will 
be implied. Associate to f G r~^(f/) the coordinates x = (x*(r('u))) and 

d 

y = (y*)' provided by Vr(u) = y''di, di = ^— , and TM becomes a smooth 

orientable manifold. A change of coordinates (x*,?/*) h-> on TM is 

as follows: 

(2.7) x'' = x''{x\x^, / = {djx'')y\ rank(9jx'') = n. 



Definition 2.1 A set of matrices {gij{x,y)) defined on r ^{U) for any open 
set U in a smooth atlas on M is said to be a GL-metric if 

1. gij{x,y) = gji{x,y), 

2. gij{x,y) = {dix'''){djx''')gh'k'{x'{x),y'{y)) on U nU', 

3. det{gij{x,y)) 7^ 0, 

4. The signature of the quadratic form gij{x,y)^^^\ (^') G -R" is constant. 

The simplest example of a GL- metric is a Riemannian one jijlx). This is 
provided according to 

1 d'^L 

(2.8) 7i,(x) = . , with L : TM ^ R given by 



(2.9) L{x,y) = ^fi~{x)^K 

A little more general GL-metric is a Finslerian one which is provided by (2.2) 

o 

with a function L = F -.TM-^ i?+ which is positively homogeneous of degree 
1 with respect to y i.e. 

(2.10) F{x,Xy) = XF{x,y), A > 0. 

A Lagrange metric is a GL-metric provided by (2.2) with any smooth function 
L : TM R. 

A large class of GL-metrics which are not reducible to the previous ones 
was considered in [2]: 

(2.11) gijix, y) = a{x, y)iij{x, y) + h{x, y)yiyj, 

o 

where jijlxjy) is a Finsler metric, a and b are smooth functions on TM 
such that a{x,y) > 0, b{x,y) > and yi = 'jijy^ ■ Particular forms of these 
GL-metrics were studied in Chapters 11 and 12 of the monograph [3]. 
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3 Jacobi fields 

Let us consider, together with a GL-metric {gij{x, y)), a nonhnear connection 
{Nj{x,y)). We have the decomposition 

(3.1) X = hX + vX for every X G x(TM). 

Denote by P the almost product structure provided by the horizontal and 
vertical distributions according to 

(3.2) P{hX) = hX, P{vX) = -vX. 
Consider also the almost complex structure F defined as follows: 

(3.3) F{hx) = -vX, F{vX) = hX. 

Next, setting G = gij{x,y)dx''xdx^ +gij{x,y)6y''^6y\ 6y^ = dy''+Nl{x,y)dx^ , 
one gets a metrical structure on TM which is Riemannian if (gij) is positive 
definite. 

Theorem 3.1 ([4J) There exists a unique linear connection D on TM with 
the properties: DP = O, DF = 0, DG = and hT{h-, h-) = 0, vT{v-, v-) = 

0, where T denotes its torsion. In the basis {6i,di), 6i = di — dk, this 
connection is as follows: 



(3.4) 



where 



(3.5) 



Ds^: dj= L)^ (9i, dj= C'ji^ di 



L)ki.^^y) = ^9'^{^j9hk + Skgjh - Shgjk), 
1 



C)k{.x,y) = -9 (dj ghk+ dk gjh- dh gj 



2 



We note that D has torsion since the other three components of T do not 
vanish. We have 

vT{6k,6,) = RU,, R) -^^^ 



jk jk Sx^ 

(3.6) hT{dk,6,) = q„6,, 



vTid,,5,) = p;A, P;k = ^-Ll,. 



Thus connection is different from the Levi-Civita connection of G since 
its torsion does not vanish. We call geodesies the autoparallel curves on 
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TM with respect to D. Consider a geodesic c : [0, 1] — )■ TM such that 
c([0, 1]) C r~^(C/), where ([/, x*) is a local chart on M. Thus the equation of 
c is 



(3.7) 



= ,X*(t) 

y' = i/^(t), te [0,1] 



The tangent vector field is cit) — — H — tt-- It can be written in the 

^ ^ ' dt dx' dt dy' 

form 

(3.8) c{t) = ^5,+ f^ + 7V^(x(t),y(t))^') 4. 



dt ' \dt V /'^v ^ 

It results that c(t) is a horizontal vector field if and only if 



When this condition holds at we say that c is a horizontal geodesic. By (3.8), 
c{t) is a vertical vector field if and only if = Xq (constant) i.e. the curve 
c is in the tangent space Tp^M, po = (xq). In this case we say that c is a 
vertical geodesic. The condition D^(^f^c{t) — takes locally the form: 



(3.10) 



d'^x'' ^ dx"^ dx^ 1^ dx'' 6y^ 
'W^ ''~dt~dt^ ''~dt~dt^ 

dt^ dt dt dt dt ' 



where we have put 
(3-11) ^ = ^ + iV. 



5'^y'' d'^y^ , d'^x^ dNf^ dx^ d / 5y^ 
dt^^~dt^^ ^~d^^ dt dt ^Jt Vdt 



Remark. The form of equations (3.10) is preserved by the affine trans- 
formation t Cit + Co, Co, Ci e i? of parameter, only. 

Remcirk. If c is a horizontal geodesic, (3.10) reduces to 

while if c is a vertical geodesic it becomes 

^^■^"^ dt' ^^^^ dt dt 

Definition 3.1 Let c : / TM, / = [0, 1] be a geodesic on TM. A first 
order variation of it is a smooth mapping a : {—£,£) x I ^ TM such that 
a{0,t) — c{t) and as{t) — a{s,t) is a geodesic for every s e (—£,£), e E R 
and \e\ small. 
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Let 



'd_ d_ 

^ds ' dt 
in the point {s,t). Wc set 



be the natural basis of the tangent space to A — {—£, e)xl 



a 



*,(s,t) 



s=0 



d_ 
ds 



V{t). 



s=0 



The vector field t i-> T{t) is in fact c{t), the tangent vector field to the 
curve c and the vector field 1 1->- V{t) will be called the variation vector field 
induced by a. 

[T{t),V{t)] we infer [t,V] = 0. Thus T{t,V) 



As a 



*,(s,t) 



dt ds 



Dt-V — DyT and R{t^V)t = D^DyT — DyD^r — D[^_y]T = D^-Dyr since 
Dt-t = (c is a geodesic). Furthermore, i?(T, V)t = Dt[DtV — T{t, V) ~ 
D^V — DtT{t, V). Thus V satisfies the following equation 



DlV + R{V, t)t - DrT{T, V)^0 



Definition 3.2 It is called Jacobi field along of a geodesic c any vector field 
X which is solution of the following Jacobi equation: 

(3.12) Dl^.^X + R{X, c{t))c{t) - D,^t^T{c{t),X) = 

As in the Riemannian framework one proves: 

Proposition 3.1 1) The solution X of the Jacobi equation is uniquely de- 
termined by the initial conditions X{to) = Xq and (Dc(t)^)(^o) = ^ I- 

2) The set of Jacobi fields is a linear space of dimension An. 

3) The vector fields t : t ^ T{t) and t : t ^ tc{t) are Jacobi vector fields 
along the geodesic c. _ 

4) Any Jacobi vector field X along c is of the form X — ar + br -\-Y , with 
a and b constants and Y is a Jacobi vector field which is ortogonal to r with 
respect to G. 



4 Some particular cases 

The following particular cases have to be considered: 

a) c is a horizontal geodesic and X is horizontal. 

b) c is a vertical geodesic and X is vertical. 

In the case a) we have T{X, r) = T{hX, hr) = hT{hX, hT)+vT{hX, hr) = 
-v{X, r] = since [X, r] = 0. 
Thus (3.12) reduces to 

(4.1) DIX + R{X,t)t ^Q. 

We notice that for a Finsler metric of a Finsler space F", D is exactly 
the Cartan connection of F". In (4.1), it! is the {hh)h- curvature of D which. 
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coincides to the Chern-Rund connection (see [2]). Thus for a Finsler metric 
the equation (4.1) is nothing but the equation (4.13) in [3]. Taking c as the 

hft ( X* , j of a curve x = (t) on M one may try a study similar to that 

from [3] with some cautions regarding the parameter of the curve = x*(t). 
In case b) we have again T(X, r) = and (3.12) reduces to 

(4.2) DIX + R{X,t)t = 0. 

In this case R is the (ff )f-curvature of D, usually denoted by S. Now 
the curve c is entirely in Tp^^M, po = (xq). The space Tp^M has a pseudo- 
Riemannian structure given by gij{xo,y) whose curvature is 5*. This pseudo- 
Riemannian structure is not flat except if the GL- metric gij{x, y) is a Rieman- 
nian one. The equation (4.2) is exactly the Jacoby equation for (Tp^M, gij{xo, y)) 
and when gij{xQ,y) is positive defined one may apply the theory from the 
Riemannian case. The geodesies in {Tp^^M, gij{xo,y)) are sometimes called 
i;— paths. 

Let us consider the GL-metric 

(4.3) gijix,y) = %j{x) + b{x,y)yiyj, 

o 

where 7jj(x)is a Riemannian metric and b -.TM^ i? is a smooth function 
such that 6(x, y) > 0. Together with this GL- metric we may consider the 
nonlinear connection Nj{x,y) = Yi:j{x)y^, where 7fcj(x) are the Christoffel 
symbols derived from (7jj(x)). It is not difficult to see that, with this choice 
the projection r(TM, G) — )■ (M, 7) is a Riemannian submersion. Thus the 
general theory of submersion may be used in order to investigate (4.1). It 
follows that if a curve is horizontal in a point it is horizontal at any points and 
any horizontal curves is projected by r on a geodesic of (M, 7). Furthermore, 
the Jacobi fields on TM which are solutions of (4.1) are projected by on 
Jacobi fields on (M, 7). 
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THE BEIL METRICS 
ASSOCIATED TO A FINSLER SPACE 

BY 

M. ANASTASIEI and H. SHIMADA 



1 Introduction 

Let = (M , F) be a Finsler space with M a smooth i.e. C°° manifold 
and F : TM — )■ R, {x,y) — )■ F{x,y). Assume that F" is endowed with a 

Finsler 1-form j3i{x,y) and set /3 = (3i{x,y)y^. Here i,j, k, ... will run from 1 
to n = dim M and the Einstein convention on summation is implied. Then 
*F = L{F, P) in some conditions on L is so that *F^ = [M* F) is a new 
Finsler space. It is said that is obtained from by a /5-change [7].|10]. 

Typical for *F" are the Randers and Kropina spaces which are obtained 
from a Riemannian space by particular /3-changes. 

Let gij{x,y) be the Finsler metric tensor of F". If one wishes the con- 
struction of a new Finsler metric *gij which depends on gij{x, y), then because 
of the linear structure of the set of Finsler tensor fields of a given type, the 
most general choice is 

(1.1) *9tjix, y) = p{x, y)gijix, y) + a{x, y)Bij{x, y), 

for p and cr two Finsler scalars and Bij{x, y) a symmetric Finsler tensor field 
of type (0, 2). We may say that *gij is obtained from gij by a 5-change. 

It is clear that *gij is no longer a Finsler metric except if some strong 
conditions on p, a and Bij are imposed. Metrics similar to (1.1) appear in 
[2j and [3 from physical considerations. See also jllj . 

In order to relax such conditions we do not ask *gij be a Finsler metric 
but a generalized Lagrange metric in Miron' sense, shortly a GL-metric. For 
the theory of the GL-metrics we refer to [9J, ch.X. 

As such {*gij) has to satisfy 

a) det{*gij) ^ and 

b) The quadratic from *gij{x,y)^^^\ (^*) G M", to be of constant signa- 
ture. 

Even this minimal requirements are not easy to be fullfiled except for 
some particular a, p and B^j. 
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By our best knowledge the following two particular forms of the GL- 
metric (1.1) were studied 

(1.2) *g,,{x,y) = e'-^^'y^g,,{x,y). 

This class of GL-metrics contains the Miron-Tavakol metrics used by them 
in General Relativity and the Antonelli metrics which were introduced by 
P.L. Antonelli for some studies in Biology and Ecology. For details see [9|, 
ch.XI, and reference therein. 

(1.3) *9ijix, y) = gij{x, y) + o{x, y)yiyj, yi = gij{x, y)y^ . 

Particular forms of the GL-metric (1.3) were used by R. Miron in Relativistic 
Geometrical Optics. See also [9], ch.XII. 
Some particular forms of the GL-metric 

(1-4) *gij{.x, y) = gij{x, y) + a{x, y)Bi{x, y)Bj{x, y), 

with Bi{x, y) = gij{x, y)B^{x, y) for B^{x, y) a given Finsler vector field were 
introduced by R.G. Beil in order to develop his interesting unified field theory 
([!]). These were called Beil metrics. As such we refer to *gij in (1.4) as to 
the Beil metric, too. The following comment of R.G. Beil is illuminating on 

(1.4) . "Since in my unified theory the quantity k which correspond to your 
a is related to the gravitational constant, this means that a possible physical 
interpretation of your theory with a y— dependent a is that gravitation itself 
is velocity dependent. This possibility is mentioned, for example, in Section 
40.8 of the famous book Gravitation by Misner, Thorne and Wheeler". See 

m- 

Of 

The particular form of (1.4) obtained for cr = 1 and Bi = — / : M — t- M 

was considered by C. Udri§te in |T3j. He proved that if / is proper i.e. 
f~^{K) is a compact set whenever K is compact, then the Finsler manifold 
{M*gij{x,y)) is complete. A Riemannian version of (1.1), that is, was used 
by T. Aubin in order to prove that any compact Riemannian manifold of 
dimension greater then 2 admits a metric whose scalar curvature is a negative 
constant. See [3] and for other connected results. 

The geometry of the GL-metrics (1.4) was not investigated in a system- 
atic way. It is our purpose to fill this gap. After some preliminaries in Section 
2, we show in Section 3 that {*gij) from (1.4) is a GL-metric and we point 
out cases when it reduces to a Lagrange or to a Finsler metric. In Section 4 
we discuss possibilities for introducing metrical connections for the GL-space 
{M* gij). In Section 5 we digress on parallel and resp. concurrent Finsler 
vector fields showing that the usual definitions for these notions are also 
justified from the viewpoint of the almost Hermitian model of a GL-space. 
For such a model see [9], ch. X. Section 6 is devoted to the analysis of the 
GL-metric (1.4) for B^ a concurent Finsler vector field. For a a constant we 
rediscover a modification of a Finsler function studied by M. Matsumoto and 
K. Eguchi in [S]. The case when a is a solution of the so-called Tavakol-Van 
der Berg equation is investigated, too. In Section 7 we treat a Beil metric 
associated to a Finsler space with (a, /3)-metric. It is a future task to find 
properties of the GL-metric (1.4) when F" is a particular Finsler space or 
its dimension is low (2 or 3). 
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2 Preliminaries 

Let M be a smooth i.e. C°° manifold, paracompact and of dimension n, 
TM its tangent manifold and r : TM — )■ M its tangent bundle. If x = (x*), 
i,j, k, ... = 1, ...,n are local coordinates on M, then the induced coordinates 

. d 

on TM will be (x, y) = (x* : x* o r, y*) with (y*) provided by = — ^ 

M G Tj-M, X G M. The change of coordinates (x, y) (x, y) on TM are as 
follows. 

X* = x*(x"^, x"), rank ( tt-^] =n 

(2.1) ^ ^ 

The geometrical objects on TM whose local components change by (2.1) 
as on M i.e. ignoring their dependence on y, will be called Finsler objects as 
in [7] or (i-objects as in [D]. 

d ■ d 

We set di := 7—, di := 7— and notice that the vertical subspace of 
ax* oy'^ 

T^TM i.e. VuTM = Ker {Dt)^, u G TM, where Dt means the differential 

of r, is spanned by {di). The (i-objects can be expressed using {di). 

A function F : TM — )■ M which is positive, smooth on TM \ and only 
continuous in the rest, positively homogeneous of degree 1 with respect to 
y i.e. F{x,Xy) = XF{x,y), A > and with the quadratic form gij{x,y)C,^C,^ , 
{C,^) G M" nondegenerate and of constant signature, where 

(2.2) g,,{x,y) = ^d,djF\ 

is called a fundamental Finsler function. The pair = (M, F) is called a 
Finsler space. 

The function gij{x,y) are the components of a Finsler tensor field called 
the Finsler metric of F". 

A supplement H^TM of V^TM i.e. the decomposition in a direct sum 
TyTM = HuTM © VuTM holds, will be called the horizontal space and the 
distribution u — )■ H^TM will be called a horizontal distribution. A basis 

of it of the form 5i = di — N^{x,y)dk, provides the functions {N^{x,y)) 
called the local coefficients. These functions have a special rule of change by 
(2.1) and in turn they completely determine the horizontal distribution called 

also a nonlinear connection. Then (5j, di) is a basis adapted to the previous 
decomposition of TyTM. The Finsler objects may be also expressed by using 
((5i). We notice that (5j) are Finsler vector fields. For more details we refer 
to|7],[9]. 



3 The Beil metric 

Let = {M,F) be a Finsler space and gij{x,y) its Finsler metric. As- 
sume that F" is endowed with a Finsler vector field B = B^{x,y)di and let 
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Bi{x,y)dx^ the Finsler 1-form with Bi = QikB^. The lowering and rising of 
indices will be done with {gij) and {g-^^)-, where g^^Qki = Sj, respectively. Let 
a : TM — )■ M, {x,y) cr{x,y) a Finsler scalar. We set 

(3.1) *9ijix, y) = gij{x, y) + cr(x, y)Bi{x, y)Bj{x, y). 

The functions (*gij) from (3.1) define for o" > a positive definite GL- 
metric called the Beil metric. 

It is clear that {*gij) are the components of a symmetric d-tensor field. 

We look for the inverse of the matrix {*gij) in the form *g^'^ = *g^'^ — *aB^B^ 
with *cr to be determined. From *gij*g^^ = 5f it follows that *a = — 

with B^ = BiB^ = gijB^B^ (the length of B with respect to gij). Thus we 
have 

(3.2) = g^' - ^-^B^bK 
Consequently, we have det (gij) ^ 0. 

The quadratic from $(0 = *9ijC^^ = QijC^^ + <^{Bki'^Y is clear positive 
definite in our hypothesis. q.e.d. 

We notice that (3.2) holds in the weaker condition a ^ —-f^ and if gijCi^ 

B 

is only of constant signature, the signature of $(^) will be constant for some 
a and {B'^) at least locally. 

Remark 3.1. The GL-metric (3.1) appears in papers by R.G. Beil (|1]) 
for a pseudo-Riemannian space or a Minkowski space. It was called Beil s 
metric. 

We notice that for B^ = y^ in (3.1) one obtains a general version of 
the Synge metric which was used by R. Miron for a geometrical theory of 
Relativistic Optics (cf. [9J, ch.XI). 

In the following we shall assume 5* ^ y^ and use the ideas and techniques 
from p], ch.XI. 

One says that *gij is reducible to a Lagrange metric, shortly an L-metric if 
there exists a Lagrangian L : TM — )■ M such that *gij = -didjL. A necessary 
and sufficient condition for *gij be reducible to an L-metric is the symmetry 
in all indices of the Cartan tensor field *Cijk = -dk*gij i-e. 

(3.3) dk*gij = di*gkj. 
Using (3.1) this condition becomes 

c^kBiBj — &iBkBj + aipkBi • Bj — diBk • Bj) + 
+a{Bi ■ dkBj - Bk ■ diBj) = 0, &k := dka. 
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Multiplying it by one gets 

B^i&M - a,Bk) + aB^dkB, - dA) + 
+a{Bi ■ dkBj ■ B^ - BkdiBj ■ B^) = 0. 

If (3.4) is an identity, then (3.5) should be an identity for any a and Bi. But 
for Bi = Bi{x) and a = F'^, (3.5) reduces to ykBi — yiB^. = which is not an 
identity for any B^. Thus in general *gij{x, y) is not reducible to an L-metric. 
We have a case when *gij{x, y) is an L-metric as follows. 

Proposition 3.1. Assume B^ = Bi{x). If a{x,y) = f{Bi{x)y^) for a 
smooth function / : R — >■ E, then *gij is an L-metric. 

Indeed, it is easy to check that in these hypothesis (3.4) identically holds. 
Notice that we do not know which is L such that *gij = -didjL. 
It is said that *gij{x,y) is weakly regular if its absolute energy 

(3.6) S{x,y) := *g,,{x,y)yy = F\x,y) + a{x,y){B,y'f 
is a regular Lagrangian i.e. the matrix with the entries 

(3.7) akh{x,y) = ^dkdhS, 

is of rank n. 

A direct calculation yields 

(3.8) akh = gkh + ^<^khl3^ + l3{<jkPh + <^hPk) + (^PkPh + (^PPkh, 



(3.8)' /3 := Bi{x, y)y\ $k — dk/3, $kh — dkdh/3, &kh — dkdhcr, &k := dkcr 

It is hopeless to decide if akh is invertible or not. However we have some 
interesting particular cases. 

Proposition 3.2 

a) If B is orthogonal to the Liouville vector field C = then *gij is 
weakly regular and akh{x, y) = gkh{x, y). 

b) If Bi — Bi{x) and a{x, y) = f{f5) for some smooth function f : R ^ R, 
then *gij is weakly regular if and only if l + (fi{f3)B'^ ^ 0, where 2(f{f3) — 

p'f" + 4/3/' + 2/, /' = /" = and we have 
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(3.9) akh{x, y) = gkh{x, y) + ip{x, y)Bk{x)Bh{x). 

Proof, a) The condition B orthogonal to C is equivalent to /3 = 0. Thus 
£ix,y) = F\x,y) and so auh = guh- 

b) By a direct calculation one finds (3.9). Hence (akh) has the same form 
as *gkh with a replaced by ip. The conclusion follows. 

We keep the hypothesis Bi = Bi{x) and a = f(/3), /3 7^ 0. From (3.9) 
we see that we have again a^h = Qkh when = 0. The differential equation 
+ 4/3/' + 2/ = takes the form (/3V + 2/3/)' = and so its general 

solution is /(/3) = + -5^, a, 6 G M. The metric *gij becomes 

Notice that although *gij is an L-metric, we do not yet know the Lagrangian 
L- 

The absolute energy of *gij is now £ = F"^ + a{Fi{x)y^) + h and the 
Lagrange space L"^ = (M, 8) is called an almost Finslerian-Lagrange space 
(see Section 6, ch.IX of [9]). 

We may put (3.9) into the form 

(3.9) ' a,,(x, y) = ^g^n + Q/3 V" + 2/3/'^ B^Bu- 

Thus we see that a^h = *gkh if and only if / is a solution of the differential 
equation 

^/"/32 + 2/3/' = i.e. /(/3) = c - ^, c, G M. 

We know that *gkh is an L-metric (in previous hypothesis). The condition 
akh = *gkh gives L in the form L{x,y) = S{x,y) + Ai{x)y' + tp^x), where Ai 
is a covector and ip a scalar. Inserting here 8 we get 

(3.10) ' 

L{x, y) = F\x, y) + c(5,(x, i/)^^ - — ^ + Ai(x)i/^ + V^(x), c, G R. 

Therefore we found when is an L-metric with L of explicit form 

(3.10)'. 

Remark 3.2 In the hypothesis of a) in Proposition 3.2, *gij is not nec- 
essarily an L-metric. If cr{x,y) and Bi{x,y) are positively homogeneous of 
degree 0, then *gij{x,y) is so and {M*gij) is a generalized Finsler space in 
Izumi' sense (see [6]). 

Remark 3.3. The condition B orthogonal to C is equivalent with the 
condition B is tangent to the indicatrix bundle I{M) C TM. 

Caution. The conditions /3 = and Bi = Bi{x) are incompatible since 
they lead to 5 = 0. 
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Remark 3.4. If in (3.10) we take d = 0, Ai = 0, = 0, c > 0, then 
:= L{x,y) is positively homogeneous of degree 2 and so *F"' = {M* F) 
becomes a Finsler space. Notice that *F is getting from F by a /3-change 
and in this reduces to a Finsler metric. 

Remark 3.5. An interesting Beil metric can be associated to a Finsler 
space with an (a, /3)-metric. Here = aij{x)y^y^ and (3 = bi{x)y\ where 
(Xij IS a Riemannian metric an bi a covector field on M. One may consider 

(3.12) *gij{x,y) = aij{x) + a{x,y)bi{x)bj{x), 

where o" is a Finsler scalar such that 1 + ab^ ^ for b^ = a^^bibj. This GL- 
metric is not reducible to an L-metric or a Finsler metric. The previous 
discussion applies, too. 

4 Metrical connections for GL = {M*gij{x^y)) 

In Finsler geometry as well as in their generalizations, the nonlinear connec- 
tions play an important role. For instance these connections allow us to work 
with d- or Finsler objects and so to keep and check easily the geometrical 
meaning of calculation in local coordinates. 

A nonlinear connection always exists if M is paracompact. But the non- 
linear connections derived from or associated in a way to a GL-metric are 
much more useful. There are no possibilities to find nonlinear connections 
for any GL-metric. But there are some classes of GL-metrics for which 
such possibilities exist. One is that of weakly regular GL-metrics and as it 
is well known there exist nonlinear connections canonically derived from a 
Lagrangian, a Finslerian or a Riemannian metric. See [3 for details. 

We recall here the Cartan nonlinear connection for F". Set 

(4.1) Yjkix, y) = ^g'^idjghk + dtQhj - dhgjk), 7oo — likV^V^- 
1 • . 

Then iV*- = -Oj'Jqq are the local coefficients of the Cartan nonlinear connec- 
tion. 

For any Finsler connection FT{N) we denote by \k and |^ its h- and 
f-covariant derivatives. Then Fr{N) is called /i-metrical if gij\k = and 
f-metrical if gij^k = 0. 

We consider 

Fjk = T^a'^'i^jghk + Skgjh - Shgjk), 
C]k = ^g'^^jghk + dkgjh - dhgjk), 

o 

where 6j = dj— N^dk- For F^ we have four remarkable Finsler connections 

o 

based on (A^}). 
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We mention here only the Cartan connection Cr{N) — (iV * , Fj^, Cj^). 
This is V- and /i-mctrical and two torsions of it vanishes. 

Let us come back to the GL-metric (3.1). We cannot derive a nonhnear 
connection from it. But since it is constructed with gij{x,y), we may take 

o 

into consideration the Cartan nonhnear connection (iV*) and then aU possible 

o 

nonlinear connections have the form iVj =-/V* — ^} with y) an arbitrary 

Finsler tensor field of type (1, 1). 

Now we replace in the right side of (4.2) the metric gij by *gij and the 

o 

operator Sj by = dj— Njdk + Ajdk and denote the results in the left side 
by ^Fjf, and *Cjj., respectively. Thus we get a Finsler connection ^Cr{N) — 
{Nj,^ F'^-^f Cjj.) which we call standard metrical connection of GL. 

s 

This connection is metrical i.e. *g s =0, *gij I fe = and its h{hh)- 

ij\k 

torsion and v(f f )-torsion vanish. It is clear that it depends on Aj but if 
is given apriori it is the unique Finsler connection with the above properties. 
For A] = we set *F := 'F and *C := 'C. Thus we have 

(4 3) 'F;, =* F;, + ^^g^'^iA^ds^gnk + A,ds*g,, - ^|4*^,.) 

The first equation in (4.3) takes also the form 

s rp * IT' I * AS I * AS * „ih aI 

-Tjik — jik ~T Lykis^j "T Lyjig/ij^ — (/ /l/j ^jkl- 

Remark 4.1. If {*gij) reduces to an L-metric or to a Finsler metric, (4.3) 
becomes 

s TPi * JT'i _L /^i As 

u 3y ok - ^jk + 



We notice the following possible choices of ^4*- : A(x,y)5j, y^Vj, B^yj, y^Bj, 
By (3.1) we find 



B^Bj. 



(4.4) 



*F;, = BIF^\ + - g'%{B,B,) + S,{B,B^) - 5f,{BjB,)]+ 
I 

+ 2*5** i'^jBhBk + CTkBhBj - ahBjBk), 
*C% = Biq, + I l'\d^{BnBk) + MBuB^) - d^{B^B,)] + 
+^*g'\ajBhBk + atBhSj - ahBjBk), with 



(4.4)' Bi^di- *aB'B„ ak := Ska, &k := V = a /{I + aB^). 
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Now, ^Fj^ and *C^-j. are easily deduced from (4.3). 

Remark 4.2. The matrix Bl is invertible. Its inverse is {B~^)l. = + 
aB^Bk. As such from (4.4) we can find F and C as depending on *F and *C. 

In order to evaluate the torsions and curvatures of *CT['^N) it is more 
convenient to put (4.4) into the form 



(4.5) 



*cjk = A}fe, for 



(4.5)' 



^k = ^*9"'[Sk{aBjBh) + SjiaBhBk) - Sh{aBjBk)] + 
-*aB'B^Fjhk 

hk = \*g'^[dk{(TB,Bh) + d,{aBhBk) - dh{aB,Bk)] + 
—*aB^B^Cijk. 

The torsions of *Cr{'^N) are as follows. 

= ^.-A^, and from (4.5). 
As for the curvatures we have 

(4.7) *s/,H = s/,H+ ^/kh + (q, kh+ kkCih - (k/h)) 
(4.7)' A/fc. = 4 a;.,+ a^^, a:, - (k/h), 

where —{k/h) means the substraction of the preceeding terms with k replaced 
by h. 

o o 

*pi pi _i_/^Ai Ai r^i \i _i_ 

kh — -t^j kh -t Oh^\.j^ ^^jh^k ^jh\\k ^^jh\\k^ 

+ 4 A^, -qsKk+ ksPL- ksKh. 

where \\k denotes a covariant derivative constructed with K^-^. 

(4.9) *R,\u = Ri\h + A/.. + {F^kKh + A,^.^:. - {k/h))+ A%Rl„ 
where 

(4.9)' ^/kH = S,A], + A%K,-{k/h). 
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5 Parallel and concurrent Finsler vector fields 

Let B'^{x,y) be a Finsler vector field and Fr{N) be a Finsler connection. 
Then it is said that (-B*) is parallel if 

(5.1) Bi, = 0,B^\^ = 
and (-B*) is concurrent if 

(5.2) Bi, = -6l B^\^ = 0. 

It is our purpose to confirm the correctness of these definitions from the 
viewpoint of the almost Kahlerian model of a Finsler space (see [9], ch.VII 
for details on this model). A different confirmation of these definitions is 
given in [8] using the principal Finsler bundle model due to M. Matsumoto. 
The giving of is equivalent to the decomposition 

(5.3) T„TM = HuTM © KTM, ueTM (Whitney' sum). 

Accordingly we have two projectors h and v and an almost product structure 
P such that if we put X = hX + vX for a vector field X on TM, then 

(5.5) P{hX) = hX, P{vX) = -vX. 

The set of Finsler connections is in a one-to-one correspondence with the 
set of linear connections on TM which verify 

(5.6) DxP = 0, DxF = for any vector field X on TM. 

By the very definition, a vector field B on TM is parallel with respect to D 
if 

(5.7) DxB = 0, 
and is concurrent if 

(5.8) DxB = -X, for any vector field X on TM. 

Let {6i, di) be the usual adapted basis for the decomposition (5.3). The above 
mentioned one-to-one correspondence is established by 

DsA = L]A D9A = "^lA 

forD^Fr(Ar) = (An,Lj„V;y. 

It is obvious that (5.7) is equivalent to 

(5.7) ' D,^B = 0, Dg^B = 0, 
and (5.8) is equivalent to 

(5.8) ' Ds,B = -5k, DqB = -dk. 
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Let now he B = B\x,y)Si + B\x,y)di. Then (5.7)' is equivalent by virtue 
of (5.9) with 

(5.7) " 5i, = 0, B\ = Q, B\, = 0, B^\, = 0. 

One may associate to B\x,y) at least the following three vector fields on 
TM : B'6i, B'di, B'6i + B'di and it is obvious by (5.7)" that B\x,y) is 
parallel in the sense of (5.1) if and only if at least one from these vector fields 
on TM is parallel with respect to D. Thus (5.1) is in agreement with the 
usual definition of parallelism. 

Let us make a similar analysis for concurrent Finsler vector fields. By 

(5.8) , B is concurrent on TM if and only if 

(5.10) B\, = -61 Bi = 0, % = 0, B^\^ = -SI 

I k 

Now we assume that D or Fr{N) is of Cartan type, that is, 

(5.11) i/ifc = 0, y% = Sl 

The tensors ?/|^ and y^\^ are called /i-defiection and f-defiection tensors, 

respectively. The equations (5.11) hold for all four remarkable connections 
in Finsler spaces. 

If moreover we assume that B^ is positively homogeneous of degree 1, 
a natural assumption in Finslerian setting, writing = —51 in the form 

dkB'' + VJ^B^ = —61 and contracting it by y'' it results using (5.11) that 

y^dkB^ = — y*. Thus by the Euler theorem, B^ = —y^ and then = 

reduces to yl^f^ = i.e. the first equation in (5.11). Concluding, if we associate 

to the Finsler vector field B'^{x,y) the vector field B = B'^{x,y)6i — y^di on 
TM, we find that {B^{x, y)) is concurrent in the sense of (5.2) if and only if B 
is concurrent by the new definition of concurrence on any manifold. In other 
words, the condition (5.2) is in agreement with the notion of concurrence for 
vector fields. 

6 The metric *g^j with B\x,y) a concurrent 
Finsler vector field 

In this section we are dealing with the GL-metric *gij given by (3.1) for 
B^{x, y) a concurrent Finsler vector field with respect to the Cartan connec- 
tion Cr of F" i.e. 

(6.1) B;^ = -Sp Bl = o. 

First we notice some results on concurrent Finsler vector fields due to M. 
Matsumoto and K. Eguchi [8J. 

If B\x,y) is concurrent we have with respect to CT : 
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(6.2) B,\j = -g^j, Bi\j = 0, 

(6.3) B^Rhijk = 0, B^Phijk + Cijk = 0, B^Shijk = 0, 

(6.4) B'Cijk = q,B, = 0, 

(6.5) B^ = B^{x) and Bi = Bi{x) i.e. B^ and Bi are functions on position 
only, 

(6.6) diBj = djBi = Ff^Bs - g^J, dkB' = -51 - Fi^BK 
In these circumstancies a direct calculation yields 

^k = T^B'iakBj + ajBk + a{B'as)BjBk - 2<jg,k) - \<y'BjBk 
Ajfc = *^B\akB, + + a(5V,)5,-5fc - ]<^'B,B^, where 

(6.7) ' Ok ■■= SkO, &k ■■= dkO, a' = g^'^Ok, = g'^'&k- 
Looking at (6.7) we see that the simplest case is given by 

(6.8) afc = 0, &k = 0. 

From (6.8) it results that cr is a constant c. And := *gijy''y^ takes the 
form 

(6.9) *F^ = F^ + P = Bi{x)y\ 

Thus, for c > 0, *F is a new Finsler function which is obtained from F by a 
particular /3-change. 

The case c = 1 is studied in [8]. 

Further on we have 

(6.10) *f;, = f;,- *aB^g,k, *q, = q,. 

Remark 6.1. The Cartan nonlinear connection of = {M*F) is 

given by Nj =N'j— a B^yj i.e. the difference tensor is A*- =cr B'^yj. Inserting 
it in (4.3)' we find = Therefore, in the geometry of we may 

c 

equally use A^* or 

By (6.10) we immediately get 

(6.11) *Sijkh = Sijkh- 
Again by (6.10) but after a long calculation one finds 

(6.12) *Rijkh = Rijkh + *o'{gikgjh — gihgjk)- 

This suggests us to take into consideration the case when is /i-isotropic i.e. 
there exists a constant K such that Rijkh = K^gi^gjh — gihgjk)- A contraction 
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of this last equation by 5* gives for 7^ 0, B^gj^ — B^Qj^ = in virtue of 
(6.3). A new contraction by B'^ yields B'^gjh = BjB^ which contradicts the 
condition rank [gij) = n > 1. Thus we have 

Theorem 6.1. // F" is h-isotropic, then it does not admit any con- 
current Finsler vector field. 

The proof of the following two theorems are the same as for c = 1 (see 
Theorems 14 and 15 in [8j). 

Theorem 6.2. //F" admits a concurrent Finsler vector field, then there 
is no a Finsler vector field which to be concurrent with respect to *F given 
by (6.9). 

Theorem 6.3. // F"' admits a concurrent Finsler vector field and is 
m-like, then = (M,* F) with *F from (6.5) is also R3-like. 

Now we consider a more complicated case 

(6.13) at = 0, 0. 

da <^ da 

Remark 6.2. The equation ak '■= 7r~r~ ^ kT{ — = is known as 

Tavakol-Van der Berg equation. A solution of it is for instance a = aF"^ for 
a G M. For more details see [12j . 
Now (6.10) is replaced by 

^^■^^^ = + *£B\akB, + &,Bk + a{B'a,)B,Bk) - \cr"B^Bk. 

The Remark 6.1 is still valid for this case. Precisely, if we ask for the vanishing 
of the /i-deflection of *FV{N), then *iVj =N )- a B% and so 'FT{N) 

c 

coincides with *Fr(A^). 
Now we notice 



*aB 



2 



(6.15) *C, = C, + ^a„ C,:=a 



■■jv 



(6.16) *Cjik = Cjik + -{akBiBj + ajBiBk — aiBjBk). 
A long calculation yields 

*Rjskh = Rjskh + *0'{gjkgsh — djhdsk )+ 

H Bs{dka ■ gjh - dna ■ gjk) + -BjBsRlf^&q. 

a I 

Let us assume that F" is a locally Minkowski space. Then Rj'kh = and 

c 

^jk\h = 0. In a local chart in which gij do not depend on x we have N'j = 

c 

and so dka =N^ap = i.e. a does not depend on x. 
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The equation (6.17) reduces to 

(6.18) *Rjskh = *0'{gjkgsh — gjhQsk)- 

It takes also the form 

(6 18)' *^jskh = *cr{*9jk*9sh — *9jh*9sk) + (^*(^{.BjBhsk + BgBkjh) for 

Bhsk '■= BhQsk — BkQsh. 

We notice that B^gk is never vanishing since otherwise a contraction by 
gives a contradiction with rank [gij) = n> 1. 

7 A Beil metric for a Finsler space with (a, /?)— 
metric 

Here we consider again the Beil metric described in Remark 3.5. Let be 
a Finsler space with an (a, /3)-metric. A natural Beil metric is then 

(7.1) *gij{x,y) = aij{x) + a{x,y)bi{x)bj{x). 

c 

Let Yjk be the Christoffel symbols for aij{x). Then iV* = Yjky^ =• 7jo ^^"^ 
the triple T = (7]o)7]fc)0) may be thought of as a Finsler connection. 
We have 

Theorem 7.1. Ifbi{x) is parallel and a is covariant constant with respect 
to r, then r is like Chern-Rund connection for {*9ij)- 

Proof. Let -k denote the /z.-covariant derivative with respect to F. Notice 
that f-covariant derivative is just the derivative with respect to y. Our 
hypothesis read 

(7.2) bi-k = 0, 6kO- = 0, 6k = dk- itods- 
Then we easily get 

*9r,jk = i5ka)bibj = 
*9ij,k = {dkcr)bibj = 2*Cikj- 

Thus F is /i-metrical and no metrical for *gij. Hence it is similar to the 
Chern-Rund connection from Finsler geometry. q.e.d. 

The Chern-Rund connection is a remarkable one in Finsler geometry 
([I])- Notice that its /i-deflection vanishes. 

From now on we assume bi-k = and 6k<J = 0. 
A direct calculation yields 

jk I jki 

^^'^^ *C% = *-^b\akb, + a^bk + cr{b''dn)b^bk) - h^bk- 
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The first equation in (7.4) is important in many respects. For instance using 

c 

it we find the /i-curvature of *Fr{N) in the form 

o 

(7.5) *Rhjh — lhjh+ Aft \Rjk, 

where jhjh is the curvature tensor of aij{x) and i?*^ = 7o*jfc. Here, as before, 

the index indicates the contraction by y. Consequently, (7.5) takes the 
form 

(7.6) *Rh',k = {SlSl+A\sy''-hr'jk. 

From Ricci identities we find ^i^jkhg — and from (7.5) we deduce 

(7.7) *Rhi3k = Ihijk + ■^bfibijo'^jkas. 

As for Ricci curvatures one finds 

(7.8) *Rij = uj, 

where is the Ricci curvature for {aij{x)). From here it results 

(7.9) *R = r, 

where *R and r are the scalar curvatures for {*gij) and {aij{x)), respectively. 

So, the /i-Einstein tensor field of *gij i.e. *Eij —* R^j — -*R*gij is related 
to the Einstein tensor Eij of aij{x) by 

(7.10) *E,, = E,, + ^hbj. 

Consequently, the /i-Einstein equation for GL i.e. *Eij — K*Tij with k e R 
reduces to 



(7.11) Tij — -an = nr., 

where 



or 

(7.12) Tij = *Tij - ^bibj. 

The equation (7.11) is the Einstein equation for {M,aij{x)) but with the 
energy-momentum tensor infiuenced by a field described by 6j. In the the 
unified theory of R.G. Beil the term bibj in (7.12) is a "matter term" which 
could be the energy density of the self-field of a charged object. 



158 



References 

[1 

[2 



[3] 

[4] 

[5] 
[6] 

[7 



[9 



Anastasiei, M., A historical remark on the connections of Chern and 
Rund. Contemporary Mathematics, vol.196, 1996, 171-176. 



Aringazin, A.K., Asanov, G.S., Problems of Finslerian theory of gauge 
fields and gravitation. Reports on Mathematical Physics 25(1988), 183- 
241. 

Aubin, T., Metriques riemanniennes et courbure. J. Differential Geome- 
try, 4(1970), 383-424. 

Beil, R.G., Comparison of unified field theories. Tensor N.S., 56(1995), 
175-183. 

Ikeda, S., Advanced Studies in Applied Geometry. Seizansha, 1995, Japan. 

Izumi, H., On the geometry of generalized metric spaces. I. Connections 
and identities. Publ. Math. Debrecen 39/1-2(1991), 113-134. 

Matsumoto, M., Foundations of Finsler Geometry and Special Finsler 
Spaces, Kaiseisha Press, Saikawa, Otsu, Japan, 1986. 

Matsumoto, M., Eguchi, K., Finsler spaces admitting a concurrent vector 
field, Tensor, N.S. Vol. 28(1974), 239-249. 

Miron, M., Anastasiei, M., The Geometry of Lagrange Spaces: Theory 
and Applications. Kluwer, FTPH 59, 1994. 



[10] Shibata, C., On invariant tensors of (5 -changes of Finsler metrics, J. 
Math. Kyoto Univ. 24-1(1984), 163-188. 

[11] Shimada, H., Cartan-like connections of special generalized Finsler 
spaces. Differential Geometry and Its Applications. World Scientific, Sin- 
gapore, 1990, 270-275. 

[12] Tavakol, R.K., Van der Bergh, N., Viability criteria for the theories of 
gravity and Finsler spaces. Gen. Rel. Grav. 18(1986), 849-859. 

[13] Misncr,Ch.W.,Thorne, K.S., Whcclcr, A. J., Gravitation. W.H. Freeman 

abd Company, San Francisco, 1980 

[14] Udriste C, Completeness of Finsler manifolds. Publ. Math. Debrecen, 
42/ 1-2(1993), 45-50. 

University "Al.I.Cuza" Ia§i 
Faculty of mathematics 
6600, Ia§i, Romania 

Hokkaido Tokai University 

Minami-ku, Minami-sawa 
5-1, Sapporo 005, Japan 



159 



Libcrtas Math. 
19, 71-76, 1999 



LOCALLY CONFORMAL 

KAHLER STRUCTURES ON TANGENT 
MANIFOLD OF A SPACE FORM 

by Mihai ANASTASIEI 

Abstract 

A set of locally conformal Kahler structures on tangent manifold 
TM of a space form M is pointed out. This is found in a study of a 
type of Sasaki metric whose second term is a special deformation of 
the first one. Introducing an adequate almost complex structure we 
find at first a large class of locally conformal almost Kahler structures 
on TM for M a (pseudo)- Riemannian manifold. When M is a space 
form, a subset of it is made of locally conformal Kahler structures. 
One of them was found by R. Miron in [3]. 

1 Introduction 

Let (M, g) be a (pseudo)-Riemannian manifold and V its Levi-Civita con- 

d 

nection. In a local chart {U, (x*)) we set gij = g{di,dj), where di : ^— and 

we denote by Yjki^) the Christoffel symbols giving V. Let {x\ y^) = {x, y) be 

the local coordinates on the manifold TM projected on M by r. The indices 
i,j, k... will run from 1 to n = dimM. 

The functions Nj[x, y) := 'yjki^)y^ the local coefficients of a nonlinear 

d 

connection, that is the local vector fields 5i = di — NNx, y) dk, where dk'- ttt 

oy'^ 

span a distribution on TM called horizontal which is supplementary to the 
vertical distribution u — )■ VyTM = ker r^,u,-u G TM. Let us denote by 

u — 7- HyTM the horizontal distribution and let di) be the basis adapted 
to the decomposition T^TM = H^TM © KTM, u e TM. The basis dual of 
it is (dx\ 6y'^) with = dy'^ + N^x, y)dx^. 
The Sasaki metric on TM is as follows 

(1.1) Gs = gij{x)dx' (g) dx^ + gij{x)6y^ ® 6y^ . 

If in the second term of Gs one replaces gij{x) with the components 
hij{x,y) of a generalized Lagrange metric (see Ch. X in [4]) one gets a type 
of Sasaki metric 

(1.2) G{x, y) = gij{x)dx' dx^ + hij{x, y)Sy' Sy^. 
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In particular, hij{x, y) could be a deformation of gij{x), a case studied by 
the present author and H. Shimada in [1]. 

In this paper we are concerning with the metrical structure (1.2) in the 
case when hij{x,y) is the following special deformation of gij{x) 

(1.3) hij{x, y) ^ a{L'^)gij{x) + b{L'^)yiyj, 

where = gij{x)y^y^ ,yi — gij{x)y^ and a,b : Im(L^) C — > 1R+ with 
a > 0,6 > 0. 

For 6 = and a = — for any constant c, the metrical structure (1.2), 

Ij 

(1.3) was studied by R. Miron in [3] as an homogeneous lift of gij{x) to TM. 

In the following Section we introduce an almost complex structure which 
paired with G given by (1.2), (1.3) provides a large set of almost Hermitian 
structures on TM. Then, in Section 3 we show that all these structures are 
locally conformal almost Kahler structures. Finally, we find in Section 4 that, 
when (M, g) is of constant curvature, a part of them are locally conformal 
Kahler structures. 

2 Some almost Hermitian structures on TM 

Let Fs be the almost complex structure on TM given in the adapted basis 
{6i, di) by 

(2.1) Fs{5i)^-di,Fs{di)^5i. 

It is well known that the pair (G5, Fs) is an almost Kahler structure on 
TM, that is Gs{FsX, FsY) = Gs{X, Y) and the 2-form 

n{X,Y) = Gs{Fs{X),Y) is closed, X,Y e x(M). 

The pair {G,Fs) with G given by (1.2), (1.3) is no longer an almost 
Hermitian structure. We look for a new almost complex structure which 
paired with G to provide an almost Hermitian structure. We modify Fs to 

a linear map F given in the basis {5i,di) as follows 

(2.2) F{5,) = {aSl + /3y,y') d,, F{dj) = (7^? + 5%-2/')5/», 

where a, 13, 7, S are functions on TM to be determined. The condition F^ — 
—I (identity) leads to 

(2.3) a-f^-l,a5 + l3-f + /35L'^^0. 
Then the condition G{F{X),F{Y)) = G{X,Y) gives 

(2.4) aa^ = 1, 7^ = a, 2-f5 + = 6, {2a^ + /^^L^) (a + hL^) + fea^ = 
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The solution of the system of equations (2.3), (2.4) is 



We notice that for 6 = 0, besides the solution provided by (2.5), that is 

, . 1 ^ ^ 2 ^ 2Ja 

(2.6) q; = — ,7 = Va,P = 7T^><^ = TT^ 

there exists also the solution 

(2.7) « = — 7^ ^^^^0,5 = 0. 

^/a 

}? - 

Let us make the substitution a — \ — , h — > — — . Then (2.5) and 
(2.6) are unified to 

L ^ a + b a ^ a + b , 

2.8 a = — ,/3 = ——,7 = j:S = — ,6 > a > 

a abL L L"^ 

and (2.7) modifies to 

(2.9) « = --,7 = ^,/3 = (5 = 0. 



The metric G takes the form 
(2.10) 

Ga,b{x, y) = gij{x)dx' (^dx^ + I ji^Qijix) H j^ViVj j (g) V, 

6 > a > 0. 

Let Fa.fe be the almost complex structures given by (2.2), (2.8) and 
those given by (2.2), (2.9). Then the pairs {Ga,b,Fa,b) and {Ga,a,Fa) are 
almost Hermitian structures on TM. 

For = — ,6 = L^, the metric Ga,b{x,y) is the Cheeger-GromoU 

metric, [5], [6] 

(2.11) Gcaix, y) = gij{x)dx' ® dx^ + ^^^^ {gij{x) + yiyj)5y' 5y^. 

If = (^'L2, 62 = i:2^^/ ^ 2(^"L2) for (/? : R+ — ^ R+ with ^'{t) ^ 0,t e 
Im(L2), one obtains the Antonelli - Hrimiuc metrical structure, [2] 

(2.12) Gah{x, y) = gij{x)dx' ® dx^ + {^p'gij{x) + 2ip"yiyj)Sy' ® Sy^. 
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3 Locally conformal almost Kahler structures 
on TM 

Let fl{X,Y) = Ga,b{Fa,bX,Y),X,Y e x{TM) be the 2-form associated to 
the almost Hermitian structure [Ga^h^Fafi)- 

Theorem 3.1 The almost Hermitian structures {Ga,b, Fa^b) <if^ locally con- 
formal almost Kdhlerian structures, that is 

(3.1) d^^nAe,e^ ^"^/^ dL. 

aL 

Proof. We shall check (3.1) on the basis {5i,di). If we rewrite (2.2) in the 
form 

(3.2) F{5i)^Aldk,F{d,)^B^5n, 
we easily get 

(3.3) Q(5,, 5^) = 0, Q(5,, 9,) = A\hk^, n{dj, 5i) = B^gki, n (9,,^-,) = 0, 

with A^hkj + B^gki = 0. 

Thus O, is completely determined by 

(3.4) Clij := B^gki = 'ygij + dinyj; n = ^ijdy' A dx^ . 

Next we have the following essential components of dO,: 
dQ,{5i, 5j, dk) = SjVLik - lip's] - Sifljk - ikPsi, 
dfl{Si,dj,dk) =dj Qik— dk ^ij- 

Now we consider the Berwald connection {Nj = Ykji^)y'^i 7fcj(^)'0) '^^ 
TM (see Ch.8 in [4]) and denote by \k its /i— covariant derivative. Thus 
because of 9,jk\i = ^i^jk-ljPsk-lkPjs, we have dQ{5i, 5j ; dk) = flki\j-flkj\i- 

The following formulae are verified by a direct calculation. 

(3.5) gij\k = 0, yjf^ = 0, y^k = 0, = 0, 5ki){L^) = 0, 

4 Vi = 9ik, dk F^ = 2yk, dk ip{L'^) = 2ykip'{L'^), 
for any ■?/' : Im(L^) C R_^_ — y R_^_. 

Using (3.5) it immediately results Qkj\i = and so dfl{6i,6j,dk) = 0. 

Consequently, dfl is completely determined by dfl{Si,dj,dk) —{dj j)gik — {dk 

l)9jk + {djS)ykyi - {dk 5)yjyi + 5{gijyk - gikVj)- 

Inserting here dj 7, stackrel.djS with 7, 5 from (2.8) one arrives to 

■ • 2a' + b 

(3.6) dn{Si, dj,dk) = (27' - 5){gikyj - gijyk) = — {QikUj - gaVk)- 
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Let be Oq = dL'^ = 2yi5y\ Thus 9o{Si) = and 6*0 (dj) = 2yj. Evaluating 
Q AOq on the basis (5,, di) one finds the essential component 

(3.7) Q A 6^0(51, dj, dk) = 2{Qikyj - flijyk) = '^{gikyj - gijyk)- 

2a' _l_ f) 

Comparing (3.6) with (3.7) one obtains dfl = — — ^2 A Oq which is just 

2aL^ 

(3.1). 

Obviously 6 is globally defined. Moreover, 6 is closed. This fact can be 
directly verified using (3.5) or by differentiating (3.1). 

Looking at (3.6) we notice that contracting gikyj — gijyk = with g'^'' one 
gets (n — l)yj = which is a contradiction. Thus we have 

Theorem 3.2 The almost Hermitian structures {Ga,b, Fa,b) ci'f^ almost Kdhler 
structures if and only if 

(3.8) 2a' L'^ + 6 = 0, 
holds good. 

We put t = L"^ and think (3.8) as a first order differential equation: 
2ta'{t) + h{t) = 0. Its general solutions is a{t) ~ 2 J ^ constant 

c. Thus for various functions b we find a set of pairs (a, b) for which (3.8) 
holds. Choosing among these pairs those which verify 6 > a > we find a 
set of almost Kahler structures on TM. For instance, if we take b{t) — 2t it 

results a(t) — c — t and 6 > a > holds if - < L'^{x, y) < c, for c > 0. When 

3 

a — b, the equation (3.8) has the general solution a{t) — —=. It follows 

\Jt 

Corollary 3.1 The almost Hermitian structures {Ga,a, Fa,a) o-re almost Kdhler 
structures if and only if a{L'^) — c > 0. 



The almost Hermitian structures (Ga,o, Fa) have to be separately consid- 
ered. Repeating for them the proof of Theorem 3.1 one obtains 

Theorem 3.3 The almost Hermitian structures {Ga,a, Fa) are locally con- 
formal almost Kdhler structures, that is 

(3.9) dn = nAe,e = ^"'^~" dL. 

aL 

The following corresponds to Theorem 3.2 

Theorem 3.4 The almost Hermitian structures {Ga,a, Fa) are almost Kdhler 
structures if and only if a = c\/L^, c > 0. 

Proof. The almost Kahler condition is now 2a' — a — 0. Integrating the 
equation 2a't — a = one gets a = c\/i. 

Remark. For a — cVT^, c > 0, Ga,a is very close to Gs which is obtained for 
c—1. 
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4 Locally conformal Kahler structures on TM 

In order to find conditions that {Ga,b, Fa^h) be a locally conformal Kahler 
structure we have to put zero for the Nijenhuis tensor field of F :— 

(4.1) Np = [FX, F] - F[FX, Y] - F[X, FY] - [X, Y],X,Y e x{TM). 

As the evaluation of Np on the basis ((5j, di) is in general very complicated 
we confine ourselves to the structures {Ga,a, Fa). In this case, the conditions 

(4.2) Nf{6„ 6j) = 0, Nf{6„ dj) = 0, Np {d„dk) = 0, 

are equivalent with six equations. Three of them are identities because of 
6ia = 5i7 = and the other three are each one equivalent with 

(4.3) 4 = ^^^(rf-^^'^?)' 

(Jj 

where R^j = Rg^j{x)y^ and R^^j is the curvature tensor of V. 
By a contraction with Qrk the Eq. (4.3) reduces to 

(4.4) Rsrij{x)y^ = ——^ — -{gjsgri - gisgrj)y'- 

a 

The Eq. (4.4) remember us the condition that {M,g) is of constant 
curvature (space form). It suggests us to look for functions a such that 
2a' L'^ - a „ 

5 = k, where A; is a constant. For t — L^, solving the Bernoulli 

a"* 

1 k I I? 

equation a' = 7^^"! oii® S^ts a{L'^) — \ — ^ for c — kL'^ > 0, where 

Qit Qit V c — kL 

c is a constant of integration. For these functions a, the Eq. (4.4) becomes 

(4.5) Rsrij{x)y^ = -k{gjsgri - gisgrj)y\ 

which says that (M, g) is of constant curvature —k. Thus we have proved 
Theorem 4.1 // the (pseudo)-Riemannian manifold {M,g) is of constant 

I — ^ — 

curvature k E R, for aiF^) = \ ; — ^ with c a constant such that c+kL"^ > 

^ ^ V c + kL^ 

0, the structures {Ga,a, Fa) are locally conformal Kahler structures on TM. 
The explicit form of these structures is as follows: 

(4.6) Ga,a{x, y) = gij{x)dx' (g) dx^ + ^^^^^2 i9ij{x))6y' ® 6y^ . 

(4.7) Fa{Si) = -^/^+kl^ di, Fa{di) = -=2==5i, 

V C ~t~ /t-L/ 

The 1-form 9 is 

kT 
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Corollciry 4.1 For a{L'^) = CQ\fl? , with cq a strict positive constant, the 
pairs {Ga,a, Fa) are Kdhler structures on TM if and only if {M, g) is flat. 

1 

Proof. If (M, g) is flat, by the Theorem 4.1 for a{L'^) = cqv L^, cq = — ;=, the 

VC 

pair {Ga,a, Fa) is a locally conformal Kahler structure and by the Theorem 
3.4 this is almost Kahler. Thus (Ga,a, Fa) is a Kahler structure on TM. 
Conversely, if the pair {Ga,a, Fa) with a(L^) = CqVi^ is a Kahler structure, 
the Eq. (4.3) gives Rfj — 0, equivalently Rsrij{x) — 0, that is {M,g) is flat. 

Looking at (4.6) and (4.7) we see that the structures {Ga,a,Fa) from 
Corollary 4.1 are very close to {Gs, Fs) which is obtained for c = 1. Thus the 
Corollary 4.1 covers a well-known result: {Gs, Fs) is a Kahlerian structure if 
and only if (M, g) is flat. 

Finally, we notice that for c = and k — > in (4.6) and (4.7) one 

rv 

obtains the locally conformal Kahler structure found by R. Miron in [3] . 
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DEFORMATIONS OF FINSLER METRICS 

by Mihai ANASTASIEI and Hideo SHIMADA 

Abstract 

Let -F"" = {M,F{x,y)) be a Finsler space and gij{x,y) its Finsler 
metric. We consider a deformation of gij{x, y) of the form 

(1.1) *gij{x,y) = a{x,y)gij{x,y) + b{x,y)Bi{x,y)Bj{x,y), 

with two Finsler scalars a > 0, 6 > and Bi{x,y) a Finsler co- vector. 
It fohows that *gij is a generalized Lagrange metric in Miron' sense, 
briefly a GL-metric, see the monograph by R. Miron and M. Anas- 
tasiei [8]. The metric *gij unifies the Antonelli metrics, the Miron- 
Tavakol metrics, the Synge metrics (all treated in [8j) as well as the 
Antonelli-Hrimiuc (/>-Lagrange metrics, f2], the Beil metrics, j^, and 
the vertical part of the Cheeger-Gromoll metric, jlOj . We prove some 
general results on the geometry of the GL- space (M,* gij{x, y). Next, 
the Levi-Civita connection and the curvature of a Riemannian metric 
on the tangent manifold TM, induced by gij and *gij are determined. 
These are used for the study of a Riemannian submersion involving 
the Cheeger-Gromoll metric. 

1 Deformations of Finsler metrics 

Let = (M, F) be a Finsler space with a smooth i.e. C°° manifold M and 
F : TM — )■ R, {x,y) F{x,y). Here x = (x*) are coordinates on M and 
{x,y) = are coordinates on the tangent manifold TM projected on 

M by r. The indices i,j, k, ... will run from 1 to = dimM and the Einstein 
convention on summation is implied. The geometrical objects on TM whose 
local components change like on M i.e. ignoring their dependence on y, will 
be called Finsler objects as in [7] or d-objects as in [H]. 
d ■ d 

We set di := 7—, di := — — and notice that the vertical subspace of 

ax* ay* 

TuTM i.e. VuTM = Ker {Dt)^, u G TM, where Dt means the differential 
of r, is spanned by {di). The ci-objects can be expressed using {di). 

The Finsler metric gij{x,y) = -didjF^ will be assumed positive definite. 

We have F'^{x,y) = gij{x,y)y'^y^ and will be called the absolute energy 
of F". Assume that F" is endowed with a c?— vector field or a Finsler vector 
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field B = B^{x,y)di and let Bi{x,y)dx'^ the Finsler 1-form with Bi = QikB^. 
Set B^ = BiB'^ and consider the following deformation of gij{x, y): 

(1.1) *9ijix, y) = a{x, y)gij{x, y) + h{x, y)Bi{x, y)Bj{x, y), 

with two Finsler scalars a > 0, 6 > 0. The metric *gij is no longer a Finsler 
metric but it is a positive definite generalized Lagrange metric in Miron'sense, 
briefly a GL-metric, see Ch. X in [S]. It is easy to check that *g^'^ = 

—g^^ — cB^B^ is the inverse of *gij for c = — ttttt- 

a a[a + oB^) 

Various particular forms of *gij{x,y) were previously considered by some 

authors. The conformal case i.e. b = 0, a = exp{2a{x,y)) was studied 

and applied by R. Miron and R.K. Tavakol in General Relativity. The case 

a = 1 and B^ = yi provides, for a convenient form of b{x,y), a metric 

which generalizes the Synge metric from Relativistic Optics. This case was 

studied by R. Miron and T. Kawaguchi. For b = 0, a = exp{2a{x)) and 

gij{x,y) = gijiy) one gets the Antonelli metric which was used in Ecology. 

For the results on all these metrics we refer to the chapters XI and Xll in 

^ and the references therein. The case a = b = 1 and Bi{x,y) = Bi{x) = 

df 

—-, / : M — )■ R was considered by C. Udri§te in [Til for studying the 
ox^ 

completeness of a Finsler manifold. The Riemannian version of this case i.e. 
gij{x,y) = gij{x) was intensively used by Th. Aubin in [3]. The case a = 1 
and gij{x,y) = gij{x) with various choices of b and Bi was introduced and 
studied by R. G. Beil for constructing a new unified field theory, 0. 

One says that *gij is reducible to a Lagrange metric, shortly ariL-metric 

if there exists a Lagrangian L : TM — > M such that *gij = -didjL. A 
necessary and sufficient condition for *gij be reducible to an L-metric is the 

symmetry in all indices of the Cartan tensor field *Cijk = -^dk*gij i-e. 

(1-2) dkgij = d*gkj. 

Using (1.1) this condition becomes 

o-kgij — o,jgik + bkBiBj — bjBiBk + b^d^Bi ■ Bj — diB^ ■ Bj + 
+Bi ■ dkBj - Bk ■ diBj) = 0, := 4a, h := dkb. 



;i.3) 



Now we suppose that a{x,y) = a{F^) and b{x,y) = b{F^) assuming that 
the ranges of the real functions a and b from the right hand are included 

in Im{F'^). It results dia = 2a'{F'^)yi because of d^F"^ = 2?/j. Similarly, 
dib = 2b'{F'^)yi. We take Bi = yi. For the GL-metric (1.1) subjected to the 
above conditions, (1.3) reduces to 

(1-4) (2a - b'){gijyk - gikyj) = 0. 

Now if the equation gijyk—gikUj = is multiplied by g''^ one gets {n — l)yk = 
which is a contradiction for n > 1. Thus we have 
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Theorem 1.1. The GL-metric (1-1) with Bi = yi, a{x,y) = a{F'^), 
b{x,y) = h{F'^) is an L-metric if and only if 2a = h' . 

As always we may take a = 0', it comes out that the metric from Theorem 
1.1 is essentially the 0-Lagrange metric of Antonelli- Hrimiuc, [2], i.e. 

(1.5) *9ijix.y) = agij{x, y) + 2a'yiyj 

The Cheeger-GromoU metric is a Riemannian metric on TM of the form 

(1.6) GcG = Qijdx' (g) dx^ + ^ {9ij{x) + yiyj)Sy' 6y^, 

for 6y^ = dy^ + Yjky''dx'^ , where 7*^ are the ChristofFel symbols of gij{x). This 
suggests considering the following GL-metric of type (1.1) which generalizes 
the "vertical part" in (1.6): 

(1-7) *9ij = Y^j;^{gij{x) + yiyj), 

which we call a CGL-metric. 

Corolary 1.1. The CGL-metric (1.7) is never reducible to a L-metric 
nor to a Finsler metric. 



2 Metrical connection of the GL— space 

(M, *g^j{x,y)) 

The geometry of *gij{x,y) is naturally connected with the geometry of F". 
It is our purpose to express the geometrical objects associated to *gij{x,y) 
using similar ones for F". If 7*fc(x, y) are the generalized Christoffel symbols 

o . 1 . . 

for gij{x,y) and we put 7qq := "fj^y^y'', then N ^- = -dj^oo are the local 
coefficients of the Cartan nonlinear connection. The Cartan connection for 
is CT = (iV;., F^i^, CjJ, where 

Fjk = \9'^i.^j9hk + Sk9jh - Shgjk), 

(2-1) . 1 . . 

C}k = i^9'^0i9hk + dk9jh - dhgjk), 

for 6j = dj- N]dk. 

This connection is /i-metrical, i.e. g o = Q and f-metrical, i.e. g o = Q. 

^■^ ij |fc 

o 

o I 

Here | k and k denote the h- and f-covariant derivatives with respect to CT. 
Moreover, two torsions of it vanish. We may consider a similar connection 
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for *gij{x,y). Indeed, let *Cr = {N 'j,*F^f,,*Cji^) be the d-connection given 

by 



(2.2) 



1 



2 



This d-connection is /i-metrical i.e. *g * — and v-metrical i.e. *g' * = 
and the torsions *T]^ := - *Fl^ = 0, *S'ifc := *Cjf^ - *Clj = 0. Moreover, 

o 

when N'j{x, y) is fixed, *CV is the unique d-connection witli these properties. 
It will be called the canonical metrical connection of *gij{x,y). Using (1.1) 
in (2.2), after some calculation one gets 

Proposition 2.1. The metrical connection *CV is given by 

1, 

+5k{bBjBh) - SkibBjBk)] - acB'B'^Fjhk 

,^ Mk = 7;*9'^[ajghk + agjh - augjk + dj{bBkBh)+ 

(2.5) 2 

+dkibBjBh) - dh{bB^Bk)] - acB'^B^duk 

with the notations 

dk = ^kd, Ofc = dktt, Fjhk = -^{^j9hk + ^k9jh — Sh9jk), 

(2-6) I . 

Cjhk — -j{dj9kh + dkgjh — dh9jk)- 

Proposition 2.2. The torsions of *CV are as follows: 

o o 

(2 7) *"^^*^ ^ *^'^'' ^ ^'^^ ~ ^ ^ 

*P}k = P}k- %k ^here P;, = dkN^ - F;, and *C]^ from (2.3). 

Proposition 2.3. The curvatures of*CV are as follows: 
(2.8) *S,\n = SikH + A/fe. + (q^A:, + - k/h), 

(2.8)' A/kh = 4A}, + A^^,A:, - k/h, 
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where —k/h means the subtraction of the preceding terms with k replaced by 
h. 



(2.9) *R/,, = R/,, + + (i7,$:, + $^^,F;, - k/h) + A},i?^„ 

(2.9) ' ^j\h = Sh^], + - k/h, 

(2.10) *P/,,^Pj\, + ¥ -Ai +^,P^, + Ct,^i^ + ^%K^-^i,A%. 



jk\h 



jh\k 



3 On a Riemannian metric on TM 

Let TM be the tangent manifold to M endowed with the fundamental Finsler 
function F and the Finsler metric gij{x,y). Consider the Cartan nonlinear 

connection {N'^{x,y)) and then {Si = di— N'^da, da) is a local frame on TM 
adapted to the decomposition of TuTM into a direct sum of vertical and 
horizontal subspaces. From now on we shall use two types of indices: a, b, c, ... 
will indicate vertical components and i.j.k,... will indicate horizontal ones. 

All have the same range {1,2, ...,n}. Let be hab{x,y) = 6l6l*gij{x,y), where 
51 is the Kronecker symbol, and 

(3.1) G{x, y) = gij{x, y)dx' ® dx^ + hab{x, y)Sy'' ® 6y\ 

where Sy"' = dy"" + N^{x, y)dx'^. 

Then [TM,G{x,y)) is an oriented Riemannian manifold. The horizontal 
and vertical distributions are mutually orthogonal with respect to G. It 
is our purpose to study the Riemannian metric G. First, we compute the 

coefficients of the Levi-Civita connection D of G in the frame {Si, da). We 
set 

.3 2) Dsj, = f;,s, + A';,da, D,^s, = q,s, + E^.da, 

DsA = Llda + Dl,S„ D^d, = C-^da + B^J, 

Let T be the torsion of D i.e. T{X,Y) = DxY - DyX - [X,Y] for X,Y 
vector fields on TM. The condition D is torsion-free is equivalent to 

(3.3) T{Si, Sj) = T{Si, da) = T{da, db) = 0. 
Using the following equations 

(3.4) [S„ Sj] = Rtfia, [5j, 4] = {dbN'^)da, [da, 4] = 

where Rlj = SjN^ — SiNj, one finds that (3.3) is equivalent to 

pfe _ jpk A a _ Aa — _ f?<i 
ij jii ij ji ij 

(3-5) D'^i-Ct, Ll^daN^ + El 

Ill 



(3.7) 



The condition that D is metrical, that is, XG{X, Y) = G{DxY, Z)+G{Y, DxZ), 
written in the frame da) gives 

Pji9hk + FkiQhj = Sigjk, Cj^Qik + Cl^Qij = daQjk, 
(3.6) A^Aa + Digk, = 0, E^^hct + B^gkj = 0, 

-^ai^cb + LU%ca = ^ihab, C*^a^ec + Ccaheb = dahbc- 

The systems (3.5) and (3.6) have the unique solution 

Ft, = Ig'^S^g,, + 6,g,, - 6,g.,), A% = ^{-R], - h^%g,k), 

C}b = 29'^{dbgjh + hcRlj) = Dlj, 

Fib = i^h^-^hbcwu = dbN^ + -h^'^'kbcWi, 

Bib = -\9^'Kb\\j. CI = hi^\dbhdc + dMd - ddhc). 
Here hbc\\i denotes the /i-covariant derivative of hbc with respect to the Ber- 

o 

wald connection BT = {N^, dbN^, 0). Now we shall compute the components 
of the curvature of D in the same frame. To this aim we shall consider an 
intermediate linear connection V on TM: 

Vs,Sk = F;,6,, V^^5, = Dl^5, 

This connection is metrical with respect to G i.e. V xG = 0, it preserves the 
horizontal and vertical distributions and it has three non- vanishing torsions: 

R'jk^Flj, P!^^ = -h'"'hbc\\j. 

The curvature of V has six components in the form (see p. 48 of [8]): 



(3.9) 



Rh'jk 


= 5^Fl^ 


+ Fi:;Fi^k-3lk + Dl^Rl 


R^k 


= hit, 


+ Lt,L-k-j/k + C^,R^k, 


Pj ka 


= daFj^ 


^aj\k + ^bj^ka^ 


J^b kc 


= 


^bc\k ^bd^kc^ 


Sj^bc - 




+ D'i^Dl^ - h/c, 


Sb°'cd 


= ddC^c 


+ QcQd - c/d. 



Here and in the following \k and |a will denote h- and f-covariant derivatives 
with respect to V. 

Remark 3.1. Sb°'cd is nothing but *Sj\h- And the other tensors in (3.9) 
can be expressed with R/kh, P/kh, S/kh or with their ^-counterparts. For 

instance, Rh'jk = Rh'jk + -g^'hacRlhR^- 
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Let K be the curvature tensor field of tlie Levi-Civita connection D. 
We sliall denote its components by tlie same letter K indexed with two 
types of indices with the understanding that different indices means different 
components. There will be twelve components of K. After calculation one 
finds 



(3.13) 



(3 10) ~ ^ ^<'d^^f> ~ ^db^ic^ ^dcb - -B^^l^ - -B^^i^, 

1 . . 
^abdc — Sabdc + l^iBlJlbcWi — ^lc^bd\\i, 



(^■"'""'") K ■'i' , — Q -i , -i^ pd _ rpd Tji a ^ _ zpa _ Tpa 

J^j cb — iJj cb + ^jc^db ^jb^dci ^3 cb — -l^ . L .J ) 

jc\b jb\c 



(3.12) = Pc'^jb - B^,Al. + D%El,, 

cj\b 



J\c jb — I ^jb^dc + ^bj^ck^ 



K{db, 5k)5j := Kj^-kbda + K/kbSi, 

Kj%b = - + D^kA'^H + PkbE%, 

Kj\b = Pj'kb + A^j^B^f^ - E^f^Dlf., 

Kjakb = A^.j^^^ - Eajb\k + AajhDbk + ^ajcPkb^ 



K{5j, Sk)db := Kb^kjda + Kb\j5i, 
(3.14) Kb\^ = uKj + D^Al^ - D^^Al,, 

TV' i 7~)i 7~)i DC Tji 

J\b kj — ^bk\i ^bj\k ^jk-^bc^ 



(3.15) 



Now easily follows 



Kh\j = Rh^j + Ai,Dl. - Ai-Dl,, 

J^h kj — ^hk\j "^hjlk + ^kj^hc^ 
Khikj — Phikj + P^ibj-^hk ~ P^ibk-^hj- 
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Proposition 3.1. The sectional curvatures of D are as follows: 

Kab = [Sabab + lj^{Baahbb\\i — Bl^b^abWi)]/ {haahbb — hl^) , 

(3.16) K,, = - + + E,,,Pp/g,,g,, 

Kji = (Rjiji + DiuA% - DibjA'^^)/{giigj, - g^). 
In the following we assume that reduces to a Riemannian space i.e. 

o 

gij{x,y) = gij{x). The Cartan nonlinear connection reduces to N^j{x,y) = 
1jki^)y^y where {Yjki^)) the Christoffel symbols of the metric g = {gij{x)). 
We consider the corresponding Riemannian metric G given by (3.1) and we 
have 

Proposition 3.2. The mapping r : {TM,G) — )■ {M,g) is a Riemannian 
submersion. 

Indeed, r is of maximal rank n and its differential Dt preserves the lengths 
of horizontal vectors as it follows from G{6i, 6j) = gij{x). 

Let h and v denote the projections of TuTM onto the subspaces of hori- 
zontal and vertical vectors, respectively. Following B. O'Neil, E], the funda- 
mental tensor fields of the Riemannian submersion r are as follows: 

(3.17) 5(X, Y) = HD^xY + vD^xhY, 

(3.18) N{X, Y) = vDhxhY + hDhxvY, X,Y e X{TM). 

In the frame (5j, 9a) we have 
(3.19), S{6i, 6,) = 0, 5(5„ da) = 0, S{da, 6i) = EfJ,, 5(4, 4) = Bi,S,. 



(3.20) . N{6„ 6,) = -Rl^da, N{6i, 4) = ^^5,, iV(4, S,) = 0, iV(4, 4) = 

By (3.19) and (3.7) it follows 

Proposition 3.3. The Riemannian submersion t : {TM, G) — )■ (M, g) 
is totally geodesies, i.e. S = if and only if 

(3.21) *gij\\k = 0, 

where \\k denotes the h-covariant derivative with respect to the Berwald con- 
nection (7]^,(a;)?/^7];,(a;),0). 

Proposition 3.4. The tensor field N vanishes if and only if the Rieman- 
nian metric g is fiat. 

4 Deformations of Riemannian metrics 

The geometrical objects associated to *gij{x,y) are generally complicated. 
Some simplifications appear for particular choices of a, b and Bi. We studied 
in a previous paper, [1], the case a = 1 and a concurrent d- vector field 
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B^{x,y) while M. Kitayama studied the case a = 1 and a parallel d-vector 
field B\x,y), [6]. Here we selected for a detailed analysis the following 
deformation of a Riemannian metric g = {gij{x)): 

(4.1) *9^J{x,y) = a{F^)g,,{x) + b{F^)y,y„ 

where F'^{x,y) = gij{x)yY,yi = 9ijix)y^- 

Accordingly, we consider the Riemannian submersion r : {TM, G) — >■ 
{M,g), where 

(4.2) G{x, y) = g,j{x, y)dx' ® dx^ + {a{F^)gij{x) + b{F^)yiyj)Sy'' ® Sy', 

The GL-metric (4.1) contains as a particular case the 0-Lagrange metric 
associated to a Riemannian space while G generalizes the Cheeger-GromoU 
metric studied by Sekizawa [10]. The Cartan connection for {M, gij(x)) re- 

o 

duces to GT = {l]k{'x)y-' ,l]ki^)- The f-covariant derivative | k coincides 
with the partial derivative with respect to {y^). The /i-covariant derivative 

o 

k reduces to the usual covariant derivative for the objects which do not 
depend on (y*) and coincides with ||A: for the others. 
We notice for the later use the following formulae 

(4.3) 6kF^ = Q,yi = 0, y o = 0, yl = 6^ y o = g,k{x) 

Ik ^l'^ i. ik 



Ska = 0, 6kb = 

(4.4) 

dka = 2a' yk, dkh = 2b' yk- 

By a direct calculation one proves 

Proposition 4.1. The d-connection GT of the GL-metric (4.1) is given 

by 

*Fik = l]k{xY-e. ^]k = 

(4.5) *Cik{x, y) = A]^{x, y) = '^{^iy, + 5}?/^) + 

b-a' i ab'-2a'b , 

+^TbF^y'^'+ aia+bF^fy^y"- 

From (4.3) and (4.4) it results 

(4.6) *g^ o =0, *g o = 2a'gijyk + b{gikyj + gjkyi) + 2b'yiyjyk. 

^■^ ' ij \k 

Thus *gij is /z-metrical and not w-metrical with respect to GT. The torsions 
of *CT of the GL-metric (4.1) are vanishing excepting *R''jk = Yhjkix)y^ 
*Gjf^ from (4.5). As for its curvatures we find 

(4.7) *Rikk = rikkix)+A),Rl,, 
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(4.8) 



*P/kh = because of A* „ = 0, 

jh\k 



(4.9) *S/kh = A},, from (2.8)', 

where rj^.^ is the curvature tensor of {gij{x)). 

Using VsRih = VsTs^khy^ = rpikhV^y' = 0, one gets 

(4.7)' *Rikh = r/khix) + %jRih + -^^^y'Rjkh, 



(4.7)" *Ro\h = (l + ^) Rln, 

where "0" denotes the contraction by {y^). 

Now we consider the Riemannian metric G given by (4.2). The Levi- 
Civita connection of it has the local coefficients 



2 

(4.10) r)i 

The curvature of V from (3.9) reduces to 

Rhjk — rhjk{x) + -VhaO • fO^'jk, 



(4.11) 



Rb'^jk Rb jki 

pY' — * 
^ j ka 2 

Pb"'kc = because of A^^|^ = 0, 
Sb^cd = A^^^. 
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The curvature of the Levi-Civita connection D are given by 

Kd^bc = ^d"'bc, Kdch = 0, 

T/- i q i T/- a n 

^^j be '-'j bci ^^j be 

n ^ T^i ^ i i i . ^'^ i s 

Kc°-jb = 0, K^'jb = -rj cb - l^ybfj CO - l^Vcfj 60 + -^Ts bOTj cO, 

1 a n b ~ n 

Kj^kb = -^n jk + ^ro ik - —VbTo jk - 2(a + bF^f 

J^j kb — —-^r j bO;k, 

(4.12) , , 

Kb'^kj = n'^kj + —ybTo kj H rr^y '^obkj - -jrk bo^o hk+ 

a a + Or 4 

+jrj boro jk, 

^bkj = -{rkbO;j — r/bo-k), 

Khkj — fhkj + -^fhaOfo'^kj — ■^f'O^'hjfk^aa, 

Kh^kj = ]j^{ro'hr,k - ro'ahk]j). 

An inspection of (4.11) and (4.12) gives 

Theorem 4.1. // {M,g) is flat, then {TM,G) is flat if and only if 

^/kh = 0. 

This theorem shows that G is less "rigid" than the Sasaki metric of {gij{x)) 
which is locally flat if and only if {gij{x)) is locally flat. 

Now if we fix then *gij{xo,y) is a Riemannian metric in the fibre 

TxqM and A/kh is just its curvature tensor field. Thus we may reformulate 
Theorem ?? in the form 

Theorem 4.1'. // (M,y) is flat, then {TM,G) zs flat zf and only if 
(Tcg(M), *gij{xQ,y)) is a flat Riemannian manifold for every Xq G M. 

For the conformal case i.e. 6 = one finds 

(4.13) A%^^{6ly,-S;yk-y%k) 



A 



(4.14) 



j kh — 





/ /2n 




\ a 








1 a 



i^kVjVh + y'VkQjh - h/k) + 



,/2 



+- F\5lgjH-5lgjk). 

(Jj 



It follows 

Proposition 4.2. Aj^kh — <^=> a — constant. 
Prom Theorem ?? and (4.6) one deduces 
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Proposition 4.3. The Riemannian submersion r : (TM, G) — >■ (M, g) 

with G given by (4.2) is totally geodesies. 

The other consequences of the previous formulae will be presented else- 
where. 
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A FRAMED /-STRUCTURE 

ON TANGENT MANIFOLD 
OF A FINSLER SPACE 

by Mihai ANASTASIEI 



Abstract 

o 

It is shown that the sht tangent manifold TM of a Finsler spaee 

= (M, L) carries a natural framed /—structure of corank 2. When 
this is restricted to the indicatrix bundle TM defined by L = 1, one 
gets a contact Riemannian structure on TM which is Sasakian iff 
is of constant curvature 1. 

Mathematics Subject Classifications 2000: 53C60. 

Key words and phrases: tangent manifold, framed /—structure, 
indicatrix bundle. 



1 Introduction 

Let M be a smooth i.e. manifold of dimension n and r : TM M its 
tangent bundle. If (x*), i,j,k... — are local coordinates on M, the 

induced local coordinates on TM will be denoted by (x, y) = (x* = x^ot, y^), 
where (y*) are the components of a vector from TpM, p{x^), in the natural 

d 



basis [d. ^ 

Let = (M, L) be a Finsler space. The function L :TM:= TM \ 
{(x, 0)} — >■ 1R+ is smooth, positively homogeneous of degree 1 with respect to 

1 

(y*) and the matrix with the entries qij(x,y) = - ^ — r is of rank n. From 
^ >y; 2dy'dyJ 

the homogeneity of L it follows L^(x, y) = gij{x, y)y^y^ = y^yi for y^ = Qijy^ . 

If l]k{x,y) are the "generahzed" Christoffel symbols constructed using 

9ij{x, y), and Yoo{x, y) = 7j^(x, y)yy, then the functions 7Vj(x, y) = ^4(7oo)' 

a 

di :— — are the local coefficients of the nonlinear Cartan connection of F". 
' dy^ 
For details see Ch. VIII in [7]. 
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Using them, a new local basis {Si, 4), where 5k — di — Nfdk, on TM is 
introduced. The dual of this basis is (rfa;*, 5y'^ = dy^+Nldx''). If the quadratic 
form of matrix {gij{x, y)) is positive defined, then Gs — gij{x, y)dx^ <S> dx^ + 

o 

gij{x, y)Sy^<S>Sy^ is a Riemannian metric on the tangent manifold TM, called 

o 

the Sasaki-Matsumoto hft of {gij) to TM. The hnear operator F given 
in the local basis {5i, di) as follows: F{5i) — —di, F{di) — 5i, defines an 

o 

almost complex structure on TM and the pair (F, Gs) is an almost Kahlerian 

o 

structure on TM. 

o 

On TM there exist two remarkable vector fields: C — y^di, called the 

Liouville vector field and S — y^di, which is the geodesic spray of F". 

A framed /—structure is a natural generalization of an almost contact 
structure. It was introduced by S.I. Goldberg and K. Yano [3]. We recall its 
definition following [5, p. 47]. 

Let be a (2n + s)— dimensional manifold endowed with an endomor- 
phism / of rank 2n, of the tangent bundle, satisfying /"^ + / = 0. If there 
exist on the vector fields and the 1-forms {a = 1, 2, s) such that 

^"(e^) = fiU = 0, 7?" o / = 0, /2 = -/ + 5];r7" U where / is the 

a 

identity automorphism of the tangent bundle, then N is said to be a framed 
/—manifold. 

o 

2 A framed /—structure on TM 

Denote = y'^6i = S and ^2 = l/*<9j = C. From the definition of F it follows 
Lemma 2.1. ^(^1) = -6, = 6- 

We introduce the 1-forms 77^ = T^^-^* ~ 1^ ~ ^V^' These are 

o 

globally defined on TM. By a direct calculation one gets 
Lemma 2.2. rf- o F = rf, rf o F — —77^. 

Let be G = — Gc. One easily verifies 

Lemma 2.3. r]^{X) = G{X,^{}, rf{X) = G{X,^2), for every X e 

o o 

X{TM), the module of vector fields on TM. 

o 

We define a tensor field of type (1, 1) on TM by 
(2.1) f{X) = F{X) + 77^(X)6 - rf{X)i„ X e X{TM). 

Theorem 2.1. The ensemble {f , {ia) , {rf)) a,b,... — 1,2 provides a 

o 

framed f— structure on TM, that is the followings hold: 
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(i) / is of rank 2n — 2 and + / = 0, 

(ii) ti^b) = fiQ = 0, t°f = o, 

(iii) f{X) ^-X + rj\X)^, + rf{X)i^, X e X{TM). 

Proof. Using (2.1) and the Lemmas 2.1 and 2.2 one easily checks (ii) and 
(iii). Applying / on the equahty (ii) one obtains the second part in (i). 
From the second equations in (ii), we see that span{^i,^2} ^ Ker/. If 
X — X^5k + X^dk belongs to Ker / and it is not in span{^i,^2}, we hve 

X% = and X'yi = on TM, hence X = 0. Therefore, Ker / = span{^i, ^2} 
and rank / = 2n — 2, q.e.d. 

Theorem 2.2. The Riemannian metric G — -p^Gs verifies 
(2.2) G(fX,fY)^G(X,Y)-rj\X)rj\Y)-r)\X)n\Y), X,Y e X(TM). 



Proof. Prom (2.1) the following local expression of / is obtained 

. /.I V 



Using (2.3) one finds 

G{f{Si),f{6j)) = (^gij - ^yiyj 
G{f,5i),f(dj)^0, 

1 ( 1 

G{f{di),f{dj)) = — Igij - —y^yJ 

Prom here easily follows (2.2). As (2.3) shows the operator / appears as a 
deformation of F similar with that studied in [1]. 

o 

Remark 2.1. The metric G is homogeneous on the fibres of TM while Gg is 
not. See [6]. 

Let us set 0(X, Y) = G{fX, Y) for X,Y e X{TM). Using Theorems 2.1, 
2.2 one verifies 

(2.4) 0(y,x) = -0(x,y). 

Thus is a 2-form on TM. 
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Theorem 2.1 shows that the annihilator of d is span{^i,^2}- A direct 
calculation gives = ^i- Hence the distribution span{^i,^2} is inte- 

grable even if is not closed. (The annihilator of a closed 2-form is always 
integrable.) A calculation in local coordinates leads to 

(2.5) = drj^ + </?, where </? = yjyiyjdx^ A 5y^ . 

Thus 4> is closed if and only if ip is closed and this happens under strong 
restrictions on the curvatures of the Cartan connection. Concluding, is 

o 

in general an almost presymplectic structure on TM. Notice that dr]^ is a 

o 

symplectic structure on TM. It appears as a deformation of the symplectic 
structure (/)s{X,Y) = Gs{FX,Y), X,Y e X{TM) since we have dr]^ = 

3 An almost contact structure on the indica- 
trix bundle of 

o 

The set IM = {{x,y) eTM\ L{x,y) = 1} is called the indicatrix bundle of 

o 

F". This set is a submanifold of dimension 2n — 1 of TM. We show that the 

o 

framed /—structure on TM given by Theorem 2.2 induces an almost contact 

o 

structure on TM. (This has to be compared with that from [4].) 

It is well-known that ^2 = y^di is normal to IM. We notice that it has 
the length 1 with respect to G. Thus the vector fields tangent to IM verify 
G{X,^2) = 0. Let us restrict to IM the notions introduced above. Denote 
the restrictions putting a bar over that symbol. For X,Y,... vector fields 
which are tangent to IM we have: 

- ^1 = ^1 since ^1 is tangent to IM, 

- 7]^ = on IM since 7]\X) = G{X,^2), 
-G^Gs because = 1 on IM, 

- f{X) — F{X) +fj'^{X)^2 is an endomorphism of the tangent bundle of 
IM since G{J{X),^2) = 0. 

We put C = Ci, V = V^- 

Theorem 3.1. The ensemble {f,i,r]) provides an almost contact struc- 
ture on IM, that is the followings hold: 

(i) 7% 7 = 0, rank7 = 2n - 2 = (2n - 1) - 1 

(ii) rj(0 = i, 7(0 = 0, 7707 = 
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(iii) / (X) = -X + rj{X)^, for X a vector tangent to IM. 

Proof. All questions follows from those proved in Theorem 2.2 by virtue of the 
above considerations on the restrictions to IM of the ensemble (/, (^a), iv"')), 
a = 1,2. 

Prom Theorem 2.2 it follows 

Theorem 3.2. The Riemannian metric Gs verifies 

(3.1) GsiJXjY) = Gs{X,Y)-r}(X)fj(Y), 

for X, Y vectors tangent to IM. 

One checks that fSj), j — 1, n — 1, is a local frame on a neighbor- 
hood with 7^ on IM. As the points (x, 0) are outside of IM one always 
may consider such a local frame. 

Let il{X, Y) = GsifX, Y) be the 2-form usually associated to an almost 
contact structure. 

By a direct calculation one gets 

df]{6i, Sj) = = fl{Si, Sj) 

(3.2) df]{6i, J5j) = gij - yijjj = n(6i, fSj) 
dfi(f5ij5j)^0^n{75U5j), 

in other words fl = dfj. 

In all these calculation we have used the Cartan connection of the Finsler 
space F". 

Thus we have 

Theorern^3.3. Let be endowed with the Cartan connection. Then the 
structure (/, ^, fj, Gs) is a contact Riemannian structure on IM. 

The structure {f,i,r]) is called normal if N = Nj + df] ^ ^ = 0, where 
Nj is the Nijenhuis tensor field of /. And it is said to be Sasakian if it 
is normal and Q = drj. Again by a direct calculation one find N{5i,5j) — 
{UiSj — yj5^ — R^ij)dh, and the vanishing of this term implies the vanishing 
of N{f5i, Sj) and N{fSi, fSj). But N{Si, Sj) = is equivalent with 

(3.3) R\j^yiS^-yj5^, 

where R'^ij = Rk^ijy^ and Rk\j is the /i/i— curvature of the Cartan connec- 
tion. 

The equality (3.3) takes also the form 

(3.4) Rihk = gikHh - gihVk: 

which says that is of constant curvature 1. 
Thus we have 

Theorem 3.4. Let F" endowed with Cartan connection. Then the struc- 
ture (/, ^, fj, Gs) on IM is a Sasakian structure if and only if F" is of con- 
stant curvature 1. 

For Finsler spaces of constant curvature we refer to [2]. It seems that 
the almost contact structure given in Theorem 3.1 is very close with that 
obtained in [4]. They have the same properties (Theorems 3.3 and 3.4). 
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STRUCTURES ON TANGENT MANIFOLD 
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M. ANASTASIE^I 



Abstract 

The tangent manifold TM of a smooth i.e. C°° , paracompact 
manifold M, fibered over M by the natm'al projection r, carries an 
integrable distribution Kerr*, called vertical distribution. If one takes 
a supplementary distribution of it, called horizontal, an almost 
product structure P on TM appears. One endows the vertical dis- 
tribution with a Riemannian metric g. Then g can be prolonged to 
a Riemannian metric G on TM in such a way that the pair (P, G) 
becomes a Riemannian almost product structure. In this paper we 
propose a deformation of P suggested the almost complex case, [1]. 
This produces six new Riemannian almost product structures. Some 
properties of these structures are pointed out. The particular case 
when g is the vertical lift of a Riemannian metric on M is considered. 

MSC2000 : 53 C 15 

1 A standard Riemannian almost product struc- 
ture on TM 

Let M be a smooth i.e. paracompact manifold of dimension n with 

local coordinates (x*), j, k... = 1, n. Denote by TM its tangent manifold 
with local coordinates (x\ y*) and projection r : TM — )■ M. It is known 
that TM is also paracompact. Let VuTM = Kerr*^„ for u G TM. Then 
u — )■ VuTM is an integrable distribution on TM, called vertical distribution 
and VTM = U VuTM is the vertical bundle over TM. 

u 

Let HTM be a vector bundle over TM which is supplementary to VTM. 
Such a vector bundle, called horizontal, always exists since TM is paracom- 
pact. It is said also that it defines a nonlinear connection on TM. Thus we 
have the decomposition 

(1.1) TuTM = HuTM © VuTM. 

■^Partially supported by CNCSIS Bucure§ti, Romania 
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The projectors h and v produced by the direct sum (1.1) provide an almost 
product structure P (AP-structure for brevity), given hj P = h — v. Thus 
we notice 

(1.2) P' = I, h=^-{I + P), v = ^{I-P). 

The horizontal and vertical subspaces in T^TM are eigenspaces of P corre- 
sponding to the eigenvalues +1 and —1, respectively. 

d 

The vertical distribution is locally spanned hj di := ^— ■ Looking for a 

d 

basis (5j) in H^TM in such a way that TJ5i) = di := ——^ one finds that 

6i = di- Ni\x,y)dj 

(the sign "— " is for convenience), where the functions {Ni^{x,y)) transform 
by a change of coordinates (x*,?/*) — )■ (x\y'') as follows: 

(1.3) Ni'^djx' = dhx^ ■ A^/ - djOhX^y''. 

In terminology from [5j, (iVj-^) define a nonlinear connection. 

The basis {Si,di) is adapted to the decomposition (1.1). Its dual is 
{dx\6y'') for 6y^ = dy^ + Nk{x,y)dx^. In the adapted basis P takes the 
form 

(1.4) P{5i) = Si, P(4) = -4, 
i.e. it has the matrix r ^" « 



-/„ 

In general, the horizontal distribution is not integrable. The nonintegra- 
bility is measured by the functions R^ij{x,y) from 



(1.5) [5,,5,] = R\,{x,y%. 

The functions {R^ij) behave like the components of a tensor of M i.e. they 
define a d-tensor field. These functions are regarded as the curvature of the 
nonlinear connection (Nj^). We notice for the later use 

(1.6) [5„4] = 4(iV>)4. 

One says that P is integrable if the horizontal and vertical distributions are 
integrable. Thus we have 

Theorem 1.1. The AP -structure P is integrable if and only ifR^ij{x, y) = 

equivalently the nonlinear connection (N/) is without curvature. 

Now let us endow the vertical bundle over TM with a Riemannian me- 
tric g. We may do this since M is paracompact. The local components of 
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(7, given by gij{x,y) = g{u){di, dj), u G TM define a (i-tensor field of type 
(0, 2), symmetric and positive defined. In fact g is nothing but a generalized 
Lagrange metric introduced by R. Miron and studied by him and his co- 
workers, see [, 5, Ch. X-XII]. The Riemannian metric g may be extended to 
a Riemannian metric G on TM given in the form 

(1.7) G{u) = gij{x, y)dx' (g) dx^ + gij{x, y)6y' (g) Sy\ u = [x, y) G TM. 

It is clear that HuTM and VyTM are orthogonal with respect to G. One 
easily see that G{PX, PY) = G{X, Y) for any vector fields X, Y on TM. 
Thus we have 

Theorem 1.2. The pair {P,G) is a Riemannian AP-structure on TM. 

Let D be a linear connection on TM with the torsion T. 
If P is parallel with respect to D i.e. DxP = 0, then the Nijenhuis tensor 
field associated to P takes the form 

Np{X, Y) = T{X, Y) + PT{X, PY{-PT{PX, Y) - T{PX, PY) 

for X, Y vector fields on TM. This form proves 

Theorem 1.3. If the Levi-Civita connection of G makes P parallel, then 
the AP-structure P is integrable. 



2 Deformations of the Riemannian AP— structure 
P 

We set yi = gij{x,y)y^ and consider the following deformations of P 

PM) = (c^s^ + (3y^y'')5k, 

P^di) = hS^ + Sy.y')d,, 

for a, /3, 7, (5 functions on TM, to be determined in such a way that -Pj = / and 
G{Pd-,Pd-) = G{-,-). This deformation is suggested by the almost complex 
case, see 11]. The condition Pj = I shows that a, /3, 7, 5 have to be solutions 
of the following system of equations 



a2 = l, /3(2a + /3F2) = 0, 
72 = 1, 5(27 + 5F2) = 0, 



(2-2) _ 1 X/'O^, I !iT?2 

for = gij{x,y)yY- 

This system of equations has sixteen solutions. Inserting them in (2.1) 
one finds, leaving aside the trivial AP-structures ±J, fourteen AP-structures 
from which seven are essential, the other seven differing by a sign from the 

previous ones. If we put A = (Al) = — -^yiV''^ , these AP-structures 

are given in matrix form as follows 
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Po = P - q" - 4 ) ' ^1 - ( o" ^ ) ' ^2 - ( o" -°4 ) ' 

= ( ^ ) ' = ( -a)- 

The condition G{Pd-, Pd') = G{-,-) does not impose any restriction on 
a, f3,j,S previously determined. Thus we have 

Theorem 2.1. The pairs {Pa,G), a — 0, ...,6 are seven Riemannian 

AP -structures on TM . 

Remark 2.1. The set {/, Pq, Pi, Pq} has a group structure given by the 
table 





I 


Po 


Pi 


P2 


P3 


Pa 


P5 


Pe 


/ 


I 


Po 


Pi 


P2 


P3 


Pa 




Pe 


Po 


Po 


Pi 


P2 


Pi 


Pa 


P3 


Pe 


Pb 


Pi 


Pi 


P2 


I 


Po 


P5 


Pe 


P3 


Pa 


P2 


P2 


Pi 


Po 


I 






Pa 


P3 


P3 


P3 


P, 


P, 


Pe 


/ 


Po 


Pi 


P2 


Pa 


Pa 


P3 


P6 


P, 


Po 


I 


P2 


Pi 


P5 


P5 


Pe 


P3 


Pa 


Pi 


P2 


I 


Po 


Pe 


Pe 


P5 


Pa 


Ps 


P2 


Pi 


Po 


I 



This group is commutative. Its proper subgroups are {/, Pa} for a — 
0,1,..., 6, and {/,Po,Pi,P2}, {L Po, P3, Pa}, {I, Pi, Pa, Pe}, {/, Po, P5, Pe}, 
{/, Pi, P3, P5}, {/, P2, P3, Pe}, {/, P2, P4, P5}. The last seven are isomor- 
phic with the Klein group. The group can be also seen as a Burnside group 
B(2, 3) generated by {Pq, P3, P5} 

Let ha — -{I + Pa) and Va — -{I — Pa) be the projectors defined by 

Pa and let us set Ha = Ker^Q,, Va — Keiha, for a = 0, 1, 6 with ho — h, 
vo = v,Ho = H, Vo = V. 

For identifying the distributions Ha and Va, a — 1,...,6, we consider 

the vector fields C = y^di and S = y^Si and denote by the same letters the 
1-dimensional distributions defined by them. 

Furthermore, we denote by C"*" the orthocomplement of C in V, that is, 
C-^ — {A^di I gijV'^A^ — A^yj — 0} and by -S"-^ the orthocomplement of S 
in H, that is, 5*-^ = {X^5i | Qijy^X^ — X^yi — 0}. With this notations the 
following result holds. 

Theorem 2.2. The distributions defining Pa are as follows: 

f Ho^H f Hi^H^C^ f H2^H®C f H^^VeS^ 
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Proof. For a = 1, we have hi{5i) = 6i, hi{di) = (^6f - -^ViV^^ 4, ^^((5^) = 0, 

v{d) — -^yiy^dk- Prom these equations one gets 
r 

Vi = Ker hi = l^X% + A% \ X% + - -^y^y'^) A% = 

= iyX'6i + A'di I = 0, = = C and 

i/i = Kervi = ^X'5i + A'di \ A% = 0^ = H ®C^. 

Similarly, one finds the other distributions. 

A study of the integr ability of the distributions V^, Q! = 0,1,...,6 gives 

Theorem 2.3. 

1) The distributions Vq — V,Vi,V3 are always integrable. 

2) The distribution V2 is integrable if there exists a real function L on TM 
such that gij{x,y) = -didjL. 

3) The distribution V5 is integrable if the nonlinear connection (Nj) is 
positively homogeneous of degree 1 . 

4) The distributions V4 and Ve are never integrable. 

Proof. 1) We have noticed that V is integrable. The distributions Vi and V3 
are 1-dimensional, hence integrable. 

2) Let A = A'di and B = B^dj in i.e. A'yi = 0, B'yj = 0. 
Then [A,B] e if and only if A'di{B^)yj - B'di{A^)yj = 0, equivalently 
A^ B'''di{yj) —A^B^di{yj) = 0. This condition identically holds if digjk = djgik- 

3) It is clear that the distribution S Q) C is integrable if [C, S] belongs to 
it. We hve [C,S] = S + y\N^ -y'di{N^))dk = S, if the functions {N^{x,y)) 
are positively homogeneous of degree 1 with respect to (|/*). 

4) A direct calculation. 

Remark 2.2. If gij(x,y) is the metric tensor of a Finsler space and 
{Nj{x,y)) is the Cartan nonlinear connection, the hypothesis in 2) and 3) of 
Theorem 2.3 are satisfied and so in this case the distributions Vq, V^i, V3, V5 
are integrable. 

The distributions H^, a. — 0,1,..., 6 are not integrable or they are so 
in very strong conditions. We renounce to write down such conditions. A 
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Riemannian AP-structure is integrable if the both distributions defining it 
are integrable. From the above it follows the Riemannian AP-structures 
P4 and Pg are never integrable. The others are integrable only under some 
strong conditions on (gij) and (Nj). 

The Riemannian AP-structures were classified by A.M. Naveira [6]. Mod- 
ulo a duality there exists thirty-six different classes described by conditions 
on Vha, where V denotes the Levi-Civita connection of G. See also [I]. 

From [2J it follows that the Levi-Civita connection V can be taken in the 
form 

with the connection coefficients given by 
1 



A% = li-R%-9''%9,k), 
1 



(2.2) C/b = Dl^ = ^-g'\d,g,H + gbcR\,). 

B^b = —g'^gabw,, Cl = ^g'-'id.g,, + d,g,a - d,g,,). 



Here giyc\\i denotes the /i-covariant derivative with respect to the Berwald 
connection i.e. 

gbc\\i = kgbc - {dbNf)gdc - {dcNf)gM. 

We do not classify P^ here but we remark that P4 and Pg cannot be in 
Naveira's class V. Indeed, the conditions VP^ = characterizing V implies 
in virtue of Theorem 1.3 that Pq, should be integrable. But P4 and Pq are 
never integrable. 

A distribution V is geodesically invariant if all geodesies with initial vector 
in V remain tangent to D for all time. As it was proved in [3], a distribution 
V is geodesically invariant if and only if for any sections X, Y of V, the 
symmetric product X : Y = VxY + VyX is again a section of D. See also 
[I]. Using (2.1) and (2.2) one gets 



Theorem 2.4. 



1) The distribution H is geodesically invariant if and only if gij\\k = 0. 

2) The distribution V is geodesically invariant if and only if dtgij = 0. 

The first condition in Theorem 2.4 tells us that we have to assume no 
dependence on y = (y*) in (gij). In this case g{gij) reduces to a Riemannian 
metric on M. If we continue to work with an arbitrary nonlinear connec- 
tion (Nj), the second condition in Theorem 2.4 is not verified. But if we 
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take Nj{x,y) — Yjk{^)y'': where (7]^.) are Christoffel symbols derived from 

{gij{x)), then the condition gjk\\h = reduces to dhQjk - YhjQik - Yhk9ji = 
which obviously holds. We consider this case in what follows. Thus we may 
state 

Corollary 2.1. Let {M,g) be a Riemannian manifold. One considers 
TM endowed with the nonlinear connection Nj{x,y) = 7jfc(a;)|/'^ and one 
defines the Riemannian metric G with this nonlinear connection {G becomes 
the Sasaki metric of g) . Then the distributions V and H are geodesically 

invariant. 

We associate to every P^, a — 0,1,..., 6, the symmetric tensor field 0^ 
defined by 

(2.6) <i>^{x, Y) = G{p^x, r), X, r e x{tm). 

Using the matrix form of one obtains 

01 (m) = gijdx'' dx^ — gijSy^ Sy^, 

Mu) = gijdx' dx^ + (^gij - ^yiyj^ Sy' ® dy^, 

<p2{u) = gijdx' O dx^ - (^gij - -^yiyj^ Sy' dy^ , 

and so on. 

As I Oj, — T^yiyi 1 is an invertible matrix, with the inverse 

.'U~^' 

metrics on TM. 

If we look at the first terms in 4>Q,(pi,4>2, it appears as obvious 

Theorem 2.5. The maps r : {TM,(t)a) (M,g), a = 0,1,2 are Rie- 
mannian submersions. 

A fundamental tensor field of the submersions Tq is 

S^{X, Y) = h^V^^xVaY + v^V.^xho^Y, X,Y e X{TM) 

and the submersion Tq, is called totally geodesic if Sa identically vanishes. 
Here a = 0,1,2. 

A tedious calculation in which the identity yiy'^d I -p^yiy^ ) = is used 



proves 



^2- 



Theorem 2.6. The Riemannian submersions Ta : {TM,(f)a) {M,g) 
are totally geodesic, a = 0, 1, 2. 
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SYMPLECTIC CONNECTIONS 
IN LAGRANGE GEOMETRY 

BY 
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Abstract 

A Lagrangian structure and, in particular, a Finslerian or a Rie- 
mannian structure on a manifold M induces a symplectic structure on 
TM. We investigate the linear connections on TM depending on the 
Lagrangian structure only, which are compatible with this symplectic 
structure and have no torsion. 
MSG 2000: 53C60,53D99 

Introduction 

On TM we have the vertical bundle as the kernel of the differential of the 
projection TM — )■ M. We take a supplement of it, that is, a horizontal 
bundle or a nonlinear connection and we consider the natural almost complex 
product F on TM associated to these bundles. We show in the first section 
of this paper that the symplectic structures on TM having the horizontal and 
vertical bundles as Lagrangian subbundles and being compatible with F are 
essentially induced by a Lagrangian structure on M. In the second section we 
state precisely the symplectic structure VLl induced by a Lagrangian structure 
L. In the third section we are interested in linear connections on TM which 
are compatible with VLl and have no torsion, called symplectic connections. 
First, we notice that the liner Cartan connection of L is compatible with 
VIl but has torsion. By a deformation of it we find a set of symplectic 
connections from which set one depending on L only is single out. In the case 
that the horizontal distribution is integrable, a set of symplectic connections 
preserving by parallelism the vertical and horizontal bundles is found. I. 
Vaisman discovered [3j three classes of symplectic connections: flat, Ricci 
flat and with reducible curvature. Among the symplectic connections that we 
have found, two flat symplectic connections and a Ricci flat one are pointed 
out in section 4. We refer to the monograph [2] for notations and terminology. 
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1 Symplectic structures on TM 

We shall work in the category of real, smooth, i.e. and finite dimensional 
manifolds. Let M be a manifold of dimension n and r : TM — )■ M its 
tangent bundle. Let (?7, (x*)), i = l,2,...,n be a coordinate chart on M. 
Then {t~^{U), (x* or, ?/*)), where (y*) are the components of a tangent vector 

d 

Vx, X E U, in the natural basis di := of T^-M, is a coordinate chart on 

TM. The indices j, fc... will range from 1 to n and the Einstein convention 
on summation will be used. 

Let : TTM TM be the differential of r. The union of VuTM := 
ker „ for u G TM defines the vertical bundle over TM. We may thought it 
as a distribution on TM called vertical distribution. This is locally spanned 
d 

by di := 7—, hence it is integrable. Thus we may speak about vertical 

foliation whose leaves are T^M, x G M. A non-linear connection is a 
subbundle HTM of TTM, called horizontal, that is supplementary to the 
vertical bundle, i.e. the following decomposition holds 

(1.1) TTM = VTN © HTM (Whitney's sum) 

We also view the horizontal subbundle as a distribution u — > H^TM called 
the horizontal distribution on TM. 

Locally, we shall use the adapted bases {6i,di), where 

(1.2) d, = d,-N^{x,y)dkm 

span the horizontal distribution, and their dual cobases {dx'^,6y^), where 

(1.3) 5y' = dy' + Nlix,y)dx\ 

The functions (iV^) are called the local coefficients of the non-linear connec- 
tion N. If these functions are linear with respect to (y*), that is, Nl{x,y) = 
Tlj{x)y^ , it comes out that (r^^(x)) are the local coefficients of a linear con- 
nection on M. 

The tensor fields on TM get a natural multiple grading induced by (1.1). 
When this is made explicit by the use of the adapted bases and their dual 
cobases, the coefficients of the components are functions depending on (x, y) 
but transform under a change of coordinates on TM as tensors on M. it is 
said in [2] that these components or their coefficientsare ci-tensor fields on 
TM. here d is for "distinguished" . In particular, for the spaces of differential 
forms we have 

(1.4) a\TM) = (Bp+,=k (TM), 

where p is the l^-degree and q is the if-degree. Thus any 2-form Q on TM 
can be written as 

(1.5) Q = ^bij{x, y)dx' A dx^ + aij{x, y)dx' A 5?/* + ^Cij(x, y)5y'' A 5y^ , 

with bij = —bji, Cij = —Cji. Each term in (1.5) is a distinguished 2-form on 
TM. The coefficients aij\x,y), bij{x,y), Cij{x,y) transform under a change 
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of coordinates on TM as the components of tensors on M, the last two being 
skew symmetric. 

Let us suppose that Q given by (1.5) defines a symplectic structure o TM. 
Prom 

Q ^{^h ^j) = hj, dj) = ttij, 

it comes out that the vertical (horizontal) bundle is a Lagrangian subbundle 
with respect to Q if and only if Cjj = {bij = 0). In the sequel we shall be 
interested only in symplectic structures on TM that make the vertical and 
horizontal bundles the Lagrangian subbundles of TTM. Thus we consider 
only the symplectic structures on TM given by the 2-forms 

(1.7) O = aij{x, y)dx' A dy\ 
satisfying the conditions 

(1.8) det{aij{x, y)) ^ <^=^ Q, is nondegenerate, 



[5j, 5k] = R^jA, R^'jk = SkN} - 5jNl 

(1.9) are equivalent with dVL = 0. The functions {R^jk{x,y)) define 
a d-tensor of type (1, 2). It vanishes if and only if the horizontal distribution 
is integrable. 

Now we consider the almost complex structure F on TM defined by 

(1.11) F{5i) = -4, F{di) = Si. 

Let x(TM) the set of vector fields on TM. It is easy to check 
Proposition 1.1. For X,Y e x{TM) we have 

(1.12) n{FX, FY) = Q{X, y), 
if and only if aij = aji. 

We confine ourselves to the case when Q from (1.7) satisfies (1.12). We 
put aij = —Qij with Qij = Qji and we write Q in the form 

(1.13) n^gij{x,y)Sy'Adx^. 

The d-tensor field g — gij{x,y)Sy'^ Sy^ with det{gij) ^ and such 
that the quadratic form gij^"^^^ , (^') G K", has constant signature, is called a 



(1.9) 

where 
(1.10) 

The eqs. 
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generalized Lagrange metric, shortly a GL-metric, [2]. One may consider also 
the (i-tensor field gij9x, y)dx^ ® dx^ which summed with g gives a metrical 
structure on TM: 

(1.14) G = gij{x, y)dx' ® dx^ + gij{x, y)5y' ® 5yK 
One easily verifies 

Proposition 1.2 For every X, F G x(TM) one has 

(1.15) G{X,Y) = n{X,FY), 

(1.16) G(FX, FY) = G{X, Y). 

Thus the pair {F, G) is an almost Hermitian structure o TM and Q ap- 
pears as its fundamental 2- form. As dQ = 0, we have that {F, G) is an almost 
Kahler structure. It reduces to a Kahler structure if and only if R'^jk = 
and 44 = dhNl, cf. 0, Ch.7. 

The functions {gij{x,y)) have to satisfy the conditions 



;i.9)' 



E(iifc) ^ijk = 0, Sigjk + gihdkN} = Sjgik + gjhdkNl", 
dotdkgij = djgik, for Rijk := gihR^jk, 



in order that dQ = for Q given by (1.13). 

The third equality in (1.9)' holds if and only if 

(1.17) gij{x,y) = -didjL{x,y), for some function L on TM. 

We shall take the assumption (1.17) for the rest of this paper. 



2 Lagrangian symplectic structures on TM 

We call a Lagrangian structure on M a regular Lagrangian on TM, that 
is a function L : TM — )■ R such that the matrix {gij{x,y)) given by (1.17) 

has det{gij) ^ and the quadratic form gij{x,y)^^$,^ , ^ G M", is of constant 
signature on TM. The pair (M, L) is called a Lagrange manifold. We send 
to the monograph [2] for the geometry of these manifolds. It is known that 
a Lagrangian structure determines a non-linear connection. This can be 
constructed as follows, [2, Ch.IX]. The Euler-Lagrange equations for L take 
the form 

^ 

The functions {—2G^9x,y)) are the coefficients of a semispray (second order 
differential equation) on M and one proves that 

(2.3) NUx,y) = d,G\x,y), 
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are the local coefficients of a non-linear connection Nlo TM. 

Now we may consider the adapted bases and their dual cobases with 
respect to A'^^,. We keep the notations from the ffist section but we refer now 
to N]^ only. 

Thus for the Lagrange manifold {M,L) we have gij{x,y) given by (1.17) 
and {Nj{x,y)) given by (2.3). The symplectic structure 

(2.4) = gij{x,y)5y' Adx\ 

will be called a Lagrangian symplectic structure. 

That Ql is indeed a symplectic structure and not only an almost sym- 
plectic one it follows from 

Proposition 2.1. fi^ = dojL for ujl = -{djL)dxK 



Proof. We have duji = -{didjL)dx^ A dx^ + gijdy^ A dx^ . Inserting here 
dy^ = 6y^ — Nldx'^, one gets 

dujL = (^didjL - gkjN^^ dx' A dx^ + gijSy' A dx^ = ^II 

because of the symmetry in the indices i,j of Aij = -didjL — g^jN^ . Indeed, 
a direct calculation gives 

AAij = {didjL + didjL) - 2y'dsgij + AG^dugij, q.e.d. 

On the other hand the condition dVL^ = is equivalent with (1.9)' written 
for {gij) given by (1.17) and (A^/) given by (2.3). By Proposition 2.1 the 
conditions (1.9)' become identities. 



3 Symplectic connections for (TM^Ql) 

A linear connection V on TM endowed with Ql will be called almost sym- 
plectic if VQl = 0. The term of symplectic connection is reserved for those 
almost symplectic connections which have no torsion. It is known that any 
symplectic manifold admits infinitely many almost symplectic connections 
and infinitely many symplectic connections. See [5] for a clear review of this 
matter. 

For a Lagrange manifold (M, L), besides the non-linear connection Nl 
we have a canonical linear connection determined by L only, called the linear 
Cartan connection. We recall it following [2] and [1]. 

Locally, this has the form 



bs,d, = F^A b,d, = c]A 
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where 

(3-2) = Flj, Cji. = Clj, 

c 

and the condition that D is metrical with respect to G is equivalent to 

^3 3^ 9ij\k ■= SkQij - F^lgjh - Fjl.gih = 0, 

dijlk = dkQij — Ci^gjh — Cj^gih = 0. 

Then, from (3.2) and (3.3), FJ^ and Cj^. are uniquely determined in the form 

, , F-k = \9'^{^j9hk + hghj - Shgjk), 

(3-4) 1 . . . . 1 . . 

Cjk = i^g'^idjQhk + dkghj - dhQjk) = ^g'''dhgjk 

c 

Notice that although D is a metrical connection, it does not coincide with 
the Levi-Civita connection of G since it has torsion. Indeed, we have 

(3.5) T{dk, Sj) = Ri.di, T{dk, Sj) = G%Si + P^A 

where P'-j. = dk{N'j) — F'^j. The (i-tensor fields Rj^, Gj^, P^^ vanish only 
for very particular Lagrangians. For instance, if we consider a Riemannian 
metric (71^(2^)) onM and we put 

(3.6) L{x,y) ='yij{x)y'y\ 

we obtain a Lagrangian for which Pjj^ = Gjj^ = but i?*;,. ^ unless if the 
Riemannian metric {■Jij{x)) is flat. Now we can prove a simple but important 
result. 

Theorem 3.1. The linear Cartan connection of the symplectic manifold 
(TM, Qi) is an almost symplectic connection. 

Proof Using Qi(X,Fy) = G(X,Y) and I)F = in the form DxFY = 

c 

FDxY, one easily obtains 
{DxQlW, Z) = {DxG){FY, Z) = 0, for every X,Y,Ze x{TM), q.e.d. 

c 

We notice that D is completely determined by L. For the Lagrangian 
(3.6), it reduces to the Levi-Civita connection of the Riemannian metric 

c 

In the proof of Theorem 3.2 we have used the both conditions DF = 

c 

and DG = 0. We may ask if there exists an almost symplectic connection on 
TMpreserving the horizontal and vertical distributions i.e. a distinguished 
linear connection satisfying only one or none from these two conditions. 
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Let D be a distinguished linear connection, shortly a (i-connection,on TM. 
We follow the theory from [2l, Ch.3] where such connections are considered 
on the total space of a vector bundle. 

Using the projectors h and f , we have the following decomposition of D: 

(3.7) DxY = hDhxhY + vD.xvY + hD^xhY + vDnxvY, X, F e x{TM). 
When we take 

(3.8) hD^xhY = h[vX, hY], vDuxvY = v[hX, vY], 

the definition of a connection is respected. The first two terms in the right 
hand of (3.7) will be determined from the condition DQl = 0, which gives 

nLihDhxhY,hZ)=0 
^ ' QLihDhxhY, vZ) = {hX)nL{hY, vZ) - QiihY, v[hX, vZ]), 



(o 1 n\ ^l{vD^xvY, vZ) = 

^ ' QLivD^xvY, hZ) = {vX)nL{hY, vZ) - QL{h[hX, vZ],vY). 

With hDhxhY and vD^jxvY uniquely determined from (3.9) and (3.10), re- 
spectively, and (3.8), the condition DQl = holds. 

The (i-connection D is not an almost complex one i.e. DF ^ nor a 
metrical one i.e. DG ^ 0. 

From (3.7)-(3.10) and rffi^ = it follows that the torsion oiD vanishes if 
and only if v\hX^}iY\ = 0, that is, the horizontal distribution is integrable. 
Thus D becomes a symplectic connection only in a very restrictive condition. 
Now we wish to avoid it and in order to do so we have to renounce to the 
condition that D is a (i-connection. We shall determine a set of symplectic 
connections for {TM,Ql) as a subset of all linear connections on TM and 
we single out one which is completely determined by L. 

Theorem 3.2. There exists a linear connection V on TM which is almost 
symplectic with respect to Ql, is without torsion and depends on L only. 



Proof. Having the linear Cartan connection D, we set VxY = DxY + 
A{X,Y) for some tensor field A of type (1,2) and X,Y e x{TM). The 
condition that the torsion of V vanishes reads 

(3.11) T{X,Y) + A{XX)-A(Y,X)=0, 

c 

and since D is an almost symplectic connection, V is almost symplectic 
connection if and only if 

(3.12) nL{A{X, Y),Z) + Ql{Y, A{X, Y)) = 0, X,Y,Ze x{TM). 
Locally, we put 

T o^ ^(4, S,) = A] A A(4, 5,) = E]A 

^ ' ' A{5ud,) = D)^5,, A(4,4) = ^iA 
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Thus we already took a particular form of A. Then (3.11) is equivalent with 



(3.14) K^ji^ — A^jf. Alj, Eji^ — Plj, Djf. — C*^, Bjj^ — Blj, 

and (3.12) is equivalent to 

/o 1 ^ik9hj - A^^f^Qhi = 0, D^^Qhj - D^Qhi = 0, 

^ ' E^k9hi - E},g,, = 0, B^,g,^ - B%gn, = 0. 

The tensorial eqs. (3.15) could be solved using the Obata operators associ- 
ated to {gij{x,y)). For brevity, we shall not introduce them here. Instead, 
we check that the system of eqs. (3.14) and (3.15) has the solution 



(3.16) ^ 3 ' 1 . . 

^jk = ^jfe' ^jk = 2^^]k + 9' dij^hk), 

for some X which satisfies 

(3.17) Xjfc = Xlj, gsjX^k = gskXlj, otherwise arbitrary. 

Indeed, the first eq. in (3.14) is verified by virtue of (2.5). The others are 
clearly verified. In (3.15), the first, the second and the fourth equations 
become identities by virtue of (3.16). The third is equivalent to P^^dhj = 
Ej'kdhi- Inserting Pjl, after some calculation we find that this equation is 
equivalent to 5^,^11^ = gij\\k, which by (2.5) is an identity. Notice that the 
condition (2.5), that is dQ^ = is essential in the solving of (3.14) and of 
(3.15) as well. 

c 

The connection V is determined by D, the torsion i?*^ and Pjf^ as well as 
by the unknown (i-tensor field Xj^^. satisfying (3.17). We may take Xj^ = Cj^ 
since Cijk = gisCji^ is a completely symmetric (i-tensor. This choice singles 

s 

out a symplectic connection V that depends on L only. The theorem is 
proved. 

s 

We remark that the choice which we have made is not unique. ThusV 
is not canonical in any way. However we shall treat only it in the following. 
And we denote it simply by V. 



4 Symplectic curvature tensor field of the sym- 
plectic connection V 

In[3], I. Vaisman established the decomposition of the space of tensors which 
have the symmetries of the curvature of a symplectic connection into Sp(n)- 
irreducible components. Accordingly, he discovered three classes of sym- 
plectic connections: flat, Ricci flat and with reducible curvature. A natural 
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question is to which class our symplectic connection V belongs. For obtain- 
ing an answer we have to compute the symplectic curvature tensor of V. We 

shall do this in the adapted bases {Si, di). 

Let ^ R and be the curvature tensor of type (1, 3) of V and D, re- 

c 

spectively. Using V = D -\- Awe get 
(4.1) 

^i?(X, Y)Z = ^i?(X, Y)Z + iDxA){Y, Z) - {DyA){X, Z) + 
+A{T{X, Y),Z)+ A{X, A{Y, Z)) - A{Y, A{X, Z)), X, F, Z e x(TM). 

where T is the torsion of D locally given by (3.5). With the notations (3.9), 
the local components of {DxA) (F, Z) are given by 

{Ds,A){5^, 5n) = {Ds,A){5^, 4) = Dl^^,5,, 

{Ds,A){d^, 5n) = Ei.^,d„ (Ds,A)(dj, 4) = Bi.^,5„ 

^ • ^ iD^A)(5j, 4) = Ai^\,d,, (D^A){6„ 4) = 

(DeA)(dj, 5n) = Ei.\A, (DgA){dj, 4) = Bi.\,5„ 

where (|fc) and (|A;) denote the h- and i;-covariant derivatives with respect 
to D. The curvature operator ^R{X, Y) carries horizontal vector fields to 
horizontals and the vertical vector fields to verticals. Its action on horizontals 
is as follows 

^R{Sk,Sj)Sh = RhjkSi, 

(4.3) ''R{^k,6,)Sh = Ph',kS^, 

^R{dk,dj)6h = ShjkSi, 

and its action on verticals is similarly determined by the same d-tensors 
Rhjk, Phjk, Shjk, given by 

Rh'jk = SkFl- + F^.F:, - (j/k) + C^,R%, 

(4.4) Pu'jk = dkFi. - + CIP^,, 

where {j/k) means the preceding terms with k changed to j and j changed 
to k. 

The curvatTirc operator ^ R{X, Y) does not preserve the horizontal and 
vertical distributions. As such ^i? has twelve components. We put 



V 



R{Skj Sj)Sh — Rhjk^i + Khjkdi, 



(4.5) V 



Ridk, Sj)6h = PhjkSi + Khjkdi, 
^ R{dk, dj)6h = ^ ShjkSi + Mhjkdi, 
R{Sk, Sj)dh = KhjkSi + Rhjkdi, 
R{dk, Sj)dh = L^jkSi + Phjkdi, 
^R{dk, 4)4 = Mn'jkSi + Sn'jkdi- 
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Using (3.5) and (4.2) an explicit form of these components is obtained as 
follows 



(4.6) 



(4.7) 



(4.8) 



(4.9) 



(4.10) 



(4.11) 



^i?,^,fc = i?,^,fc + (A^^.Z?:,-(fc/j)), 



Lhjk = A\j\k - + ^jk^hs + Pjk^hs- 



Mn',, = El^\k-{k/j). 

K,^,k = D^hj\k-ij/k) + R^,Bl, 
Rh',k = RH',k + {Dl^A\,-{k/j)). 



^jk - D'hj\^ + Cjj^Dl^ + PJkBl^, 
Yjk = Phjk + DhjKk - BfikKj- 



Mh'jk = B'hi\k - {i/k) 

Sn',k = Su',, + {Bl^El,-{k/j)). 



Then, if we take in (4.6)-(4.11), A)^ = }-{R^^ + g^^R^^^)^ E% = -P], and 

= B^-j. = Cjf^, we obtain the twelve components of the curvature tensor 

of type (1, 3) of V. 

The symplectic curvature tensor is defined by 

(4.12) 5(X2,X2,X3,X4) = nLCR{Xs,X,)X2,X,), X^.-.X, G x{TM). 

This is skew symmetric in the last two arguments and symmetric with res- 
pect to the first two arguments. Moreover, the cyclic sum over the last 
three arguments vanishes, [3J. It is locally determined by the twelve tensors 

^ Rhijk, Shijk from (4.6)-(4.11) with the upper index brought down with 
{g^'^) on the second place. 

The Ricci curvature tensor of V is defined by the usual formula 

(4.13) a(X, Y) = Tt{V ^ R{V, X)Y). 
A direct calculation gives 

<^{Sj,Sh) = ^Jihjki +^Lhji, 

(4.14) a{Sj,dh) = Khy + Ph% 

cr((9j, dh) = —Lkji + Shji. 
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The components of curvature tensors just found are quite complicated. 
Thus it is quite sure that for a general Lagrangian L, the symplectic connec- 
tion V is a general one, too. The above formula simplify for the Lagrangian 
defined by a Riemannian metric 7ij(a;) as in (3.6). 

Let 7*fe(ic) be the Christoffel symbols of ^ij{x) and rhjk{x) its curvature 

tensor. Then fl^ = 'yij{x)6y'^ A dx^ and V takes the form 

.r^ "^Sjj = + A)A ^d,Sj = 0, 

where A^-^, is given by (3.12) with E}-^ — rhjk{x)y^. An inspection of (4.4), 
(4.6)-(4.11) shows that the nonzero components of are the following ones 

(4.16) ^Rh'jk^r/hkix), 

(4.17) = Aj\k - (k/j) = l{r,\j.,k + r/,,;fe)t/^ - {k/j), 

(4.18) Lh'jk = Ai-lk = ^{rk\j + r/hk), 

where (; k) means the covariant derivative with respect to the Levi-Civita 
connection of {'fij). Prom (4.16)-(4.18) it follows 

Theorem 4.1. Let be the symplectic manifold {TM^VLl) for L{x,y) = 
Jij{x)y^y^ and (jijix)) a Riemannian metric. The symplectic connection V 
is flat if and only if (7^) is flat. 

From (4.14) it results that the only non-zero component of the Ricci 
curvature tensor of V is 

2 

(4.19) a{5j,Sh)^ -rjh{x), 

where rjh{x) = rj\.i{x) is the Ricci tensor of '~fij{x). Thus wc have 

Theorem 4.2. The same hypothesis as in Theorem 4.1. The symplectic 
connection V is Ricci flat if and only if 'jij{x) is Ricci flat. 
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Abstract 

A linear connection V in a vector bundle is said to be metrizable 
if the vector bundle admits a Riemannian metric h with the prop- 
erty V/i = 0. Sufficient conditions for the linear connection V to be 
metrizable are provided. 
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Introduction 

The problem of the metrizability of a linear connection was treated by many 
authors in various contexts (see the paper [7] by L. Tamassy and the refer- 
ences therein). When a linear connection V in a vector bundle ^ = {E,p, M) 
is metrizable, its parallel translations are isometries with respect to any Rie- 
mannian metric h in with Vh = 0. Using a local chart around a point x in 
M, the holonomy group may be identifed with a subgroup of GL{m^ M), 
where m is the dimension of fibre. With this identification, a necessary con- 
dition for V be metrizable is that the holonomy group to be contained in the 
orthogonal group 0{m). We prove two versions of the converse of this fact 
(Theorems 3.1 and 3.2). Then, we are dealing with the same problem when 
the vector bundle ^ is endowed with a Finsler function. The linear connec- 
tion V induces a nonlinear connection on E and a linear connection D in the 
vertical vector bundle over E. The Finsler function F defines a Riemannian 
metric g in the vertical vector bundle over E. We show that if g is covariant 
constant on horizontal directions, then V is metrizable (Theorem 4.2). When 
the tangent bundle of a manifold M is endowed with a Finsler function F 
one says that (M, F) is a Finsler manifold. In this case our result has to be 
compared with the one due to Z. Szabo, ( [6]) regarding the metrizability of 
the Berwald connection. 
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If the cotangent bundle of a manifold M is endowed with a Finsler func- 
tion K, then the pair (M , K) is called a Cartan space. This notion was 
introduced and studied by R. Miron in [3]. In this case Theorem 4.1 has 
to be compared with our previous results on the metrizability of Berwald- 
Cartan connection [T]. 

The first two sections of the paper are devoted to some preliminaries from 
the theory of vector bundles and linear connections in vector bundles. 



1 Vector bundles 

Let ^ = M) be a vector bundle of rank m. Here E and M are smooth 

i.e. C°° manifolds with dimM = n, dimii^ = n + m and p : E ^ M is 
a smooth submersion. The fibres E^ = p~^{x), x G M are linear spaces of 
dimension m which are isomorphic with the type fibre M™. 

Let {{Ua,'ipa)}aeA bc an atlas on M. A vector bundle atlas is {{Ua,'^a, 
W^)}a(zA with the bijections ipa '■ P~^iUa) -^11^^ in the form (p^ = 
{p{u),ipa,p{u){u)), where fa,p{u) '■ Ep{u) — )■ is a bijection. The given 
atlas on M and a vector bundle atlas provide an atlas 0a)agA on 

E. Here 0a : p~^{Ua) fa{Ua) x is the bijection given by 4>a{u) = 
{'4^a{p{u)),ipa,p{u){u)). For X G M, we put ipa{x) = (x*) G and we take 
{x\y"') as local coordinates on E. If {Up^ipp) is such that x G f/a fl f//3 7^ 
and ippi^x) = (x*), then ip/s o ip'^ has the form 



(dx^ \ 



n. 



Let (ca) be the canonical basis of W^. Then 'Pa\i.^a) = ^ai.^) is a basis 
of Ex and u & E^ takes the form u = y°'ea{x). We put = M^{x)y^ with 
rank(M^(x)) = m. Then 0^ o has the form 

X* = x*(x"'^, x"), rank ( ) = 'T- 



(1.2) V^a;^', 

= Mft"(x)?/^ rank(M^"(x)) = m. 

The indices i,j,k,...,a,b,c,.. will take the values l,2,...,n and 1,2, ...,m, 
respectively. The Einstein convention on summation will be used. 

We denote by J^{M), J^{E) the ring of real functions on M and E, re- 
spectively and by X{M), resp. T{E), X{E) the module of sections of the 
tangent bundle of M, resp. of the bundle ^ and of the tangent bundle of 

/ d \ 

E. On Ua, the vector fields idk := j provide a local basis for X{Ua)- 

The sections Sa '■ Ua ^ V^^iPa) given by ea{x) = fa]ci^a) will be taken as 
canonical basis for r{p^^{Ua)) and a section A : Ua ^ P^^{Ua) will take the 
form A{x) = A"(x)£a(x). 

Let ^* = {E*,p*, M) be the dual of the vector bundle ^. We take as local 
basis of T{E*) on Ua, the sections 9"- : Ua p*^^{Ua), x ^''(x) G -E* such 
that ^(£5(2;)) = S^. 
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Next, we may consider the tensor bundle of type (r, s)Tg{E) :— • - j^^ E 

r 

®E* ®- - J ®^ E* over M and its sections. For g e r(E* ® E*) we have the 

s 

local representation g = gab{x)9°- ® 9^. As E* ® E* = L2{E,M), we may 
regard 5^ as a smooth mapping x ^ g{x) : E^ x E^ ^ M. with g{x) a bilinear 
mapping given by g{x){sa, s^) = gab{x). 

If the mapping g{x) is symmetric i.e. gab — gba ^-nd positive-definite i.e. 
gab{x)C,"'C > for every 7^ (C") £ K"*, one says that g defines a Riemannian 
metric in the vector bundle ^. 

The sets of sections T{Tl{E)) are J^(M)-modules for every natural num- 
bers r, s. On the sum T{Tl{E)) a tensor product can be defined and one 

gets a tensorial algebra T{E). For the vector bundle (TM, r, M) this reduces 
to tensorial algebra of the manifold M. 



2 Linear connections in a vector bundle 



Definition 2.1. A linear connection in the vector bundle ^ = {E,p, M) is a 
mapping V : X{M) x r{E) T{E), {X,A) VxA which is J^(M)-linear 
in the first argument, additive in the second, and 

(2.1) Vx(M) = X{f)A + fVxA, f e J-(M). 

For X = X^{x)dk and A = A"'{x)ea{x), we get 

(2.2) VxA = X\dkA- + Tl^{x)A')ea{x), 
where the local coefficients r^^(x) arc defined by 

(2.3) Va^Sb = Vl^sa. 

If are the local coefficients of V on [/g such that UaHUii 7^ 0, then we 
have 

(2.4) V^,^{x{x)) = Ml{x){M-%—VUx) - ^(M"^)^. 

A section A of ,^ is called parallel if VxA = for every X G X{M). 

The linear connection V induces operators of covariant derivative Vfc in 
the tensorial algebra T{E) taking V^/ = dkf, VkPa = d^Pa — '^akPc and 
requiring that Vfc to satisfy the Newton-Leibniz rule with respect to the 
tensor product and to commute with the all contractions. 

Let c : [0, 1] M be a curve on M and A: t ^ A{t) := A(c{t)) a section 

VA 

of ^ along the curve c. Then Vc{t)A —: —r— is called the covariant derivative 
of A along c. 
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On Ua n c[0, 1] if one puts c{t) — {x'^{t)), we get 



VA 

The section t ^ A{t) is said to be parallel on c if = 0. This means that 

the functions {A°'{t)) have to be solutions of the following system of ordinary 
linear differential equations 

(2.6) f^,ra.)A'^ = o. 

For given initial conditions A°-{0) = {u"-) G i?c(o) the system (2.6) admits a 
unique solution that can be prolonged beyond 1/^ providing a parallel section 
A along c. If we associates to (m") = A"(0) the element (f") = e 
Ec(i) one gets a linear isomorphism Pc : -Ec(o) ~^ -E'c(i)i called the parallel 
translation of £^c(o) to -Ec(i) along c. The parallel translations can be defined 
along any curve or segment of curve providing linear isomorphisms between 
fibres in various point of curves on M. In particular, if one considers the 
loops with the origin in x e M, the corresponding parallel translations as 
linear isomorphisms can be composed and a group (j){x) called the 

holonomy group in x E M is obtained. 

When M is connected, the holonomy groups x G M, are isomorphic 
and one speaks about the holonomy group associated to or defined by V. 

The covariant derivative along c can be recovered from parallel transla- 
tions according to the following known 

Lemma 2.1. Let A be a section of ^ along a curve on M , c: t c{t), i e 
starting from x = c(0) . Then 

(2.7) (Ve(o)A)(x) = lim jiPMit)) - 
where Pc : Ec(t) E^ is the parallel translation along c. 



3 A sufficient condition for V be metrizable 

Let V be a linear connection in the vector bundle ^ = {E,p,M). Assume 
that the manifold M is connected. One says that V is metrizable if there 
exists a Riemannian metric g in ^ such that Vg = 0. When V is metrizable 
all parallel translations Pc : {E^^g^) — )■ {Ey,gy) for any curve c and any 
points X, y joining them in M are isometrics. In particular, the holonomy 
group 4>{x) is a subgroup of the orthogonal group of {Ex,gx)- These facts 
follow from 

Lemma 3.1. Let g be any Riemannian metric in the vector bundle ^ and 
c: t ^ c{t), t a curve in M with c(0) = x. Then 

(3.1) (Ve(o)^) {A, B) = lim -^{gc(jt){PcA, PcB) - ^,(A, B)), 
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where A,B & and Pc : ^ Ec(t) is the parallel translation along c. 

Proof. Let A, B he sections of $, which are parallel on c such that A{0) = A, 

B(0) = B. Then P^A = A{t) and J^c(B) = B(t). By the Taylor theorem and 

using the condition that A and B are parallel sections on c, in the natural 

~ dA ~ dr^ 

basis we get (P^A)^ = A^{t) = A« + — (r)t = A" - r;?fc(x(r))A^(r)— t 

(JjL (JjL 

and a similar formula for {PcB)'', a,b = l,2,...,m. Then, using again the 
Taylor theorem, omitting the terms which contain t^, we may write: 

gab{t){P,Ar{P,B)' - gab{x)A'^B' = 

(3.2) [gabix) + ^iO)t^ {P.Af{PcBf- 
-gab{x)A B gacT,,— - gcbT^k^ j t, 

where the terms in the last paranthesis are computed for r, r', 9 e (0, t). 

Dividing in (3.2) by t and taking t — )■ 0, one obtains (3.1). 

By Lemma 3.1 we have also that if all parallel translations of V are 
isometries with respect to g, then Wg — 0. Thus, in order to prove that V 
is metrizable we need to find a Riemannian metric g such that all parallel 
translations of V to be isometries with respect to g. Taking an arbitrary 
bundle chart ([/q, R"*), using the linear isomorphism ipa,x '■ — )■ M™, 
we may identify 0(a;), x G f/^, with a subgroup of GL{W^). When V is 
metrizable, by Lemma 3.1 it follows that this subgroup is contained in the 
orthogonal group 0{m). Therefore, a necessary condition for V be metrizable 
is that its holonomy group to be contained in 0{m). We show two versions 
of the converse. 

Theorem 3.1. Let V he a linear connection in the vector bundle ^ — 
{E,p, M) with M connected. Assume that there exists a point xq G M such 
that the holonomy group (f){xo) is contained in the orthogonal group of E^f, 
when ExQ is regarded as being isomorphic with the Euclidean space {K^, <, >) 
via a fixed bundle chart. Then V is metrizable. 

Proof. Let ho be the inner product on E^^ induced by <, > via the bundle 
chart {Ua,<Pa:^^): Xq G that is, 

(*) ho{u, V) =< ^a,xoU, V^a,xoV > ■ 

By hypothesis this inner product is invariant under the group (/){xq). Let be 
any x E M. We join x with Xq using a curve c : [0, 1] — )■ M, c(0) = x, 
c(l) = Xq, consider the parallel translation Pc : E^ ^ E^q and define an 
inner product in E^ by 

(3.3) hx{A, B) = /io(nA PcB), A, Be E^. 
Lemma 3.2. The inner product hx does not depend on the curve c. 
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Indeed, if c is another curve joining x with xq, we consider the reverse c_ 
of c and the loop co c_ in xq. It follows that Hq {Pcoc-U, Pcoc-v) = hQ(u,v), 
M,f G Exg. Inserting here u = PcA and v = PcB and taking into account 
(3.3), the Lemma follows. 

The mapping x — )■ hx is smooth since Pc smoothly depends on x according 
to the general theory of differential equations. Thus we obtain a Riemannian 
metric h in ^. The parallel translations of V are isometrics with respect to h. 
Indeed, for y a point of M different from x, any parallel translation from 
to Ey has the form Po-_oc = Pa- ° Pc for cr_ the reverse of a curve a joining y 
with Xq. This is an isometry as a product of isometrics. Therefore, we may 
conclude using Lemma 3.1, that Vh = 0. q.e.d. 

The following version of the Theorem 3.1 extends to the vector bundle 
setting a result of B.G. Schmidt [5]. 

Theorem 3.2. Let V be a linear connection in the vector bundle C, = 
{E,p,M) with M connected. Assume that for a fixed xq G M, the holon- 
omy group (j){xo) leaves invariant a given positive- definite quadratic form Hq 
on E^g . Then there exists a Riemannian metric h in ^ such that V/i = 0. 

Proof. Let denote by the same letter Hq the inner product in E^,^ defined by 
the quadratic form ho. This inner product could be obtained by transferring 
one from M*" using a bundle chart. By hypothesis the inner product ho is 
invariant under 0(xo). From now on the reasoning proving Theorem 3.1 can 
be entirely repeated in order to find h such that Vh = 0. 

Remark 3.1. The Riemannian metric h found in Theorem 3.1 is not unique 
and is not canonical in any way. The same applies for h found in Theorem 
3.2. 



4 Another condition for V be metrizable 

We are dealing with the problem of the metrizability of a linear connection 
V in a vector bundle endowed with a Finsler function. 

Definition 4.1. Let ^ = {E,p, M) be a vector bundle of rank m. A Finsler 
function on is a nonnegative real function F on E with the properties 

1) F is smooth on E \ {(x, 0), x G M}, 

2) F{x, Xy) = XF{x,y) for all A > 0, 

1 d^F^ 

3) The matrix with the entries gabix,y) = - - — r— r is positive definite. 

2 oy°-oy'' 

On the manifold E we have the vertical distribution u — i- V^E = ker p^, „ 

d 

where p^, denotes the differential of p. This is spanned by da := -7: — . A 

dy"" 

distribution u — )■ HuE which is supplementary to the vertical distribution 
is called a horizontal distribution or a nonlinear connection on E. This 
is usually taken as spanned by 6i = di — N^{x,y)da, where the functions 
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{NNx, y)) are called the coefficients of the given nonlinear connection. Under 
a change of coordinates they behave as follows: 



9P . dM^ 

a fact which is equivalent with 



(4-1) ^" ^ = M^,{x)Nl{x, y) - -^y\ 



(4.1) ' 6. ^ ^4. 

Introducing the horizontal distribution we have 

(4.2) T^E = H^E e V^E, ueE. 

It is convenient to decompose the geometrical objects on E according to (4.2) 

using the adapted basis {Si, da) and its dual {dx^, 5y°' — dy"' + N^{x, y)dx'^). 

The linear connection V in ^ defines a nonlinear connection on E taking 
N^{x,y) = Tl-{x)y'^. Indeed, using (2.4) it is easy to check that these func- 
tions satisfy (4.1). Prom now on we shall use only the decomposition (4.2) 
provided by these functions. 

Furthermore, the linear connection V induces a linear connection D in the 
vertical bundle over E as follows: D : X{E) x r{VE) r{VE), {X,Z) 

DxZ is given for Z = Z«4 by 

(4.3) DsA = nki^)da, D^da = 0. 

We call D the vertical lift of V and wc use D^f. for defining a horizontal 
covariant derivative operator in the tensor algebra of the vertical bundle, 
denoted by setting 



(4.4) 



f\k = Skf for any function on E 
X^, = 6,X'^ + Tl{x)XK 



For a fixed x ^ E, the pair [E^, F,j) is a Minkowski space. Here F^ 
denotes the restriction of F to E^ and it is obvious that this is a Minkowski 
norm on E^- 

Now we show that under certain conditions the parallel translations of V 
are isometries of Minkowski spaces. 

Theorem 4.1. Let ^ = {E,p,M) be a vector bundle of rank m with M 
connected, endowed with a Finsler function F and with a linear connection 
V as well. Let \k he the horizontal covariant derivative operator defined by 
the vertical lift DofV. If F^^ — 0, then the parallel translation defined by V, 

Pc : {Ex, Fx) — )■ {Ey,Fy) is an isometry of Minkowski spaces for any points 
x,y & M and any curve c : [0, 1] — )■ M joining them. 

Proof. Let he u & E^ and t A{t), t e [0, 1] a section of ^ which is parallel 
along c and A(0) = u. Its local components A" are solutions of the system of 
differential equations (2.6). And Pc{u) — A{1) :— v. 
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We know already that is a linear isomorphism. Let us write the con- 
dition F|fc = for the points {x(t), A{t)) of E where t — >■ x{t) is the local 
representation of the curve c. We obtain: 

(9F . dF\ dx'^^dF dx^ OF dA" _ dF{x{t),A{t)) 



dx^ ^^dy^'J dt dx^ dt dy"" dt dt 

Thus the function F{x(t), A(t)) is constant. It follows F{x,u) = F{y,Pcu), 
that is, Fx{u) = Fy{Pcu). In other words, Pc is an isometry of Minkowski 
spaces {Ex, Fx) and {Ey,Fy). q.e.d. 

Corollary 4.1. In the hypothesis of Theorem 4.1, the holonomy group 4){x) 
consists of isometrics of the Minkowski space [Ex, Fx). 

The functions gab{x, y) define a Riemannian metric in the vertical bundle 
over E hj g = gab{x,y)Sy"' (8) Sy''. We call {gab{x,y)) the Finsler metric 
associated with F. 

The condition F\k — from the hypothesis of Theorem 4.1 can be replaced 
with gab\k — 0, because of 

Lemma 4.1. F^^ — is equivalent with gab\k — 0- 

Proof. The homogeneity of F implies F'^{x,y) = gab{x,y)y"'y^ . Then = 

2FF\k = gab\ky''y^ + '^gabV^y^ = gab\ky''y^ since = 0. Thus if gab\k = 0, then 

F\k — 0. In order to prove the converse, we notice that da{H\k) = {daH)\k 
for any function H on E. This follows by a direct calculation taking care 
that dali is a vertical 1-form. Using this "commutation" formula we get 

gab\k = IdadhiF^k) = dadh{FF\k) = 0. q.e.d. 

Now we are ready to prove the main result of this section. 

Theorem 4.2. Let V be a linear connection in the vector bundle ^ — 
[E, p, M) with M connected. Suppose that E is endowed with a Finsler func- 
tion F with the associated Finsler metric gab{x,y). Let \k be the h-covariant 
derivative operator induced by V. If gab\k — 0; then V is metrizable. 

Proof. For a fixed Xq E M we have the Minkowski space {Exq,Fxo). Let 
G be the group of all linear isomorphisms of Ex^ which preserve the set 
Sxo = {u E ExQ,Fx^Xu) = 1}. This G is a compact Lie group since Sxq is 
compact. In our hypothesis, according to Lemma 4.1 and Corollary 4.1, the 
holonomy group (pyxo) is a Lie subgroup of G. Let <, > be any inner product 
on ExQ. Define a new inner product on Ex^ by 

(4.5) hxo{u,v) = ) / <gu,gv>fXG, 

for u,v E Exg, g E G and fic the bi-invariant Haar measure on G. 
It follows that for every a e G we have 

(4.6) hxo{au,av) = hxo{u,v), u,v e Ex^. 
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In particular, (4.6) holds for any element of (p{xo) C G. Thus (f){xo) leaves 
invariant the inner product h^g in E^g. The inner product h^o is extended 
by parallel translations to a Riemannian metric h in ^. Furthermore, this 
metric verifies Vh = since all parallel translations of V become isometries 
with respect to h. Thus V is metrizable. q.e.d. 

Remark 4.1. The Riemannian metric h is not unique and it is not canonical 
in any way. 



References 

[1] Anastasiei, M., Geometry of Berwald-Gartan spaces, to appear. 

[2] Miron, R., Techniques of Finsler geometry in the theory of vector bundles, 
Acta Sci. Math. 49(1985), 119-129. 

[3] Miron, R., Hamilton geometry, Univ. Timi§oara(Romania), Sem. 
Mecanica 3(1987), 54 p. 

[4] Miron, R., Anastasiei, The Geometry of Lagrange Spaces: Theory and 
Applications, Kluwer Academic Publishers, FTPH 59, 1994. 

[5] Schmidt, B.G., Gonditions on a Gonnection to he a Metric Gonnection, 
Commun. Math. Phys. 29(1973), 55-59. 

[6] Szabo, Z.I., Positive Definite Berwald Spaces, Tensor N.S., Vol. 35(1981), 
25-39. 

[7] Tamassy, L., Metrizahility of Affine Connections, Balkan J. of Geometry 
and Its Applications. Vol. 1(1996), no. 1, 83-90 



212 



Algebras Groups Geom. 
21 (2004), no. 3, 251-262 



GEOMETRY OF BERWALD 
VECTOR BUNDLES 

by Mihai ANASTASIEI 

Dedicated to Prof. Dr. Radu MIRON on the occasion of his 75th birthday 

Abstract 

Let ^ be a vector bundle endowed with a nonlinear connection 
N. It is called a Berwald vector bundle if the local coefficients of 
the Berwald linear connection defined by N do not depend on the 
variables y in fibres of ^. Thus they define a linear connection V in ^. 
One endows ^ with a regular Lagrangian L. A compatibility condition 
between L and A'' is introduced and consequences of it on the holonomy 
group of V are derived. Assuming that L is homogeneous of degree 
two in y, one proves that V is metrizable. Some particular cases and 
examples are discussed. 
MCS 2000: 53C07, 53C60. 

Kewwords and phrases: vector bundles, nonlinear connections, 
Berwald connections. 

Introduction 

In the very influential paper [8], R. Miron develops the geometry of the total 
space of a vector bundle using ideas and techniques from Finsler geometry. 
He considers on the total space E of the vector bundle ^ = {E,p,M) a 
distribution that is supplementary to the vertical distribution i.e. a nonlinear 
connection and decomposes all geometrical objects on E with respect to these 
distributions. On this way he proposes an elegant treatment of the linear 
connections and of metrical structures on E. From a nonlinear connection 
N a linear connection in the vertical bundle over E is easily derived. This 
is called the Berwald connection associated to A^. When it happens that the 
local coefficients of this connection do not depend on the variables y in fibres, 
they define a linear connection V in the vector bundle ^ and the pair N) 
will be called a Berwald bundle. Some properties of the pairs N) are given 
in Section 1. Then, in Section 2, we endow E with a regular Lagrangian L 
and introduce a natural condition of compatibility between and L. Some 
direct consequences of this compatibility are given in Proposition 2.1. Then 
we consider the parallel translations defined by V and we show in Theorem 
2.1 that these are compatible with the structures induced by the Lagrangian 
on the fibres of ^. In particular, the holonomy group 4>{x), x G M, of V 
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preserves the indicatrix defined by L. The differentials of the elements of the 
holonomy group (f){x), provide a group of linear isomorphism of the vertical 
subspace VuE, p{u) = x. We show in Theorem 2.2 that the elements of 
this group are also isometries with respect to the pseudo-Riemannian metric 
induced by L in the vertical bundle over E. In Section 3 we treat the case 
L = F^, where F is a Finsler function. In this case we prove that V is 
metrizable, that is there exists a Riemannian metric hin ^ such that Vh = 0. 
Some particular cases and examples are discussed in Section 4. The notations 
and terminology are those from [9] and [5j. 



1 Berwald vector bundles 

Let ^ = {E,p,M), p : E M, be a vector bundle of rank m. Here M 
is a smooth i.e. C°° manifold of dimension n. The type fibre is M*" and 
E is a. smooth manifold of dimension n + m. The projection p is a smooth 
submersion. Let {U, (xM) be a local chart on M and let Eaix), x E U, he a. 
field of local sections of ^ over U. Then every section A oi ^ over U takes 
the form A = A"'{x)ea{x), x G f/, and an element u G p^^{x) := E^ can 
be written as u = y°'ea{x), (y") G M*". The indices k, ... will range over 
{1,2, ...,n} and the indices a,b,c,... will take their values in {l,2,...,m}. 
The convention on summation over repeated indices of the same kind will be 
used. 

The local coordinates on p^^{U) will be (x*,?/") and a change of coordi- 
nates {x\ y"") — )• (P, y"") on [/ n f/ 7^ has the form 



On E we have the vertical distribution u — VuE = Kei px,u, where p* de- 
notes the differential of p. This consists of vectors which are tangent to fibres 

/• d \ 

and it is locally spanned by \ da '■= 7^ — . We shall regard also the verti- 

cal distribution as a vector subbundle VE := VuE E oi TE E. 

Its sections will be called vertical vector fields of E. The tensorial algebra 
TiVE) = (BXf{VE), p, g G N of this subbundle will be used. Its elements 
will be indicated by the word "vertical" . 

Definition 1.1 A nonlinear connection N on E is a distribution N : u ^ 
NuE, u E E, on E, which is supplementary to the vertical distribution on E. 

We take the distribution as being locally spanned by 5k = dk — 
d 

N^(x,y)da, for dk := ttt- By a change of coordinates (1.1), the condition 



(1.5) 




^« = M^{x)y^, rank(Mft"(x)) 



m, \/x eU r\U. 




6i is equivalent with 



(1.6) 



iV;afcP = M^{x)Nt{x,y) - dk{M^{x))y\ 
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It is important to notice that from (1.2) it follows that the set of functions 

F^f.{x,y) = di,N^{x,y) behaves under a change of coordinates (1.1) as the 
local coefficients of a linear connection in the vertical bundle over ^, that is 

' — ' ' f/T^ f/T^ 

(1.7) Fl{x{x),y{x,y)) = M:{x)M^{x{x))^ F^^{x,y)-d,{M^,{x))—^y% 

( dx^ \ f Ox^ \ ' — 

where I — r ) is the inverse matrix of I — — r I and (M^) denotes the inverse 



^ dx'^ J \ dx^ ^ 

matrix of (M^). 

We should like to construct a hnear connection D in the vertical bundle 
VE E. In order to do this it suffices to provide Dsj^da and Dg^di,. Using 

(1.3) we have the possibility 

(1.3°) Ds,da = F„^fc(x, y)d,, Dgd, = V^^ix, y)4, 

where necessarily iV^^{x,y)) behave like the components of a vertical tensor 
field of type (1,2). 

In particular, we may take — and introduce 

Definition 1.2 The linear connection D in the vertical bundle VE — >■ E 
given by 

(1-8) DsA = F^ki^,y)db, ^9„4 = 0, 

is called the Berwald connection associated to N. 

Definition 1.3 We call the pair a Berwald bundle if the functions 

F^f^{x, y) — dbN^{x,y) depends on x only. 

When (^, N) is a Berwald bundle, the functions F^^{x, y) — F^j^{x) define 
a linear connection V in ^ by 

(1-9) Va,£6 = F,l{x)ea, 

for (sa) a basis of local sections in ^. 

Conversely, if ^ is endowed with a linear connection of local coefficients 
F^f,{x), then the functions 

(1-10) N^{x,y)^F,l{x,y)y\ 

define by setting 5j. — dj^ — N^{x,y)da a nonlinear connection on E such 
that N) becomes a Berwald bundle. In other words, any vector bundle 
endowed with a linear connection is a Berwald bundle. 

We notice that the nonlinear connection (1.6) is positively homogeneous 
of degree 1 in y = (?/"). This suggests us to confine ourselves to the pairs 
{^,N) with the functions {Nj^{x,y)) positively homogeneous of degree 1 in 
y. The examples to be given later will fall in this category. This assumption 
requires to eliminate from E the image of the null section as we shall do in 
the following. 
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It is well known that, see [S], [S], the Berwald connection induces a co- 
variant derivative in the tensorial algebra of the vertical bundle. This splits 
in two operators of covariant derivative. The first one is called /i-covariant 
derivative and is defined on functions and vertical vector fields as follows: 

(1.11) f\k = Skf, Xf, = 6,X'^ + F,l{x, y)X\ 

It is extended by usual rules to any vertical tensor field. The second, called 
the f-covariant derivative, is simply the partial derivative with respect to y 

(1.12) f\=daf, X\ = d,X'^ 



5 ^0-- , 

since we have chosen Vj,'^ = 0. 

We use the notation ifc and I for denoting the h- and f-covariant deriva- 
fives of any vertical tensor field. 

Lemma 1.1 Let C, be endowed with a positively 1-homogeneous nonlinear 
connection N and \k the h-covariant derivative defined by the Berwald con- 
nection associated to it. Then 



(1.13) y^, = 0, 

holds. 

Proof, y'^^ = 6ky"' + F^ki^, y)y^ = F^ki^-, y)y^ — N^{x, y) = because of Euler 
theorem on homogeneous functions. 

Lemma 1.2 Let {^,N) be a Berwald bundle. Then for any vertical tensor 
field T of local coefficients Tll'^"'^j{x, y) we have 

(-\ 1 /I \ rpa\...ar I rpa\...ar\ 

y^-^^l ^b^...bs \k\a ~ -^bi...bs \a\k- 

Proof. One verifies (1.10) by a direct calculation keeping in mind that F^'). = 
daN^ do not depend on y. 

2 Berwald bundles endowed with regular La- 
grangians 

We recall that in ,^ = {E,p, M), E means in fact E\{{x,0), x G M}. 

Definition 2.1 A smooth function L : E M. is called a regular Lagrangian 
on E if 

(i) the matrix with the entries gab{x,y) = -dadbL is nondegenerate, 

(ii) the quadratic form gab{x,y) (C") ^ I^™"? of rank constant. 
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A regular Lagrangian L induces a pseudo-Riemannian metric g in the vertical 
bundle over given locally by 

(2.1) 9ida,db) ^ gabix,y). 

It provides also a set of vertical tensor fields by successively deriving it with 
respect to (y") 

(2.2) Cabc{x,y) = ^dadbdcL, Dabcd{x,y) = ^dadbdcddL, etc. 

Definition 2.2 Let ^ be endowed with a positively l-homogeneous nonlinear 
connection N and with a regular Lagrangian L. We say that N is compatible 
with L if 

(2.3) L|fc := 5kL = 0. 

Definition 2.3 // N) is a Berwald bundle with a regular Lagrangian L 
such that (2.3) holds, the pair {N, L) will be called a Berwald Lagrange struc- 
ture, shortly a EL structure for ^. 

Proposition 2.1 If has a EL structure, then 

(i) 9ab\k = 0, Cabc\k = 0, Dabcd\k = CtC. 

(ii) g% = 0, yaik = (y„ = gaby"), C^,^, = (C„«, = g^^Cebc). 

Proof. Easy consequences of (2.3) and of the commutation formulae (1.10). 
Assume that £ has a EL structure. 

Let be c : [0, 1] — )■ M, t — )■ c{t), t G [0, 1] a smooth curve on E. A section 
y4 of ^ along c given as A{t) = A"'{t)ea is said to be parallel with respect to 
linear connection V given by {F^j^{x)) if in a local chart on M, 

holds. 

For the initial conditions c(0) = x and 74"(0) = Aq, the system of differ- 
ential equations (2.4) admits a unique solution A°'{x{t)) and if one assigns 
to {Aq) G Ex the element A"-{x{l)) G -E'c(i)=z one obtains an application 
Pc : Ex ^ Ez called parallel translation along c. 

Moreover, from the linearity of the system (2.4) it follows that Pf. is a 
linear isomorphism. Now if one considers all loops on Af in x G M , the 
corresponding parallel translations as linear isomorphisms E.^ E.^ provide 
a group with respect to their composition, called the holonomy group 0(a;) 
of V in X G M. When M is connected, all these groups are isomorphic and 
one speaks about the holonomy group of V. 

Let Lx be the restriction of L to the fibre E^. We call L-map a linear 
isomorphism / : [E^, L^) {E^, L^) with the property L^iu) = Lz{f{u)) for 
every u & E^. 
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Theorem 2.1 If ^ admits a BL structure, then all parallel translations of 
V are L-maps. In particular, the holonomy groups (f){x), x e M, consists of 
L-maps. 

Proof. Let c : [0, 1] ^ M be a curve joining the points x = c(0) and z = c(l) 
of M. Consider a parallel section A{t) A{c{t)), t e [0, 1], of ^ along c. We 
show that the function f : t ^ L(x{t), A(t)), t e [0, 1], is constant. Indeed, 

dL{{x,y),A{t)) dx^ T\ (2-4) r n 

Consider Aq G and A{t) the unique sohition of (2.4) with the initial 
condition Aq. ThenPc(^o) = ^i, where Ai = A{1) and since / is constant, 
we get = L,{Ai) = L,{P,{Ao)), q.e.d. 

The subset J^- = {A G \ L.^{A) = 1} of E^ is called the indicatrix of L. 
Let G{Ix) be the group of all linear isomorphisms of E^ which leave invariant 
the indicatrix I^. Prom Theorem 2.1, it easily follows 

Corollary 2.1 The holonomy group 4>{x) is a subgroup of G{Ix). 

Let us continue to consider a parallel translation : E^ ^ E^. Its 
differential (Pc)*,«, u G E is a. linear isomorphism VuE — )■ V^E for v = Pc{u) 
since Pc itself is a linear isomorphism and T^iE^) is nothing but VuE. We 
denote it by P^. 

In particular, the differentials of the elements of (^{x) arc linear isomor- 
phisms of VuE with p{u) = X and these provide a group that is a 
subgroup of GL{VuE). 

We call (jf{u) the vertical lift of For every u & E, {VuE,gu) is a 

pseudo-Euclidean space. 

Theorem 2.2 The mapping P^ : VuE — > V^E, v G Pciu), are linear isome- 
trics of pseudo-Euclidean spaces. In particular, the group (p"{u) is a sub- 
groups of the isometrics of {VuE, gu) . 

Proof. We fix the curve c joining a;, 2; in M and denote by (P^") the matrix 
of Pc : Ex ^ Ez in the basis {sa{x)) and ea{z). Here we tacitly assumed 
that c is in a domain ?7 of a local chart on M. If it is not .so wc divide c in 
segments. The matrix of P^ is the same P^ in the basis da\^ and <9a|^. As 

Pc is an L-map, we have L{x,u'^) = L{y,P^u'^). We derive this equality two 
times with respect to {u"') and we obtain 

du^du^ dy'^dyd " 

that is gab{u) = gcd{v)PaPb ■ This exactly means that P^ is an isometry of 
the pseudo-Euclidean spaces {VuE^gu) and iyyE^gy). q.e.d. 
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3 Berwald bundles endowed with Finsler func- 
tions 

Let ^ be a vector bundle. 

Definition 3.1 ^ smooth function F :£':=£' \ —)■ M, (x, — )■ F{x, y) is 
called a Finsler function if 

(i) Fix,y)>0, 

(ii) F{x,Xy) = XF{x,y), VA > 0, 

(ill) the matrix with the entries gab{x,y) = | dadbF'^ is positive definite 
{9ab{x, y)CC>Ofor (C) ^ 0). 

When ^ is endowed with a Finsler function F we call it a vector Finsler 
bundle. If N) is a Berwald bundle, the pair {N, F) will be called a Berwald 
Finsler structure, shortly a BF structure for ^ if F\k '■= ^kF = 0. 

If we put L = F'^,we obtain a regular Lagrangian. Thus any BF structure 
is a BL structure. As such, the properties of BL structures proved in the 
previous section are valid for BF structures. We show new properties for 
BF structures. 

Proposition 3.1 If ^ has a BF structure then F\k = if and only if gab\k = 
0. 

Proof. F\k = implies L\k = F^\k = and by Proposition 2.1, one gets gab\k = 
0. Conversely, applying the Euler theorem to one obtains F'^{x,y) = 
9ab{x, y)y^y^. And the /i-covariant derivation yields F^i^ = 2FF\k = gab\ky""y^+ 
'^9aby''y^\k = since y^,^ = 0. Hence F\k = 0. q.e.d. 

The pairs {Ex, Fx) are called Minkowski spaces and F^ is called a Min- 
kowski norm on E^. The reason is that F^, besides the conditions (i)-(iii) 
from Definition 3.1 satisfies also (see [5] p. 6; (iv) Fx{y) > whenever y 0; 

(v) Fxiyi + 2/2) < Fx{y - 1) + ^,(1/2). 

The linear isomorphisms of E^ keeping F^ will be called isometries. 

We already know by Theorem 2.1 that if ^ has a BF structure, all parallel 
translations defined by V are isometries. 

In particular, the elements of 4>{x) are isometries of the Minkowski space 
{Ex, Fx). And (j){x) is a subgroup of the G{Ix), the group of all linear iso- 
morphism which leave invariant the indicatrix Ix- 

These facts are basic in the proof of the main result of this section. 

Theorem 3.1 If C, has a BF structure, the linear connection V is metriz- 
able, that is, there exists a Riemannian metric h in ^ such that V/i = 0. 

Proof. Let be Xq G M and the Minkowski space {Exq,Fxq). The indicatrix 
Ix is compact. It follows that the group G := G{Ix) is a compact Lie group. 
We know that G contains 4>{x) as a Lie subgroup but in general (j){x) is not 
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compact. Let (■) be an arbitrary inner product in E^q. Define a new inner 
product on E^^ by 

hxoiu,v) = yj^^^ J <gu,9v>f^G, ioi g e G, u,v e E^^, 

where fic denotes the bi-invariant Haar measure on G. It follows that h^^ 
is G-invariant and, in particular, it is 0(xo)-invariant, i.e., hx^iPu, Pv) = 
hxQ{u,v) for any P G ^(xo). Now we transfer h^f^ to all the points of M. 
For any point x G M, we consider a curve c joining x with xq (c(0) = x, 
c(l) = Xo). 

Define hx{A,B) = h^^lPcA, P^B) , A,B & E^. The property that /i^-q is 
0(a;o)-invariant assures that does not depend on the curve c. 

The mapping h : x — y : E^ x E^ ^ R is smooth since Pc smoothly 
depends on a; by a general result about dependence of solutions of an ordinary 
differential equation on initial data. Thus a Riemannian metric /i in ^ is 
obtained. The proof is ended with the help of 

Lemma 3.1 Let h be a Riemannian metric in ^ and t — ?• c(t), t G M, a 
curve with c(0) = x G M. Then 

(3.1) lim i (/i,(,)(P,A,P,5) - hx{A,B)) = (Ve(o)/i) {A,B){x), 

where A,B E E^ and Pc : E^ — )■ E'cj^j) is the parallel translation along c. 

Indeed, by the definition of h, the term in the left side of (3.1) vanishes. 
For the proof of Lemma 3.1 we refer to [2]. 



4 Particular cases 

4.1. Let ^ = tm = {TM, r, M) be the tangent bundle of M. If tm is endowed 
with a Finsler function F, the pair (M, F) is called a Finsler manifold. For 
the geometry of these manifolds we refer to [7], [5]. 

o 

The Finsler function F induces the Cartan nonlinear connection N^j{x, y) = 
Yjo - C'jfcToo where 27];. = g'^^d^gkh + dkgjh - dhg-jk), 2q^ = g'^dhgjk, 

7]o = I'jkV^ and 7^0 = l]ki.x,y)y^y'' ■ Of course, g^k = - djdkF'^ denotes 

the Finsler metric. This nonlinear connection is p-homogeneous of degree 
1 in y and is compatible with F, that is, F\k = 0. If the local coefficients 

0,0 o 

G''j^{x,y) = djNl{x,y) of the Berwald connection associated to (A^^) depend 
on X only, the Finsler manifold (M, F) is called a Berwald space. In [5l 
p. 263-64] there are given five properties characterizing the Berwald spaces. 
Among them we notice the condition Cijk\h = 0. Thus, if tm is endowed with 

o 

a Finsler function F for wich Cijk\h = 0, the pair [N, F) is a Berwald Finsler 
structure. Particularizing our results from Section 3 the results previously 
proved by Y. Ichijyo [6] and Z. Szabo [10] are obtained. 
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4.2. Let ^ = tm be endowed with a regular Lagrangian L. Then the 
pair (M , L) is called a Lagrange manifold. For the geometry of Lagrange 
manifolds we refer to [9]. The Lagrangian defines a nonlinear connection 

Nj{x,t) = djG\ where 4(7* = g'^^{y^dkdhL — dkL) but, in general, this is 
not homogeneous nor compatible with L. We notice that is provided 
by the semi-spray {G^{x,y)) that in turn is derived from L. A question is 
whether there exist Lagrangians which to generate sprays, that is the func- 
tions y)) to be p-homogeneous of degree 2 in y. 

A first example was given and studied in [3]. A larger class of such 
Lagrangians called yj-Lagrangians is proposed and studied in [4j. 

Let Tm be endowed with a Finsler function F. We eliminate the image of 
null section {O^,., x G M} from TM. Let (p : M+ — )• M be a smooth function. 
Then L = (p{F'^) is a Lagrangian and one proves that if ^p'{t) ^ and 
if' {i)\t^" if) 7^ for any t G Im(F^), then L is a regular Lagrangian, called a 
</9-Lagrangian. For a (^-Lagrangian, the functions G'*(x, ?/) are p- homogeneous 

of degree 2 in y. Moreover, G^{x,y) = 7go and the nonlinear connection N 
provided by a (y9-Lagrangian coincides with the Cartan nonlinear connection 

o 

of (M, F), cf. [4j. It follows easily that A^ is compatible with L. Further- 

o 

more, the pair {tm, N) is a Berwald bundle if and only if (tm, A^) is a Berwald 
bundle. It follows that (A^, L) is a Berwald Lagrange structure for tm if and 

o 

only if (A^, F) is a Berwald Finsler structure for Tm- The connection V is the 
same for these structures and by Theorem 3.1 it is metrizable. 
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Abstract 

A natural generalization of the usual inner product on M"' is the 
so-called Minkowski norm. For a smooth vector bundle ^ with the type 
fibre M"^ endowed with a Minkowski norm, a G— structure for ^, gen- 
eralizing the 0(m)— structures, is defined and called a Minkowskian 
G— structure. Several properties of these structures are pointed out 
in Theorem A and Theorem B. Some of them extend to the vector 
bundles the results given by Y. Ichijio ([2], [3]) for tangent bundle. 
If applied to the cotangent bundle our results enrich the geometry of 
Cartan spaces presented in the monograph [5] by R. Miron et al. on 
the line of our paper [1]. 

MSC2000: 53C60, 53C10. 

Keywords and phrases: vector bundles, Minkowskian norms, 
G-structures. 

Introduction 

Let = {E, TT, M) be a smooth i.e. C°°vector bundle of rank m. Assume 
that M is connected. The type fibre of ^ is M™ and its structural group is 
GL{m,'R). The Hnear space R"^ has a natural inner product < , > and it is 
well known that this can be transferred with the help of the bundle charts 
to a Riemannian structure gi in ^ if and only if ^ admits an 0(m)— structure. 
Moreover, it is also known that if ^ admits an 0(m)— structure, then there 
exists a linear connection V in ,^ that is metrical with respect to g (Vg = 0). 
Then V can be also seen as a principal connection in the principal bundle 
of the frames of ^ having the property that its connection 1-form takes the 
values in the Lie algebra of Oym). 

The condition Vg = is equivalent with the fact that all parallel trans- 
lations defined by V are isometrics. 

Consequently, the fibres {Eri;,gx),x e M, of ^ are all congruent i.e. lin- 
early isometrically isomorphic. 

We prove the following theorems. 

Theorem A. If^ — {E, tt, M) admits a Minkowskian G f— structure, then 
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i) Each fibre E^, x & M becomes a Minkowski space, 

ii) A Finsler function F{x,y) = f{lJ^l{x)y^), fJ^ti^) ^ GL{m,M.) is defined 
on E. 

Denote by {gab{x,y)) the Finsler metric associated to F. 

iii) Let V be a linear Gf— connection and \k be the horizontal covariant 
derivative defined by its vertical lift to E. Then F\k — and gah\k — 0- 

iv) the fibres Ex,x e M are all congruent each others as Minkowski spaces. 

A pair {F, V) with F a Finsler function on E and V a linear connection 
in ^ such that gab\k = will be called a (F, V)— structure for ^. 

Theorem A says that if ^ admits a,Gf — structure, then ^ admits a (F, V)- 
structure. The converse holds, too. 

Theorem B. Let ^ = {E, it, M) be a vector bundle of rank m. Assume 
that it admits {F^V) — structure. Then F induces a Minkowski norm f on 
M™" and ^ admits a G f— structure such that the {FjV) — structure induced by 
it is just that initially given. 

The notions entering in the contents of these theorems will be explained 
below in the appropriate places. 

Our results extend to any vector bundle some of the results due to Y. 
Ichijio for tangent bundle, [2] , [3] . 



1 Vector bundles. Minkowskian G— structures 

Let ^ = {E, vr, M) be a smooth vector bundle of rank m. 

Assume that M is connected and its dimension is n. Then F is a smooth 
manifold of dimension n + m. 

Let {{Ua, ipa)}aeA be a smooth atlas on M. A vector bundle atlas is then 
{([/«, (/Jq, K"^)}aeA, where (pa '■ '^~^{Ua) x K"* are diffeomorphisms 

of the form ipaiu) — {Tr{u),ipa,-,^(^u){u)), u G n~^{Ua) such that for every 
X E Ua r\ ({), ipp^x ° Va\ belougs to GL{m, M). 

The manifold structure of E is defined by the atlas {(7r~^(t/a), 0a)} with 
0a : T^~^{Ua) i^aiUa) X given by 0a(M) = {i^a{Tr{u)),(pa,7T{u){u)). The 
mappings {(f)po(f)-^){u) = ((V'^o'0-^)(7r(ii)), iVi3Mu)°^aUn)K^)) are smooth. 

Let {ea),a = l,2,...,m be the canonical basis of M™. The mappings 
£a,a '■ Ua 7i~^ (Ua) , Sa,a{x) = (p~^{x,ea) are Tu linearly independent local 
sections of ^, that is {ea,a{x)) is a basis of the fibre E^, x E M. 

If we put tpaix) = {x'), tlj^{x) = (P), i,j,k... = 1,2, ...,n, then ipp o ijj-'^ 
has the form 

(1.1) x^ = x^ {x^, ...,x"'), rsinkf ——\ = n. 
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For u & E with n{u) = x, we can write u = y"'ea,a{x) = y''£j3^h{x). If we 
put (v^/3,xOV9-iJ(e,) = Ml{x)eb, then s,,,(a;) = M„^(a;)s„,, and y'> = M^^{x)y''. 

The local coordinates on E will be {x'',y°') and a change of coordinates 
{x\y"') — )■ {x\y'') has the form 



(1.2) P = rank^ 



dx^ _ 

y" = M^{x)y^, Y8cnk{M^{x)) = m. 

The Einstein convention on summation will be applied for the indices 
i, j, fc, ... = 1, n as well as for the indices a, 6, c... = 1, m. 

Let G be a Lie subgroup of GL(m, R). One says that ^ admits a G- 
structure if there exists a vector bundle atlas {{Ua^^a-,^^)}aeA such that 
the mapping UaPiUji — > GLini, M), a; — )■ y^^.x- o ip'^\ take their values in G. 

The existence of a G— structure in ^ is equivalent with the existence of 
an open covering {Ua)a&A of ^ and of m sections s^.a ■ U^. — >■ 7r~^(C/a) for 
every a & A such that 

i) {sa,a{x)) is a basis in x e 

ii) Saa{x) = M^{x)s)3 b{x) with M^{x) e G, for every a, /3 E A with 

This means that a G— structure in ^ is a reduction to G of the principal 
bundle of frames of ^ (sec [4]). 

The basis (sa,a(^)) are called frames adapted to the given G— structure. 

A Minkowski norm / on R"* is a non-negative real function on R"* with 
the properties: 

1. / is smooth on \ 0, 

2. f{Xy) = Xf{y) for all A > 

1 d'^f 

3. The matrix with the entries qaiy) = - ^ . ^ . is positive definite. 

^^^"^ 2dy'dyi 

The pair (R"^, /) is called a Minkowski space. 

If it happens that f{—y) = f{y), then f{Xy) = \X\f{y) and one says that 
/ is an absolutely homogeneous Minkowski norm. One proves [BCS, p. 6] 
that any absolutely homogeneous Minkowski norm is a norm on R™". 

Let R™ be endowed with a Minkowski norm / and let be G/ = {T e 
GL{m,R)\f{Ty) = f{y),Vy eW-}. 

Then G/ is a closed subgroup of GL(m, R). Indeed, if (T„)„>o is a se- 
quence in Gj that converges to Tq, making n — > oo in the equality f{Tny) = 
f{y) ^y we get fiToy) = f{y) Wy, that is Tq G G/. It follows that G/ is a Lie 
subgroup of GL{m, R). A G/— structure in ^ will be called a Minkowskian 
structure in ^. 
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2 Finsler vector bundle. Connections 

Let { = {E, TT, M) be a smooth vector bundle of rank m. 

A Finsler function on is a non-negative real function F on E with 

the properties: 

1. F is smooth on E\{{x,0),x e M} and only continuous on the set 

{{x,0),xeM}, 

2. F{x, Xy) = XF{x, y) for all A > 0, 

1 92 F2 

3. The matrix with the entries gab{x,y) = -— — ^^is positive definite. 

2 oy"-oy° 

The pair ({, F) is called a Finsler vector bundle. 

For every x G M, the function F^ : E^ R given by Fx{u) = F{x, u)\fu G 
Ex is a Minkowski norm on E^. Thus the fibres of a Finsler vector bundle 
are all Minkowski spaces. 

On E wc have the vertical distribution u — >■ V^E — ker 7r*_„ made by the 
vectors which are tangent to fibres. 

A distribution u — >■ HuE which is supplementary to it is called a horizon- 
tal distribution or a nonlinear connection for ^. The vertical distribution is 
f d \ 

spanned by — — . As a local basis for the horizontal distribution it is usu- 

Xdy'^J 

d d 

ally taken 5i = —— — N^{x,y)— — , where the functions {N°-{x,y)) are called 

the local coefficients of a given nonlinear connection. By a change of coor- 
dinates on E these functions behave in such a way that the transformation 
law 

(2.1) S, = ^S„ 

is assured. 

When a nonlinear connection is considered we have the decomposition 

(2.2) T^E = H^E ® V^E, u E E. 

Then all the geometric objects on E can be decomposed accordingly. 
If the functions {N^{x,y)) are linear in that is N^{x,y) = r|J-(a;)?/^, 
the nonlinear connection becomes a linear one. In this case we may define 
an operator of covariant derivative V: X{M) x r{E) ^(E), iX,a) 
'da"" _ A , „ d 



VxT = X^{x) + Tl.{x)a''j where X = X= — , a = a''{x)ea and 

We denoted by V{E) the 7"(M) -module of sections in ^ and X{M) := 
T{TM). 

A linear connection V in ,^ induces a linear connection D in the vertical 
bundle over E as follows: 

The operator D: X{E) x T{VE) T{VE) is defined by the equations 
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(2.3) DsA = r^.(^)4, D^da = V^,{x, 

d 

where da '■— -r — and C^Jx,y) are the components of a vertical tensor field 

1/^4 ® dy" 6y" = chf + r^j;)y^ix\ 

The functions C^^ can be taken zero. In such a case, D will be called the 
vertical lift of V. 

We shall use Dg^^ for defining a horizontal covariant derivative in the 

tensor algebra of the vertical bundle over E. It will be denoted by \k and it 
is obtained by the usual extension procedure starting with 

(2.4) = 5kf for every real function / on E, 

Aj*^ = SkA"- + Vl^{x)A^, for A = a section in the vertical 

bundle. 

The vector field C = y"'da is called the Liouville vector field on E and 
Ds^^C = y'^y.da is called the defiexion tensor field of D. We have 

Lemma 2.1 D^C = 0. 

Indeed, y^^ = d^y'^ + Tl{x)y' = -^Mv' + ^Wv' = 0- 
Lemma 2.2 For every real function H on E we have 

da{H\k) = {daH\k- 

Proof. A direct calculation keeping in mind that daH are he coefficients of a 
vertical 2-form and so 

{daH\k = 5k{daH)-V'lk{x)d,H. 

3 Proof of Theorem A 

Let be ^ with the type fibre the Minkowski space (R™,/). Assume that 
^ admits a G/— structure. Let {sa,a{x)) be a frame in E^ adapted to this 
G/— structure. For u E E^ we have u — y"'ea,a{x) — ^"'Scaix)- We define 
Fa : E^ ^ [0, oo) by Fa{u) — f{z°-). For a; e C/q n C/g we have also Fii{u) = 
f(z^), where (2*) are given hy u = z'^Si3^b{x). It follows that i* = M^(x)z" 
with {M^{x)) e Gf. Consequently, /(i*)'= /(^") and F„(m) = F^(m). In the 
other words, the function F defined by F{u) = f{z°-) does not depend on the 
chosen local chart. It is clear that for every x G M, this F is a Minkowski 
norm on E^. Thus i) of Theorem A is proved. 

If we put Sa,a{x) = \'l{x)ea,b{x) , {\'i{x)) G GL(m, R), it results = 
^Jil{x)y^ with itxi) = 

The function F : {x,y) — )■ F{x,y) = f{iil{x)y^) is a Finsler function on 
E. Indeed, this is smooth on £^ \ {(x, 0), a; e M} since / is smooth on M™ \ 
and the functions (/x^) as the entries of the inverse matrix of a matrix whose 
entries are smooth are also smooth. 
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Note that = if and only if z"" = 0. The function F is positively 
homogeneous of degree 1 in (y") because / is homogeneous of degree 1 . The 

matrix {gab{x,y)) has in this case the entries gab{x,y) = - ^^^^^^ //n(x)/x^(a;) 

and for any (^■") e we get 

9^{x,y),\' = ^l^'-V for = 

It follows that the matrix {gab) is positive definite since / is a Minkowski 
norm. Thus ii) of Theorem A is proved. Note that ii) implies i) because the 
Finsler function F will provide by restriction a Minkowski norm in each fibre 

ofC- 

We fix an open set [/„ in M and take a field of frames {sa) of local sections 
adapted to the Minkowskian structure Gf. A G/— connection is a connection 
in the principal bundle of frames of ^ whose connection 1-form 9 has values 
in the Lie algebra gf of Gf. The 1-form 6 is completely determined by a 
matrix {9l{x)) of 1-forms on M using a fixed basis oi gf. The operator of 
covariant derivative is V^Sa = 9\{X)si,. If one sets 9\ = r*\.{x)dx^ , then 
9l{X) = XTllix) for X = X^dk and so V^^Sa = T*X{x)X^si, with the 
matrix {V*^^,{x)X^) in gf. The following Lemma gives a characterization of 
the elements oi gf. 

Lemma 3.1 A matrix A — [Al) e gf if and only if 
df 

(3.1) w^Ap^ = for every (^") e W. 

Proof, li A e gf then exptA G Gf, hence /((expM)^) = f{z) e M™. 
This means that —f{{e'x^tA)z)\t=Q = 0, a equation that is equivalent with 

(3.1) . 

Note that for / = -sj {z, z), the equation (3.1) reduces to the skew sym- 
metry of A. 

Let (sa) be the natural frame (corresponding to the canonical basis (ca) 
in M™) on Ua so that u = y^Sa = z^Sh. It result z^ = ^\y'^ for /^^ = 
where as before Sa{x) = {x)eb{x). We put V*ea = X''Tl^{x)£b. 

Then V*^Sa = V^(A^£,) = X\dj,K + r^.(^)A^)^c. 

If we think (A^) as a set of m vector fields, the last parenthesis is V^A^, 

hence V^£„ = X^V^K^c 

On the other hand, V*xSa — X*^r*^A^£c and by a comparison we get 

v.A^ = r:lK or 

(3.2) r:^, = (V,A^)/.^ 

Lemma 3.1 applied for (X'^r*^ says that 

(3.3) ^^{X'r*J>,)z- = V(^«) e 
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Inserting here r*| given by (3.2) one gets 
(3-4) ^(VfeA^)/.^^« = 0. 

Now we consider the nonhnear connection N^{x,y) — Vl^{x)y^ and the 
vertical Uft of Unear connection (yi^{x)) denoting by \i the corresponding 
horizontal covariant derivative. 

Recall that y) — f{iil{x)y^) and compute F\k. 

We have 

F _dF _ dF _df d^l , _ , df _ df , (d^l _ \ 
I' " dx^ ' dy- ~ dz<^ dx'^^ dz^^^ ~ dz^^ \dx^ ) ■ 

Prom yU^A" = 5^ it follows 

Inserting this in the last form of F\k we get 

by (3.4). 

Using Lemma 2.2, we compute 

9ab\k = l{dAF% = ^44(i^|D = 

since = F| = 0. 

Thus the point iii) of Theorem A is proved. 

Let us consider a smooth curve c : [0,1] M;t c{t), joining the 
points X — c(0) and y — c{l) and let us denote by Pc : ^ By the parallel 
translation along c defined by a linear G/— connection V in ^. 

It associates to an clement u = A{0) G the unique element A{1) from 
Ey, where t ^ A{t) is a section in ^ along c which is parallel along c, that is 
its components {A°'{t)) are solutions of the system of differential equations 

Consider F in the points {x{t),A{t)) and compute 
dF{x{t),A{t)) _ dF dx'' dF dA^ (3_5) dx^ ( dF AbdF\ _ 



dt dx^ dt dy" dt dt \dx'' dy" 

because of = 0. 

Thus the function t F{x{t), A{t)) is constant. Hence Fx{u) = Fy{Pcu). 
In the other words, the hnear isomorphism Pc preserves the Minkowskian 
norms. This proves the point (iv) and thus Theorem A is completely proved. 
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4 Proof of Theorem B 

Let be a pair (F, V) with F a Finsler function on E and V a linear connection 
in ^ such that gah\k — 0- 

Lemma 4.1 gab\k — implies F\k — 0. 

Proof. The homogeneity of F imphes by a repeated use of the Euler theorem 
that F'^{x,y) = gah{.x,y)y"'y^ . 

Then _Fj^, = gab\ky"'y^ + '^gabUi'ky'' = 0, by hypothesis and Lemma 2.1. 
Hence F\k = 0, q.e.d. 

We have proved in the end of Section 3 that if Fj^ = 0, then all parallel 
translations of V are isometrics of Minkowski spaces. 

In particular, the holonomy group, let say H, of V is made of isometrics 
of Minkowski spaces. 

Let "H be the Lie algebra of H and an element A — {A^) e T-L. Then 
exp tA & H and wc have 

(4.1) F(,T, {exptA)y) = F{x,y)yx e M,yy e E^. 
This is equivalent with 

(4.1') ^^F{x,iexptA)y)\t=o = 0. 

The linear connection V in ,^ corresponds to an infinitesimal connection 
in the principal bundle of linear frames of ^. 

By the Holonomy Theorem ([4]) this principal bundle admits an H— 
structure (a reduction to the Lie subgroup H) such that F becomes an H— 
connection. 

Correspondingly, ^ admits a reduction to H such that V is an if — con- 
nection. 

Let be Sa = \^^{x)ea a field of frames on the open set Ua containing 
X. We think (4.1) and (4,1') in this frame taking y — y'^Sa — s"'Sa- Thus 

^((expM)y)|,=o = Ay = {Aie)sa = Al^yXie,. 
Expanding (4.1') we find 

(4.2) {daF)XiA-fiy = 0, 

where ddF, d = 1, ...,m mean the partial derivatives with the second set of 
m variables of F(-, •). 

When we put VxSa = ^''^llsb, we necessarily have {X^TlD e Ti. 

In the natural frame we set Vx^a = ^'^^ak^bix) and as before we get 

(4.3) VxSa^X'^iVkXDl^'Mx). 

Thus by comparison it follows (3.2). 

Now we write (4.2) for the matrix (X*T^£). We get 

(4.4) (9,F)(V,Af)//«y^ = 0. 
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Let be F{x\y'') = F{x\ \'^{x)C'') := f{x,0- 
We show that / does not depend on x. 
We compute 

d,F = d,F + {daF)d,iXtix))e ° y'nAF + idaF)d,i\tix))e = 
= {daF){d,Xl + TlXDC = {daF){ykK)l^lf = 0, 

by (4.4). 

Thus F{x\t) = F{x,xt{x)e) = fin. 

We regard / as a function on R"^ and it obvious that / is a Minkowski 
norm. 

Now we show that the holonomy group H C Gf. Let T e H with {T*1) 
its matrix in the frame (sa) and (T^") its matrix in the frame (^a). Then 
T*l = /i«T,^Af. We have /(C) = fif^tv') = F{x\y-) = F{x\T^y^) = 
fil^lT^y') = fil^lKTa^tv") = fim")- Thus T e Gf. 

As ^ admits an if— structure, we may say that it admits also a Gf— 
structure. If one reviews the proof of Theorem A it comes out that the 
(V, F)— structure induced by this G/— structure is just that initially given. 
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Abstract 

A manifold endowed with a regular Hamiltonian which is 2-homogeneous 
in momenta was called a Cartan space. The geometry of regular Hamil- 
tonians as smooth functions on the cotangent bundle is mainly due 
to R. Miron and it is now systematically described in the monograph 
[3]. An interesting particular class of Cartan spaces is given by the 
so-called Berwald-Cartan spaces. In this paper some new properties 
of the Berwald-Cartan spaces are proved. 
2000 Mathematics Subject Classification : 53C60 
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Introduction 

Analytical Mechanics and some theories in Physics brought into discussion 
regular Lagrangians and their geometry, [3] . A regular Lagrangian which is 2- 
homogeneous in velocities is nothing but the square of a fundamental Finsler 
function and its geometry is Finsler geometry. This geometry was developed 
since 1918 by P. Finsler, E. Cartan, L. Berwald and many others, see ^ and 
the most recent graduate text pQ . But in Mechanics and Physics there exists 
also regular Hamiltonians whose geometry is also useful. This geometry is 
mainly due to R. Miron, [3], and it is now systematically presented in the 
monograph [1]. A manifold endowed with a regular Hamiltonian which is 2- 
homogeneous in momenta was called a Cartan space. The notion of Cartan 
space was introduced by R. Miron in A particular and interesting class of 
Cartan spaces is given by the so-called Berwald-Cartan spaces, shortly BC- 
spaces. The geometry of the SC-spaces can be found in P], Chs. 6-7. Our 
purpose is to prove some new properties of these spaces. A Cartan space is a 
pair (M, K) for M a smooth manifold and K a regular Hamiltonian which is 
2-homogeneous in momenta. A BC space is defined as a Cartan space whose 
Chern-Rund connection coefficients of the canonical metrical connection do 
not depend on momenta, that is, Hji^{x,p) = Hji^{x). For a Cartan space the 

pair {T*M,K{x,p)) for any fixed a; G M is a Minkowski space. We prove 
(Theorem 3.2) that for BC spaces the Minkowski spaces {T*M,K{x,p)) are 

^This paper was partially supported by CNCSIS-Romania 
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all linearly isometric to each other. Noticing that the functions Hjf.{x) defines 

a symmetric linear connection V on M we prove (Theorem 3.3) that V is 
metrizable, that is, there exists a Riemannian metric on M whose Levi-Civita 
connection is V. These proofs are presented in Section 3. Some preliminaries 
from the geometry of cotangent bundle are given in Section 1, and Section 2 
contains necessary facts from the geometry of Cartan spaces. 



1 Preliminaries 

Let M be an n-dimensional C°° manifold and r* : T* M M its cotangent 
bundle. If (x') are local coordinates on M, then {x\pi) will be taken as local 
coordinates on T*M with the momenta (pj) provided by p = Pidx'' where 

p e T*M, X — (x*) and (da;*) is the natural basis of T*M. The indices 
i,j, k... will run from 1 to n and the Einstein convention on summation will 
be used. A change of coordinates {x\pi) {x\pi) on T*M has the form 



(1.1) 



= x'^), rank ) =n 



Ox^ \ ( dx^ 

where ( -— :- I is the inverse of the Jacobian matrix 



dx^ ) \dx^ 

( d ■ d \ 
Let I di :— — :— — — | be the natural basis in T(3;_p)T*M. The change 
\ Ox Opi J 

of coordinates (1.1) produces 

2) = {.diX^)dj + {diPj)d\ 

5* — {djX^)dK 

The natural cobasis (dx*, dpi) from T*^p-^T*M transforms as follows. 

(1.3) = {djX')dx^, dpi = — dpj + ^^r^ Pj dxK 

The kernel Vf^^^p) of the differential dr* : T(^^^p)T*M T^M is called the 
vertical subspace of T(^x,p)T*M and the mapping {x^p) — )■ V(x,p) is a regular 
distribution on T*M called the vertical distribution. This is integrable with 
the leaves T*M, x E M and is locally spanned by (9*). The vector field 
C* = pid"^ is called the Liouville vector field and u = pidx"^ is called the 
Liouville 1-form on T*M. Then dcu is the canonical symplectic structure 
on T*M. For an easier handling of the geometrical objects on T*M it is 
usual to consider a supplementary distribution to the vertical distribution, 
(x, p) — > ^(x,p), called the horizontal distribution and to report all geometrical 
objects on T*M to the decomposition 

(1.4) 
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The pieces produced by the decomposition (1.4) are called d-geometrical 
objects {d is for distinguished) since their local components behave like ge- 
ometrical objects on M, although they depend on a; = (a;*) and momenta 
P = (Pi)- 

The horizontal distribution is taken as being locally spanned by the local 
vector fields 

(1.5) 6i:=di. + N,j{x,p)d^, 
and for a change of coordinates (1.1), the condition 

(1.6) 6i = {diX^)6j for 6j := dj + Njk{x,p}d'', 

is equivalent with 

~ dx^ Ox^ O'^x^ 

(1-7) N^A^.P) =g^9^ NUx,p) + Pr. 

The horizontal distribution is called also a nonlinear connection on T*M and 
the functions {Nij) are called the local coefficients of this nonlinear connec- 
tion. It is important to note that any regular hamiltonian on T*M determines 
a nonlinear connection whose local coefficients verify Nij = Nji. The basis 

(5j, (9*) is adapted to the decomposition (1.4). The dual of it is {dx\ Spi), for 
6pi = dpi — Njidx^ and then 5pi = -—r 6pj. 

Qrj.1 

2 Cartan spaces 

A Cartan structure on M is a function K : T*M — > [0, oo) with the following 
properties: 

1. K is C°° on T*M \ for = {(x, 0), x e M}, 

2. K{x, Xp) = XK{x,p) for all A > 0, 

3. The n X n matrix {g''^), where g^^{x,p) = - d^d^ K'^{x,p), is positive- 
definite at all points of T*M \ 0. 

We notice that in fact K{x,p) > 0, whenever p ^ 0. 
Definition 2.1. The pair {M,K) is called a Cartan space. 

Example. Let [jijix)) be the matrix of the local coefficients of a Riemannian 

metric on M and (7*-'(x)) its inverse. Then K(x,p) = \/YHx)piPj gives 
a Cartan structure. Thus any Riemannian manifold can be regarded as a 
Cartan space. More examples can be found in Ch. 6 of [1]. 

We put P' = ^ d'K^ and C'^'' = d'&d^K^. The properties of K 
imply 

,2 P' = 9'^Pj^ Pi = 9ijP'^ K'^ = g'^PiPj = PiP', 

C'^^Pk = C'^^pk = C^'^pk = 0. 
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One considers the formal Christojjel symbols 

(2.2) Yjkix,p) ■■= \ g'^dkQjs + djQsk - dsQjk) 

and the contractions -y°j^{x,p) := Yjk{x,p)pi, 7°^ := Yji^Pip''. Then the func- 
tions 

(2.3) N,^{x,p) = 7° (x,p) - i Yhoi^,p)d''g,,ix,p), 

verify (1.7). In other words, these functions define a nonhnear connection 
on T*M. This nonhnear connection was discovered by R. Miron, [3]. Thus 
a decomposition (1.4) holds. From now on we shall use only the nonlinear 
connection given by (2.3). 

A linear connection D on T*M is said to be an N-linear connection if 

1° D preserves by parallelism the distributions and V, 
2° D9 = 0, for 9 = 6p^A dx\ 

One proves that an A^-linear connection can be represented in the adapted 
basis ((5j,9*) in the form 

where Vj'^ is a (i-tensor field and H^j{x,p) behave like the coefficients of a 

linear connection on M. The functions H^j and V^-' define operators of h- 
covariant and f-covariant derivatives in the algebra of ci-tensor fields, denoted 

\k 

by \k and , respectively. For g"^^ these are given by 

g'^lk = Skg'^ + g'^Hi, + g^^Hl„ 

gij I ^ Qkgij ^ gsjyik ^ gisyjk^ 

An A^-linear connection given in the adapted basis {6i,d^) as Dr{N) = 
{H^jki Vj^) is called metrical if 

(2.6) g''\k = 0, g'^' = 0. 

One verifies that the A^-linear connection Cr(A^) = (-f^j^, C"/ ^) with 

Hjk = 7: 9''{^j9sk + kgjs - Ssgjk), 

(2.7) 2 

Ct = -2 aUd'g'" + d'g'^ - d'g^') = g,sC''\ 
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is metrical and its /i-torsion Tj^. := fZj^ — Hlj = 0, t>-torsion Sj'^ := C/^ — 

Cf-' = and the deflection tensor Aij = Nij — PkH^^ = 0. Moreover, it is 
unique with these properties. This is called the canonical metrical connection 
of the Cartan space (M, K). It has also the following properties: 

(2.8) ^1^ = 0' ^1' = ^' ^'l^ = °' ^T' = V' 

Pi\j = 0, Pi\^=Sl p'\i = 0, p'\^=g'^. 

Besides Cr{N) one may consider on T*M three other important A^-linear 
connection which are partially or not at all metrical: Chern-Rund connection 
CRT{N) = (ifjfc,0), the Hashiguchi connection HT{N) = {d'Njk^C-^) and 
the Berwald connection BT{N) = {d'Njk,0). 



3 Berwald— Cartan spaces 

Let C" = (M, K) be a Cartan space with the canonical metrical connection 
CT{N) = {H;„Ct) given by (2.7). 

Definition 3.1. The Cartan space C"" is called a Berwald- Cartan space, 
shortly a EC space, if the connection coefficients ifj^ do not depend on 
momenta, that is, Hjj^{x,p) = Hji^{x). 

In [1] , by direct methods or using the duality between Finsler and Cartan 
spaces given by the Legendre map, one proves 

Theorem 3.1. The following assertions are equivalent: 
1° The Cartan space C" is a EC space, 

2° The coefficients E^-f^ = d^Nj^ of the Berwald connection are functions 
of position only, that is Ej}^{x,p) = Ej}^{x), 

3° The curvature Pfk" '■= d^Bjk ^^e Berwald connection vanishes. 

4° C'^'^ih = 0. 

For the Cartan space = (M, K), the function := K{x, ■) : T*M 
M is a Minkowski norm for every x G M. Thus we have the Minkowski spaces 
{T*M, Kx), X G M. For EC spaces, the following theorem holds. 

Theorem 3.2. Let (M, K) be a EC space. Whenever M is connected the 
Minkowski spaces {T*M, Kx) are all linearly isometric to each other. 

Proof. Let uj = ujidx^ an 1-form and v = vWj a vector field on M. Using the 
connection coefficients Hji^{x) we may define a covariant derivative of u in 

the direction of v as follows: V^u; = v^{dkUJi — Hlj^ujj)dx\ 
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We restrict w to a curve c : t — )■ x{t), t G M, on M, define the covariant 



Vu 

derivative of oj along c by — — 

dt 



duJi dx 



dt ' dt 



dx"" and we say that uj 



„, , T „ , . dK'^{x{t),uj{t)) 

IS parallel along c if — — = 0. Let us estimate ; . We write the 

dt dt 
equality K^{x,p) = g^-' {x,p)pjPj for {x{t),ijj{t)) and we obtain that along the 

and using ^f^-^i^ = as well as the last equation (2.1) one gets: 

dK^ f dujj dx'' 

dt \dt ^'^ dt 

From here we read 

Lemma 3.1. // the l-form u is parallel along the curve c : t ^ x{t), then 
the function K{t) := K{x{t),uj{t)) is constant along the curve c. 

Let X, y be points of M joined by a curve c : [0, 1] — )■ M such that c(0) = x, 
c(l) = y. Let be a G T*M. We consider the unique solution u = (ui) of the 

duJi ■ dx'^ 

system of linear ordinary differential equations Hl^Uj = with 

the initial condition Ci;(0) = a and we associate to a the element a' = oo{l) of 
T*M. The mapping T*M — )■ T*M given by a — )■ a' is a linear isomorphism. 
By Lemma 3.1, K{x{t),uj{t)) has the same values at t = 0. Hence Kx^ot) = 
Ky{a'). This means that the Minkowski spaces {T*M,Kx) and {T*M,Ky) 
are linearly isometric for every x,y & M, q.e.d. 

Another interesting property of BC spaces is as follows. 

The connection coefficients Hjj^{x,p) = W-^[x) define a symmetric linear 

connection V on M and it happens that this is metrizable, that is, there 
exists on M a Riemannian metric h such that V is the Levi-Civita connection 
associated to it. This h is not unique. 

We prove this fact by adapting an idea of Z.l. Szabo [6J. The duality with 
Finsler spaces is not used. 

Theorem 3.3. Let C" = (M, K) be a BC space with M connected and V the 
symmetric linear connection on M of local coefficients Hji^{x,p) = Hji^{x). 
Then there exists a Riemannian metric h on M such that V is the Levi-Civita 
connection of it. 

Proof. Let be the Minkowski space {T*^ M, K^q ) for a fixed Xq G M. Then 
= {(jJ I Kxq{uj) = 1} is a compact subset of T*^M. Let C be the group 
of all linear isomorphisms of T*^M that preserve S^^- This G is a compact 
Lie group. It contains as a subgroup the holonomy group H^^ defined by 
(ifj^(x)) according to Lemma 3.1. In general, H^^ is not compact. 

Let <, > be any inner product in T*^M. Define a new inner product on 
T:,M by 

(3.1) hx^{^,u) = ^ I < ayD,auj > ^G, ^T*^M, 

VOl[Lr) Jq 
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for a ^ G, where hg denotes the bi-invariant Haar measure on G. It results 
hxQ{b(f,buj) — hxQ{(p,uj) for every b E G (from the properties of /jg), that is 
is G-invariant. In particular, hx^ is i7a;o -invariant. 

Let now any x G Af and a curve c : t c{t) joining x with Xq, c(0) = x, 
c(l) = Xq. Denote by Pc : T*M — )■ T*^M the parallel transport of covcctors 
defined by H'-^{x). For every (p e T^M, P^{ip) = uj{l) e T;^M, where u = 
{(jji) is the unique solution of the system of linear differential equations 

(3.2) ^-^>^-^ = °' ^ith a;(0) = v:.. 

In the proof of Theorem 3.2 we have seen that P^. is a linear isometry of 
Minkowski spaces. We define an inner product on T*M by 

(3.3) hx{<P, V') = hx,{Pc<P, Pc^): <P:^l^e T^^M. 



Lemma 3.2. does not depend on the curve c. 

Indeed, if c^is another curve joining x and Xq, denote by c_ the reverse of c 
and consider the loop co c_. Then Pcoc- ^ and from the i/a-g-invariance 

of hxo, that is, Ko{Pcoc^'f, Pzoc^i') = K„{'f,i') we get hx„iP?^,P^) = 

hxoiPc^, Pci^) as we claimed. 

The mapping x ^ hx ■ T*M x T*M ^ R is smooth since Pc smoothly 
depends on x, according to a general result regarding the dependence of 
solution of system of differential equations by initial data. Thus we have 
constructed a Riemannian metric h in the cotangent bundle of M. 

The connection coefficients {Hjj^(x)) define a hnear connection V in the 
cotangent bundle as follows: 

V : X{M) X r{T*M) r{T*M), {X,uj) Vxoo = - H^uj^ dx' 

and the operator Vx, X G A'(M), extends to the tensorial algebra of the 
cotangent bundle. For instance, if we regard /i as a section in the vector 
bundle L|(T*M,M), then we have 

(3.4) {Vxh){^,^) = X{h{^,^P)) - hiVx^,^) - K^.Vx^P). 



Lemma 3.3. V xh = 0, X G X{M). 

Proof. We choose a basis (<^i(x)) in T*M. It suffices to show that 

dc 

{y xh){(pi{x),ipj{x)) = 0. Let be the vector X 



dt 



tangent to a curve 



c starting from x G M at t = 0. We parallel translate (pi{x) along c and we 
obtain a field of basis (pi{t) along c. The general formula 



V/i, . dh{ip,ip) 



~dr 



-hiip, 



dt 
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gives 

V/i, , , , dh{(pi,(pj) 



dt dt 



because of = 0. 
dt 

Now we show that h(ipi(t), ^Pj{t)) does not depend on t. 

Indeed, hc(t){Vi{t),'^j{t)) = hx^^{P^^, P^p^), where P is the parallel transla- 
tion from T*^^^M to T^^M. This P may be thought as the composition of a pa- 
rallel translation P2 from T*^^^M to T*M and of a parallel translation Pi from 

r;M to r;^M. We have /ie(i)(<^»(t),<^,(t)) = h,o{{P2 ° Pi)^u {P2 o Pi)^j) = 
hxoiPi^i, P2Vj) = hxi^i{x),(pj{x)). Hence hc{t){ipi{t),(pj{t)) does not depend 
on t, as we claimed. 

This fact ends the proof of Lemma 3.3. 

To end the proof of Theorem, we take the covariant part of /i as a section 
in the vector bundle Lo{TM,M.) and so we get a Riemannian metric on M, 
denoted with the same letter h. The operator Vx acts also on vector fields on 

M by the rule VxY = — : + HLY^ for F = — and (X, Y) 

\dx'' ■' J ox'- 

VxY gives a linear connection on M such that Vxh = 0. As V has no 

torsion, it coincides with the Levi-Civita connection of h, q.e.d. 

Remark. An alternative way to prove Lemma 3.3 is to prove first that 

dt i->o t 

from c(0) to c{t). 
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Abstract 

A vector bundle ^ = {E,tt, M) of rank m is called a Finsler vector 
bundle if E is endowed with a continuous, positive function F which is 
smooth on E\0, positively homogeneous of degree 1 in fibre variables 
and whose Hessian is positive definite. Then the fibres Ex,x G M, of 
^ are Minkowski spaces with the Minkowski norm F{x, ). 

A nonlinear connection in induces a linear connection in the 
vertical bundle over E (Berwald connection) and an operator |fc of 
/i— covariant derivative. We say that is compatible with F if Fj^ = 
and in this case we show that the parallel translations of N preserve 
the norms F(x,). Next we consider the case when the coefficients 
of the Berwald connection do not depend of the fibre variables and 
we prove that the linear connection in ^ defined by these coefficients 
is metrizable. As a corollary a metrizability condition for any linear 
connection in the Finsler vector bundle ^ is provided. 

Mathematics Subject Classification : Primary 53C60; Secondary 
53C05. 

Key words and phrases : Finsler vector bundles, linear connections, 
metrizability 

Introduction 

The notion of Finsler function can be considered not only for tangent bundles 
but also for any vector bundle and the notion of Finsler vector bundle is 
obtained. A vector bundle ^ = {E,7t,M) of rank m is called a Finsler 
vector bundle if E is endowed with a continuous, positive function F which 

^Lecture given at the Workshop on Finsler Geometry and its Applications, August 
11-15,2003, Debrecen, Hungary 
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is smooth on E\0, positively homogeneous of degree 1 in fibre variables and 
whose Hessian is positive definte. Any Riemannian metric in ^ defines a 
Finsler function and Finsler functions of Randers type can be considered. 
When M is a paracompact manifold, the vector bundle ^ can be endowed 
with a nonlinear connection A^.This defines a linear connection in the vertical 
bundle over E called the Berwald connection associated to A^. We use it in 
Section 2 in order to define two kinds of compatibility between F and A^ 
that coincide when the Berwald connection does not depend on variables 
from fibres. In this case the Berwald connection may be thought as a linear 
connection V in ^ and in Section 3 we show that V is a metrizable connection, 
that is there exists a Riemannian metric h in such that Vh = 0. As a 
corollary we point out a metrizability condition for any linear connection 
in the Finsler vector bundle ^. For the problem of metrizability of linear 
connections we refer to the paper [5], [6] by L. Tamassy as well as to our 
papers [1] and [2]. 



1 Finsler vector bundles 

Let ^ = {E,p,M), p : E ^ M, be a vector bundle of rank m. Here M 
is a smooth i.e. C°° manifold of dimension n. The type fibre is M*" and 
E is a smooth manifold of dimension n + m. The projection p is a smooth 
submersion. Let {U, (x*)) be a local chart on M and let ea{x), x G t/, be a 
field of local sections of ^ over U. Then every section A of ^ over U takes 
the form A = A"'{x)ea{x), x & U, and an element u G p~^{x) := E^ can 
be written as m = y"'ea{x), {y"') G M™. The indices i,j,k,... will range over 
{1, 2, n} and the indices a,b,c,... will take their values in {1,2, ...,m}. 
The convention on summation over repeated indices of the same kind will be 
used. 

The local coordinates on p^^{U) will be (x*,?/") and a change of coordi- 
nates (x*, y"") — (P, y"") on f/ fl f/ 7^ has the form 

(dx^ \ 
—— ) = n, 
dx^ J 

y^ = M^{x)y\ rank(Mft''(x)) = m, \/xeU^U. 

We denote by J^{M), J^{E) the ring of real functions on M and E, re- 
spectively and by X{M), resp. T{E), X{E) the module of sections of the 
tangent bundle of M , resp. of the bundle ^ and of the tangent bundle of E. 

d 

On U, the vector fields {dk := ttt) provide a local basis for X{U). 

ox" 

Let ^* = {E*,p*,M) be the dual of the vector bundle ^. We take as 
local basis of r{E*) on the sections 6" : U p*'^{U), x 6'"(x) G -E* 
such that d"-{eb{x)) = 6^. A section (3 of ^* = {E*,p*,M) will take the form 

Next, we may consider the tensor bundle of type (r, s), denoted as TJi^E) := 
E^_-^E (g) E*^_-^E* over M and its sections. For g e r{E* (g) E*) we 

r s 

have the local representation g = gab{x)0°- ® 9^. As E* ® E* = L2(-E',M), we 



242 



may regard g as a, smooth mapping x ^ g{x) : Er^ x ^ with g(x) a 
bihnear mapping given by g{x){sa, Sb) = gab{x). 

If the mapping g{x) is symmetric i.e. gab = gba and positive-definite i.e. 
9ab{x)C"'C^ > for every 7^ (C") G K"^, one says that g defines a Riemannian 
metric in the vector bundle ^. 

The sets of sections r(T^{E)) arc J-'(M)-modules for every natural num- 
bers r, s. On the sum ^^T{T^{E)) a tensor product can be defined and one 

r,s 

gets a tcnsorial algebra T{E). For the vector bundle (TM, r, M) this reduces 
to the tensorial algebra of the manifold M. 

A vector bundle ^ = {E,p, M) is called a Finsler vector bundle if it is 
endowed with a Finsler function defined as follows. 

Definition 1.1. Let ^ = {E^p^ M) be a vector bundle of rank m. A Finsler 
function on is a nonnegative real function F on E with the properties 

1) F is smooth on E \ {{x,0),x e M}, 

2) F(x, Ay) = XF(x, y) for all A > 0, 

1 92^2 

3) The matrix with the entries gabix,y) — 7^ 7^ — ttt is positive definite. 

2 oy°-oy° 

On E we have the vertical distribution u — >■ VuE — Kerpa- where de- 
notes the differential of p. This consists of vectors which are tangent to fibres 

/• d \ 

and it is locally spanned by \ da := ■ We shall regard also the verti- 
cal distribution as a vector subbundle VE := VuE E oi TE E. 

Its sections will be called vertical vector fields of E. The tensorial algebra 
TiVE) = (BTq{VE), p, g e N of this subbundle will be used. Its elements 
will be indicated by the word "vertical" . 

A Finsler function F on E induces a Riemannian metric g in the vertical 
bundle over E, given locally by 

(1-1) g{da:db) ^ gab{x,y). 

It provides also a set of vertical tensor fields by successively deriving it with 
respect to (y") 

(1.2) Cabc{x,y) = ^dadbdcL, Dabcd{x,y) = ^dadbdcdaL, etc. 

The homogeneity of F implies that the functions gab{x) are positively 
homogenous of degree in y'^ and the components of vertical tensor fields 
from (1.2) are positively homogeneous in y"- of degree —1, —2, ... etc. When 
the Euler theorem on homogeneous functions is applied to F one gets 

(1-3) F\x,y)^gab{x,y)y''yK 

If the functions gab do not depend on y we obtain the simplest example 
of Finsler function on E. We may put this differently. Let hab{x) be a 
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Riemannian metric in the vector bundle ^. Then F given by F'^[x,y) = 
hab{x)y"'y^ is a Finsler function on E. Thus any Riemannian vector bundle is 
a particular Finsler vector bundle. On using the Riemannian metric hah{x) 
as well as the components ^a{x) of a section ^ in ^* and assuming that 

h'^^PaPb < 1 one may construct a Finsler function of Randers type on £^ as 
follows 

(1-4) F{x, y) = Vhab{x)y''y'' + /3„(x)y». 

If we set a = \/h^J^x)y^ and (i = I3a{x)y"' a Finsler function on E can be 
given as 

(1.5) F{x,y) = L{a,l3). 

for L a homogeneous of degree one function in the both variables. 



2 Finsler vector bundles with nonlinear con- 
nections 

Let ^ = (£", TT, M) be a Finsler vector bundle of rank m endowed with the 
Finsler function F. 

Definition 2.1 A nonlinear connection on is a distribution N : u ^ 
NuE, u E E, on E, which is supplementary to the vertical distribution 
u — > Vu on E. 

We take the distribution as being locally spanned by 6k = dk — 

dx^ — 

N^{x,y)da- By a change of coordinates (1.1), the condition dk — ^— ^ 5i 
is equivalent with 

(2.1) N^kX^ = M^{x)N',{x, y) - dk{M^{x))y' 

It is important to notice that from (2.1) it follows that the set of functions 

^bki^iV) = 9bN^{x,y) behaves under a change of coordinates (1.1) as the 
local coefficients of a linear connection in the vertical bundle over ^, that is 

(2.2) Ftk{x{x),y{x,y)) = M:{x)M^{x{x))-^ Fi,{x,y)-d,{M^{x))-^y^, 

where ( t:^] is the inverse matrix of | | and (M^) denotes the inverse 

\dx''J \dx^ J ^ ^' 

matrix of (M*). 

We should like to construct a linear connection D in. the vertical bundle 
V E E. In order to do this it suffices to provide D^^da and F)qJ)i. Using 

(2.2) we have the possibihty 

(2.3) ° D,,d, = Fl^{x, t/)4, D^b, = V^Xx, y%, 
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where necessarily {V^^{x,y)) behave hke the components of a vertical tensor 
field of type (1,2). 

In particular, we may take V^^ = and introduce 

Definition 2.2. The linear connection D in the vertical bundle VE — )■ E 
given by 

(2.3) DsA = F^ki^,y)db, D^d, = Q, 
is called the Berwald connection associated to A^. 

Definition 2.3. We call the pair (^, A^) a Berwald bundle if the functions 

F^i.{x,y) = dhN^{x,y) depend on x only. 

When N) is a Berwald bundle, the functions F^i,{x, y) = F^^{x) define 
a linear connection V in ,^ by 

(2.4) Va,e, = F,l{x)ea, 

for (sa) a basis of local sections in C,. 

Conversely, if ^ is endowed with a linear connection of local coefficients 
r^^(a;), then the functions 

(2.5) N^,{x,y) = n,{x)y\ 

define by setting Sf^ = dj^ — Nj^{x,y)da a nonlinear connection on E such 
that (^, N) becomes a Berwald bundle. In other words, any vector bundle 
endowed with a linear connection is a Berwald bundle. 

We notice that the nonlinear connection (2.5) is positively homogeneous 
of degree 1 in y = {y"-). This suggests us to confine ourselves to the pairs 
{C,N) with the functions {Nj^{x,y)) positively homogeneous of degree 1 in 
y. The examples to be given later will fall in this category. This assumption 
requires to eliminate from E the image of the null section as we shall do in 
the following. 

It is well known that, see R.Miron |4j, R. Miron and M. Apostasies [3], 
the Berwald connection induces a covariant derivative in the tensorial algebra 
of the vertical bundle. This splits in two operators of covariant derivative. 
The first one is called /i-covariant derivative and is defined on functions and 
vertical vector fields as follows: 

(2.6) /|, = 6,f, Xf, = 6,X'^ + F,l{x, y)X\ 

It is extended by usual rules to any vertical tensor field. The second, called 
the f-covariant derivative, is simply the partial derivative with respect to y 

(2.7) /L = ^a/, XX = d,X\ 

since we have chosen V^" = 0. 

We use the notation \k and I for denoting the h- and f-covariant deriva- 
tives of any vertical tensor field. 
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Lemma 2.1. Let ^ be endowed with a positively 1-homogeneous nonlinear 
connection N and \k the h-covariant derivative defined by the Berwald con- 
nection associated to it. Then 

(2.8) y^k = 0, 

holds. 

Proof, y^^ = Sky" + F§^{x, y)y^ = F4(x, y)y^ - N^{x, y) = because of Euler 
theorem on homogeneous functions. 

Lemma 2.2. Let {^,N) be a Berwald bundle. Then for any vertical tensor 

field T of local coefficients T^^'^'^^J (x.y) we have 

^ 01. ..bs l«la 01. ..bs \a\k 

Proof. One verifies (2.9) by a direct calculation keeping in mind that the 

functions F^^ = daN^ do not depend on y. 

We recall that in ^ = {E,p, M), E means in fact E \ {(x, 0), x G M}. 

Definition 2.2. Let F) be a Finsler vector bundle endowed with a pos- 
itively 1-homogeneous nonlinear connection N. We say that N is weakly 
compatible with F if 

(2.10) F\k := 5kF = 0. 

In the following N{N^) will denote a positively 1-homogeneous nonlinear 

connection. Given N we may consider the Berwald connection {dbN^, 0) and 
we may speak about gab\k- 

Definition 2.3. Let F) be a Finsler vector bundle endowed with a pos- 
itively 1-homogeneous nonlinear connection N. We say that N is strongly 
compatible with F if 

(2.11) gab\k = 0. 

The terminology just introduced is explained by 

Lemma 2.3. Let F) be a Finsler vector bundle endowed with a positively 
1-homogeneous nonlinear connection N. Then gab\k — implies F^^ — 0- The 

converse holds if the functions (dbN^) depends on x only. 

Proof. We covariantly derive in the equality (1.3) and we get = gab\ky°"y'' + 

'^9ab{x,y)y''y^f. = by (2.11) and the Lemma 2.1. For the converse, we 

covariantly derive in the equality defining gab- If the functions {dbN^) do not 
depend on y, the Lemma 2.2 applies in order to get 

Sab\k - 2 QyaQyb 

q.e.d. 



246 



Let be c : [0, 1] — >■ M, t — > c{t), t G [0, 1] a smooth curve on E. A section 
A oi ^ along c given as A[t) = A"'(t)ea is said to be parallel with respect to 
the nonhnear connection N if A*(c) are horizontal vectors. Here A^ means 
the differential of the section A : M ^ E. A direct calculation shows that 
the section A is parallel along the curve c if and only if in any local chart on 
M, we have 

(2.12) _ + ,vj(c(*M(*)^^0, 

where t — )■ x^{t)) are the local equations of the curve c. 

For the initial conditions c(0) = x and A"-{0) = A^, the system of differ- 
ential equations (2.12) admits an unique solution A"-{x(t)) and if one assigns 
to (Aq) G E^ the element A'^^x^l)) G Ec(i)=z one obtains an application 
Pc : Ex ^ Ez called parallel translation along c, defined by N. We notice 
that because of the homogeneity of the functions iVf the solutions of (2.12) 
are defined on [0,1]. The application Pc : E^ ^ E^ is a bijection and in 
general is not a linear map since the system (2.12) is not a linear one. 

Now if one considers all loops on M in x G M, the corresponding parallel 
translations as bijections from E^ — > E^ provide a group with respect to their 
composition, called the helotomy group (f){x) of A^" in x G M. This is not a 
linear group. 

Let Fj. be the restriction of F to the fibre E^. We call F-map a bijection 
/ : {E^, Fx) {Ez, Fz) with the property Fx{u) = Fz{f{u)) for every u G E^. 

Theorem 2.1. Let the Finsler vector bundle {C,F) be endowed with a non- 
linear connection N which is weakly compatible with F. Then all parallel 
translations of V are F-maps. In particular, the holonomy groups (f){x), 
X G M, consists of F-maps. 

Proof. Let c : [0, 1] — )■ M be a curve joining the points x = c(0) and z = c(l) 
of M. Consider a parallel section A{t) := A{c{t)), t G [0, 1], of ^ along c. We 
show that the function f : t ^ F{x{t), A{t)), t G [0, 1], is constant. Indeed, 

dF{x{t),A{t)) dx^ . dA\2A) dx^ 

— dt — ^ ^^'^ -df + ^^"^^ -dr = ^^'^^^- 

Consider Aq G E^ and A{t) the unique solution of (2.4) with the initial 
condition Aq. Then Pc(^o) = Ai, where Ai = A{1) and since / is constant, 
we get Fx{Ao) = F,{Ai) = L,(F,(Ao)), q.e.d. 



3 Metrizability of Berwald connection 

Let the Finsler vector bundle {$^, F) be endowed with a nonlinear connection 
N which is weakly compatible with F and such that (^, AQ is a Berwald 
bundle. Then by Theorem 2.1, all parallel translations defined by V are 
isometrics, that is, linear F- maps. 

In particular, the elements of 4>{x) are isometrics of the Minkowski space 
{Ex, Fx). And (f){x) is a subgroup of the G{Ix), the group of all linear iso- 
morphisms which leave invariant the indicatrix 7^. 
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These facts are basic in the proof of the main result of this section. 

Theorem 3.1. If C,,F is endowed with a nonlinear connection N which 
is weakly compatible with F and C,,N is a Berwald bundle, then the linear 
connection V is metrizable, that is, there exists a Riemannian metric h in ^ 
such that Vh = 0. 



Proof. Let be xq € M and the Minkowski space (i^^^g, Fj.^). The indicatrix 
Ix is compact. It follows that the group G := G{Ix) is a compact Lie group. 
We know that G contains Lie subgroup but in general 4>{x) is not 

compact. Let < ■ > be an arbitrary inner product in E^^. Define a new 
inner product on E^^ by 

Koiu,v) = yj^^^ j <gu,gv>HG, ioT g e G, u,v e E^^, 

where hg denotes the bi-invariant Haar measure on G. It follows that h^o 
is G-invariant and, in particular, it is (^(xq) -invariant, i.e., hxo{Pu, Pv) = 
hxfj{u,v) for any P G (f){xo)- Now we transfer h^o to all the points of M. For 
any point x G M, we consider a curve c joining x with xq (c(0) = x, c(l) = 

Xo). 

Define hx{A,B) = hx^iPcA, PcB), A,B ^ E^. The property that /i^o is 
0(a;o)-invariant assures that hx does not depend on the curve c. 

The mapping h : x — > hx '■ Ex x Ex ^ R is smooth since Pc smoothly 
depends on a; by a general result about dependence of solutions of an ordinary 
differential equation on initial data. Thus a Riemannian metric /i in ^ is 
obtained. The proof is ended with the help of 

Lemma 3.1. Let h be a Riemannian metric in ^ and t — )■ c{t), t G M, a 
curve with c(0) = x G M. Then 

(3.1) lim J {h,^t)iPcA,P,B) - hxiAB)) = (V,(o)/^) 

where A,B ^ Ex and P^ : Ex ^ ^c{t) is the parallel translation along c. 

Indeed, by the definition of h, the term in the left side of (3.1) vanishes. 
For the proof of Lemma 3.1 we refer to |1]. 

Corollary 3.1. Let T be a linear connection in the vector bundle ^ = {E, p, M) 
with M connected. Suppose that E is endowed with a Finsler function F with 
the associated Finsler metric gab{x, y). Let \k be the h-covariant derivative op- 
erator induced by V. If gab\k = 0, then T is metrizable. 

Proof. The linear connection F induces an h- covariant derivative operator 
and if gab\k = the Theorem 3.1 applies to get that F is metrizable. 
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GEOMETRY OF LAGRANGIANS AND 
SEMISPRAYS ON LIE ALGEBROIDS 

BY 

M. ANASTASIEI 



Abstract 

One considers a regular Lagrangian L on the total space of a Lie 
algebroid and one associates to it a semispray suggested by the form of 
the Euler-Lagrange equations established by A. Weinstein, [5]. Some 
properties of this semispray are pointed out. 

2000 Mathematics Subject Classifications : 53C60, 53C07 
Key words: regular Lagrangian, Euler- Lagrange equations, semis- 
prays, Lie algebroids 

1 Introduction 

In a paper appeared in 1996, [S], Alan Weinstein proposed a Lagrangian 
formalism for Lie algebroids. This is general enough to include several La- 
grangian formalisms as those on tangent bundles, on tangent subbundles and 
on Lie algebras. He obtains the Euler - Lagrange equations using the Poisson 
structure on the dual of the given Lie algebroid and the Legendre transfor- 
mation defined by a regular Lagrangian on it. He also defines a notion of 
semispray. Later on, E. Martinez, [3|, develops a Lagrangian formalism for 
Lie algebroids that is similar to Klein's formalism, [2j. He mainly uses a 
vector bundle which replaces the double tangent bundle from the usual case. 
A notion of semispray appears in this setting, too. 

In this paper we are mainly dealing with the notion of semipray in A. 
Weinstein' sense. In Section 2 we recall necessary facts from the theory of 
vector bundles and establish the notations following the monograph [4J. 

Section 3 is devoted to semisprays on Lie algebroids. We give a definition 
that is a direct generalization of the one used in tangent bundle case and we 
prove that this is equivalent with the definition given by A. Weinstein, [5]. 
A local characterization is also provided. Three invariants are associated to 
any semispray. 

In Section 4 we show that any regular Lagrangian on a Lie algebroid 
induces a semispray. This is done on a direct way: the Euler - Lagrange 
equations obtained by A. Weinstein suggest the form of the local coefficients 
of a semispray and by a direct calculation we checked that those coefficients 
are the appropriate ones. Some examples are pointed out. 
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2 Vector bundles 



Let ^ = {E, 71, M) be a vector bundle of rank m. Here E and M are smooth 
i.e. manifolds with dimM = n, dimE" = n + m, and tt : — )■ M is a 
smooth submersion. The fibres Er^ — 7r~^(,T), ,x e M are linear spaces of 
dimension m which are isomorphic with the type fibre R"*. 

Let {{Ua-,'4'a)}a<^A be an atlas on M. A vector bundle atlas is {([/«, 
(/9q,, ]R™)}ae^ with the bijections (pa '■ T^~^{Ua) ~^ Ua x M™" in the form 
ifaiu) = i7Tiu),ipa,^{u)), whcrc (Pa,-K{u) ■ E„{u) is a bijection. The given 

atlas on M and a vector bundle atlas provide an atlas {(tt"^ $a)}aeA 
on E. 

Here $q : T^~^{Ua) — ^ 4>a{Ua) x is the bijection given by (t)a{u) = 
{^a{T^{u)), (paMu){u))- For X E M , wB put ^jJa{x) = (x*) e ]R" and if {Up,ipp) 
is another local chart such that a; e fl C/g 7^ 0, we set il^p{x) — P and then 
■0^0 ■^"^ has the form 

/ dx^ \ 

(1.1) x^ = x*(x\ • • • , x"), rank I -— ) = n. 



Let (cq) be the canonical basis of R™. Then <^a_^(ea) := ea{x) is a basis 
of Ex and u E E^ has the form w = y'^6a{x). 

We take (x*,y") as coordinates on For the bundle chart (C/g, c/?^, R"*) 
we put <^^^(ea) = ^a{x) and then m = y"''Sa{x). If we set ea(a^) — M^{x)eb 
with rank(M^(a;)) = m it follows that = M^{x)y^. Thus the mapping 
(biH o d>~^ has the form 



^— T j = n 



(1.2) 

y« = M^»(x)y^rank(M^"(x)) = m. 

The indices i, j, k, ... and a, 6, c... will take the values 1, 2, ...n and 1, 2, ...m, 
respectively. The Einstein convention on summation will be used. 

We denote by J-'(M), J^{E) the ring of real functions on M and E re- 
spectively, and by x(M), respectively r(£'), x(£^) the module of sections of 
the tangent bundle of M, respectively of the bundle ^ and of the tangent 

d 



bundle of E. On C/q,, the vector fields '■= 'Q~kj Provide a local basis 

for x{Ua)- The sections Sa Ua ^ 7r~^{Ua), £a{x) = ^a}xi^a) provide a 
basis for T{TT~^{Ua)) and a section A : Ua ^ 7r'^{Ua) will take the form 
A{x) = A°-{x)ea{x), X e Ua- 

Let = {E*,p*,M) be the dual of the vector bundle We may also 
consider the tensor bundle T^{E) over E. The set of sections r(TJ(_E)) are 
J^(M)— modules for any natural numbers r.s. On the sum (Br,s'^{Tg{E)) a 
tensor product can be defined and one gets a tensor algebra T{E). For the 
tangent bundle (TM, r, M) this reduces to the tensor algebra of the manifold 
M. The tensor algebra of the manifold E could be also involved. Its elements 
are sections in Tg{TE). The tensorial algebra of E contains the subset of 
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tensor fields on E. For a general definition of these tensor fields we refer to 
[1] , Ch. III. Shortly, these tensor fields are defined by components depending 
on {x^,y°-) and transforming by a change of coordinates as tensors but with 



the matrices j i-^bi^)) their inverses, only. Notice that in 

the law of transformation of a tensor field on E could appear also the matrix 

dx' 

A large class of examples is provided by the sections in the vertical bundle 
over E. We recall that the vertical bundle VE E is the union of the fibres 
VuE = ker vr* „ over u & E, where vr* „ is the differential of vr. A basis of 

V d 

local section of VE E is given by 7- — 

\ dy°- 

local components of any element in r{Tg{VE)), transform under a change 
of coordinates on E with the matrix (M^(a;)) and its inverse (VF^"). We call 
such an element a vertical tensor field. 

Now if L : ii^ — 7- M is a smooth function on E (called usually a La- 

dL 1 d^L 



and its dual is dy"-\u. The 



grangian) then it is easy to check that functions — — , Oaj, „ 

Cabc = define vertical tensor fields of covariance indicated by the po- 

2 oy'' 

sition and number of indices. 



3 Semisprays for Lie algebroids 

A vector bundle ^ = (i?, tt, M) is called a Lie algebroid if it has the following 
properties: 

1. The space of sections r(,^) is endowed with a Lie algebra structure [, ]; 

2. There exists a bundle map p : E ^ TM (called the anchor map) which 
induces a Lie algebra homomorphism (also denoted by p) from r(^) to 
X(M). 

3. For any smooth functions f on M and any sections Si,S2 G r(,^) the 
following identity is satisfied 

[Sl, fS2] = f[si, S2] + (P(si)/)S2. 

Locally, we set 

d 

(3-1) p{sa) = Pig-, [ea,eb] = Ll^s,, 

A change of local charts implies 

(3.2) K = WU^''^ 
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where is the inverse of the matrix (M^). 

Examples of Lie algebroids: the tangent bundle r : TM — )• M with 
p =identity, any integrable subbundle of TM with the inclusion as anchor 
map, TP/G for P{M,G) a G— principal bundle, see [S]. 

For a function f on M one defines its vertical lift f" on E by f""{u) = 

Of 

fiT^iu)) and its complete lift on E by f'iu) = p\y^Tr- for u = (x,y) in 

ax* 

i?. If A = A"(x)ea is a section in ^, the vertical lift A" is a vector field on 

d 

defined by A'"{x,y) = A^-^x)-^-^ and the complete lift A'^ is a vector field on 
E defined by 



dx' y'dx' ^ dy^' 

In particular, = ^,6^ = p^-^ - Li,y'^. 

A semispray S for the tangent bundle r : TM — )■ M is a vector field on 
TM which at the same time is a section in the vector bundle r^, : TTM — )■ 
TM, that is we have ttm{S{u)) = u and r*_„(S'(M)) = u, "iu E TM, 
where ttm is the vector bundle projection TTM — > TM. It follows that 

T.ASiu)) = TTMiSiu)), \/u G TM. 

This equation suggests the following 

Definition 3.1. Let ^ = {E,p,M) be a Lie algebroid with the anchor p. 
A vector field S on E will be called a semispray if 

(3.3) 7r,,„(5(M)) = (p o TE)iSiu)), WueE 

where te '■ TE E is the natural projection. 

Let c : I ^ M, / C M be a curve on M and let c : / — )■ be any curve 

on E such that vr o c = c. Denote by c the vector field that is tangent to c. 
Definition 3.2. We say that c is admissible if 

7r*(c) = p(c). 

In local charts on M and E, we have c(t) = (x*(t)), c(t) = 
^, . dx' d dy"" d 

It results ^ 

Lemma 3.1. The curve c is admissible if and only if 

(3.4) -^it)=p\{x{tW{t), \ftel. 

. d d 

Again in local charts, let be S* = X'^—^ + Y""— — a vector field on E. 

ox^ oy°- 

This is a semispray if and only if 

(3.5) X\x,y)=(^,{x)y\ 
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Thus the coordinates are not determined. We set for conve- 

nience Y"- = —26"*. Furthermore, under a change of coordinates (a;*,?/") — >■ 
{x\y°-), the coordinates (X*), (G"^) have to change as follows: 

~ ■ (9t* 

(3.6) = ^(x)X^ 



~ 1 8M°- 

(3.7) G'^ = M»G^--^2/V,l/^ 

Using (3.2) one easily sees that the coordinates {X\x,y)) given by (3.5) 
verify (3.6). 

Concluding, we have 

d d 

Theorem 3.1. A vector field S = ipl,v"')-:r^ — 20°"— — on E is a semis- 

pray if and only if the coordinates (G") transform by (3.7). 

The integral curves of 5* are given by the system of differential equations 

(3.8) ^ = '^^^^)^"' ^ + ^G^i^^y) = o- 

It comes out these curves are all admissible. The converse is also true, 
that is we have 

Theorem 3.2. A vector field on E is a semispray if and only if all its 
integral curves are admissible. 

Remark 3.1. The characterization of a semispray provided by the The- 
orem 3.2 was taken by A. Weinstein, [5], as definition for a semispray on 
E. 

Remark 3.2. (i) Let us assume that p = 0. Then the admissible curves are 
all curves from the fibre E^^, Xq{x\^ G M . The integral curves of a semispray 

dy"- 

S are given by the equations + 2(7" (xq, y) = 0. 

(ii) The system of equations (3.8) is no longer equivalent with a second 
order differential equations as it happens for TM. Thus the term of "second 
order differential equations" used sometimes for a semispray is no longer 
appropriate. 

(iii) Let D a distribution on M . We regard it as a subbundle of TM and 

so we may view it as a Lie algebroid with the natural inclusion as anchor 

map. Using a local basis on D one can see that the admissible curves are 

those that are tangent to the distribution D. For details we refer to [1]. 

^ . d ^ d 
Let S be another semispray on E. Then S = {PaV"')^— — 20""— — , where 

the functions {G"'{x,y)) have to satisfy (3.7) under a change of coordinates 

^ ^ d 

on E. It follows that 5-5 = 2(G"-G'') — and the functions = G^-G'^ 

transform by the rule 

(3.9) 5" = Mfe"D^ 
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So we have proved 

Theorem 3.3. Any two semisprays on E differ by a vertical vector field 
on E. 

A different point of view on semisprays for algebroids was proposed by 
E.Martinez, [3]. It can be sfiortly described as follows. 

Let CE be the subset ofExTE defined by C'E = {(m, z)\p{u) = n^{z)} 
and denote by vr^ : C^E — )• E the mapping given by 7Tl(u, z) = rE{z). Then 
(C^EjITljE) is a vector bundle over E of rank 2m. One proves that this 
vector bundle is also a Lie algebroid. 

One associates to a section A of C, the vertical lift A^ and the complete 
lift A'-^ as sections of vr^^ : C^E — > E given by 

A^{u) = {0,A"{u)), A^{u) = {A{7c{u)), A%u)), ueE. 

If {sa} is a local basis of T{E)), then {s^ , } is a local basis for T^C^E). 
The vector bundle [C^E, vr^, E) admits a canonical section C called the 

/ d \ 

Liouville or Euler section defined by Ciu) = OjV""— — for u = y'^Sa G E. 

V dy^J 

A section J of the vector bundle C^E^IC^E)* — y E characterized by 
the conditions J(A^) = 0, J(A'^) = A^ , A e TE is called the vertical 
endomorphism. We have that = 0. A section S of the vector bundle 
{C^EjTTljE) is said to be a semispray if it satisfies the condition JS = 
C . This definition is equivalent with the preceding one. Indeed, in local 
coordinates if we set S = A°-e^ + S"-e^, the condition JS = C gives A°' = 

d ^„ u d \ ^„ d „ , d d 



y- and so S = y^ yp\— - K,y'-^^ j + S^— = y'^p\— + 5"— since 

For a semispray on TM, when this is equivalent with a system 

of second order differential equations (SODE), there exists a way to find 
geometric invariants that to determine, up to a change of coordinates, the 
solutions of the system. 

This way led to a KCC-theory named so as after Kosambi, Cartan and 
Chern. 

The KCC-theory apparently does not work for semisprays on Lie alge- 
broids. However, at least formally we can associate to a semispray S = 

d d 
iPliy"')^— — '2G'^(x,y)— — , the following invariants: 

ax* dy°- 

f)r<a 

(3.10) c" = 2G"-^y^ 

(3 11) ^a^^.J^yC 

(3.12) = 2G"^ - 2^/ + -^^yV. 

y I Qyb^ dy^dy^^ ^ 

Indeed, it is not difficult to check that all these sets of functions define 
vertical vector fields on E. 

To find a complete list of such invariants could be a future task. 
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4 A semispray derived from a regular La- 
grangian 

Let L : E ^ Rhe a regular Lagrangian on the Lie algebroid {E, [, ],p), that 
is L is a smooth functions such that the matrix with the entries 

(4-1) ^-^"'^) = 2 9^' 

is of rank m. 

In [5] , one associates to L the Euler - Lagrange equations 

for c(t) = an admissible curve. 

Expanding the derivative in (4.2), using (4.1) and (3.4), we may put (4.2) 
in the form 

(4.3) ^ + 2Gl{x,y)=0, 

with the notation 

We show that the function (G^) verifies (3.7) under a change of coordi- 
nates on E. 
We set 

(4.5) Ea = AgabG\ 

where 

Then we use (3.2) as well as the following equations: 
dL dL dx^ dL dM^ , 

r = r + — -y^ 

dx^ dx^ dx^ dy"- dx^ 
d^L , / d'^L dx^ ^ dMf \ dL dM^ 



QyaQx"^ a ydybg^j dx"^ (9x* / dy'^ dx 
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in order to derive 

(4.7) = M^E, + 2M„^^,,^yV^y'^. 

Using this in (4.5) one shows that (7^ is related to as in (3.7). 

Thus we have proved 

Theorem 4.1. Let L he a regular Lagrangian on the Lie algebroid 

d d 

{E,[,],p). Then L defines a semispray Sl = iPay"')^i - ^^^(a;,!/)^; 

where the function G1 are given by (4-4) ■ 

Example 4.1. Let gab{x) be the coefficients of a Riemannian metric in 
the Lie algebroid {E, [, ],p). Then 

(4.8) L{x,y) = gab{x)y'^y' 

is a regular Lagrangian on E. The semispray associated to it is determined 
by the functions 

(4.9) G.4,-(^p<-i^rt-i,^.V. 

Example 4.2. A more general example is provided by the regular La- 
grangians which are homogeneous of degree 2 in (y") . By the Euler theorem 
one obtains 

(4.10) L(x,y)=^„ft(x,y)yV, 

where {gab{x,y)) are homogeneous functions of degree 0. 
d 

As 7" — are homogeneous functions of degree 1 and the derivative with 

Ijya 

respect to (a;-' ) does not affect the degree of homogeneity, it results that the 
coefficients (G") from (4.4) arc homogeneous of degree 2 in (y"). This fact 
is equivalent with = and so we have a meaning of the invariant C". The 
corresponding semispray is called a spray. 
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1 Introduction 

The simplest mathematical model for a mechanical system is made of a Rie- 
mannian manifold (M, g) with M a smooth manifold of states x — (x*) and 

g — {gij{x)) a Riemannian metric provided by the kinetic energy -gij{x)x'^x^ 

of the system. The difference between kinetic energy and the potential en- 
ergy defines the Lagrangian L of the system and the solution curves of the 
Euler-Lagrange equations written for L are the evolution curves of the sys- 
tem. The regular Lagrangian L is living on the tangent manifold TM and 
thus a new space (phase space) is coming into play. 

In many cases the mechanical systems involve external forces that arc not 
of gradient type. These forces are modelled by a covector field F = or 
equivalently by a vector field of components (g'^^Fj) on the manifold M and 



Fi{x) and it gives also the evolution curves of the system. Thus a mechanical 
system with external forces is defined as a triple (M, L, F) for L a regular 
Lagrangian and F a covector (vector) field. The theory of these systems was 
extensively and clearly presented in an excellent book by R.M. Santilli, [5]. 

But there exist cases when the external forces depend also on velocity, 
that is F is living on TM. The corresponding theory was developed by R. 
Miron and C. Frigioiu, [2] and Munoz-Lccanda M.C. ct al., [4]. 

On the other hand, A. Wcinstcin constructed in [6] a Lagrangian formal- 
ism on a Lie algebroid. A Lie algebroid is a vector bundle [E^-k^M) that is 
endowed with a Lie bracket [, ] for its sections and is anchored to the tangent 
bundle with a bundle morphism p : E — > TM that induces on sections a Lie 
algebra homomorphism denoted also by p such that for any two sections A, B 
and any function / on M we have [A, fB\ = f[A, B] + p{A)f.B. The formal- 
ism of A. Weinstein contains the Euler - Lagrange equations for a Lagrangian 
on E. Thus it is open a way for approaching the theory of mechanical sys- 
tems with external forces (not of gradient type) on Lie algebroids. This is 



then the second Newton's law of dynamics takes the form — 
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the aim of this paper. Moreover, for enlarging the appUcabihty of our the- 
ory we assume that the external forces depend on the fibre variables. These 
variables may have various meaning (velocities in tangent bundle case). 

Our main result says that if the system is dissipative then its energy is 
decreasing on the evolution curves. The energy of the system is also used 
for constructing a Lyapunov function for an equilibrium point of the system. 
These are presented in Section 4. The preceding sections are devoted to 
necessary facts from the theory of vector bundles and of Lie algebroids. 



2 Vector bundles 

Let ^ = {E, 71, M) be a vector bundle of rank m. Here E and M are smooth 
i.e. C°° manifolds with dimM = n, dimE = n + m, and tt : £^ ^ M is a 
smooth submersion. The fibres E^ = 7r~^{x), x e M are hnear spaces of 
dimension m which are isomorphic with the type fibre M™. 

Let {{Ua, 'ipa)}aeA be an atlas on M. A vector bundle atlas is {{11^, 
(fia: IR™)}aG^ With the bijectious (pa '■ 7r~^([/a) Ua X M"* in the form 
ipa{u) = (7r(w),(/?«,7r(«)(^i)), where (/?a,^(„) : R"" is a bijection. The 

given atlas on Af and a vector bundle atlas provide an atlas {(7r~^(f/Q,), 
^a)}aeA on E. Here : 7r"^([/a) (t^aiUa) x M™- is the bijection given 

by (t)a{u) = (ipaiT^iu)), 93a,7r(«) («))• For X E M, WC put 'tpa{x) = {x') E M" 

and if {Up,ipi}) is another local chart such that x e ^ C/g 7^ 0, we set 
ip^{x) — (P) and then ■0^3 o ip'^ has the form 

(Ox^ \ 
^— j = n. 

Let (ca) be the canonical basis of R™. Then (fia^xi^a) '■— £a{x) is a basis 
of Ex and u E E^ has the form u = y"'ea{x). 

We take {x\y"-) as coordinates on E. For the bundle chart {Up, ^p,W^) 

we put </?^^(ea) = Sa{x) and then u — y"-ea{x). If we set ea{x) — M^{x)eb 

with rank(M^(x)) = m it follows that = M^{x)y^. Thus o has the 
form 

P = 5;*(x\ ■ ■ ■ , x"^), rank | — — | = n 
(2.2) ^ ^ \dx3 J 

y" = M^{x)y^,va-nk{M^{x)) = m. 

The indices i,j,k,...a,b,c... will take the values 1,2, ...n and 1,2, ...m, 
respectively. The Einstein convention on summation will be used. 

We denote by J^{M),J^[E) the ring of real functions on M and E re- 
spectively, and by x(M), respectively T{E),x{E) the module of sections of 
the tangent bundle of M, respectively of the bundle ^ and of the tangent 

/ d \ 

bundle of E. On Ua, the vector fields { dk ■= ttt provide a local basis 



for x{Ua)- The sections : C/„ P~^(C/„), ea{x) = <Pa]o{^a) provide a 
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basis for T{p^^{Ua)) and a section A : Ua ^ P~^{Ua) will take the form 
A{x) = A''{x)eaix), X e Ua- 

Let ^* = {E*,p*,M) be the dual of the vector bundle ^. We may also 
consider the tensor bundle Tl{E) over E. The set of sections r(TJ(£')) are 
J-'(M)— modules for any natural numbers r, s. On the sum ®r,s^{Tl{E)) a 
tensor product can be defined and one gets a tensor algebra T{E). For the 
tangent bundle (TM, r, M) this reduces to the tensor algebra of the manifold 
M. The tensor algebra of the manifold E could be also involved. Its elements 
are sections in Tg{TE). The tensorial algebra of E contains the subset of 
d— tensor fields on E. For a general definition of these tensor fields we refer to 
[3], Ch. III. Shortly, these tensor fields are defined by components depending 
on and transforming tensorially by a change of coordinates but with 

(dx^ \ 
and {M^{x)) and their inverses, only. Notice that in 

the law of transformation of a tensor field on E could appear also the matrix 

'dM-{x)^, 



and its dual is ciy"|„. The 



dx^ 

A large class of examples is provided by the sections in the vertical bundle 
over E. We recall that the vertical bundle VE E is the union of the fibres 
V^E = ker7r^,„ over u & E, where 7r*„ is the differential of n. A basis of 

V d 

local section of VE E is given by - — 

\ ay" 

local components of any element in r{Tg[VE)), transform under a change 

of coordinates on E with the matrix (M^(x)) and its inverse {W^). We call 

such an element a vertical tensor field. 

Now if L : £^ — > M is a smooth function on E (called usually a La- 

. N 1 . . . . . r . dL 1 d^L 

grangian) then it is easy to check that functions — — , Qah — - 7^ — tt-t, 

Cabc — define vertical tensor fields of covariance indicated by the po- 

sition and number of indices. 



3 Lagrangians on a Lie algebroid. Associated 
semispray 

A vector bundle ^ = {E, tt, M) is called a Lie algebroid if it has the following 
properties: 

1. The space of sections r(,^) is endowed with a Lie algebra structure [, ]; 

2. There exists a bundle map p : E ^ TM (called the anchor map) which 
induces a Lie algebra homomorphism (also denoted by p) from r(^) to 
X{M). 

3. For any smooth functions f on M and any sections si,S2 £ r(^) the 
following identity is satisfied 

[si, fs2] = /[si, S2] + (p(si)/)s2. 
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Locally, we set 

d 

(3-1) p{ea) = pIq-, [ea,eb] = Llf,ec, 

A change of local charts implies 

(3.2) Z-W'^pf""^ 



Examples of Lie algebroids: the tangent bundle r : TM M with 
p ^identity, any integrablc subbundle of TM with the inclusion as anchor 
map, TP/G for P{M, G) a G— principal bundle, see [6]. 

Let L : £^ ^ i? be a regular Lagrangian on the Lie algebroid {E, [, ],p), 
that is L is a smooth functions such that the matrix with the entries 

(3-3) 9ab{x,y)^-- 



2 9y"9y^' 

is of rank m. Let c : I ^ M, 7 C R be a curve on M and let c : 7 — > 

be any curve on E such that tt oc — c. Denote by c the vector field that is 
tangent to c. 

Definition 3.1. We say that c is admissible if 

7r*(c) = p(c). 

In local charts on M and E, we have c{t) = (a;*(t)), c{t) = {x\t),y'^{t)) 

and c(t) = -j-TT- + i e ^■ 

^ ^ dt dx' dt dy^ ' 

It results 

Lemma 3.1. The curve c is admissible if and only if 
(3.4) ^it)=Pl{x{t))y^{t), yteL 

In [6] , one associates to L the Euler - Lagrange equations 
(35) ^ (^^)-o^^^ +L^y'^^^ 



dt \dy^J "^"dx^ ""^ dy'^' 

for c{t) — {x^{t),y'^{t)) an admissible curve. 

Expanding the derivative, using (3.3) and (3.4), we may put (3.5) in the 
form 

(3.6) ^ + 2Gl{x,y)=0, 



with the notation 
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d d 

Let be 5" = p\{x)y°-—^ + Y"-— — a vector field on E. where the coordi- 

nates {Y^-^x^y)) are not determined. We set for convenience Y"" = — 
Furthermore, under a change of coordinates — )■ the coordi- 

nates {X'^{x,y) — p\{x)y"-), (G") have to change as follows 

(3.8) = — 



~ 1 (9/1/" 

(3.9) G'^ = M«G''--^yV:2/^. 

Using (3.2) one easily sees that the coordinates {X'^{x,y)) verify (3.8). 

Wc say that the vector field S as above is a semispray on E. For more 
details on semisprays on E we refer to [1]. 

Now we show that the function {G%) verifies (3.9) under a change of 
coordinates on E. 

We set 

(3.10) K = AgabG\ 
where 



c 



Then we use (3.2) as well as the following equations: 

dL dLdx^ dLdM^ ^ 

— - — — T H — ^y 

dx'^ dx^ dx'^ dx'^ 



dy"-dx^ ° \dy^dx^ dx^ dx^ J dy*^ dx^ 

TC J, /re _ ]\/rc]\/rdTe , b_ _ k ^^^-^a 



in order to derive 



(3.12) E, = M'^E, + 2M%a^yy^y''. 

Using this in (3.10) one shows that G% is related to G% as in (3.9). 
Thus we have proved 

Theorem 3.1. Let L he a regular Lagrangian on the Lie algebroid 

d d 
{EX],p)- Then L defines a semispray Sl = ^Pay'')-Q-i ' 

where the function G\ are given by (3.7). 
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Example 3.1. Let gab{x) be the coefficients of a Riemannian metric in 
the Lie algebroid {E, [, Then 

(3.13) L{x,y)^gab{x)y''y' 

is a regular Lagrangian on E. The semispray associated to it is determined 
by the functions 

(3.14, G"4,-(||ri-i|?K-L^.V. 

Example 3.2. A more general example is provided by the regular La- 
grangians which are homogeneous of degree 2 in (y") . By the Euler theorem 

one obtains 

(3.15) L{x,y) = gab{x,y)y''y', 

where {gab{x,y)) are homogeneous functions of degree 0. 
d 

As 7" — are homogeneous functions of degree 1 and the derivative with 

ay" 

respect to (x^) does not affect the degree of homogeneity, it results that 
the coefficients (G") from (3.4) are homogeneous of degree 2 in (y"). The 
corresponding semispray is called a spray. 



4 Mechanical Lagrangian systems on algebroids 

Let {E, [, ], p) be a Lie algebroid. 

Definition 4.1. A mechanical Lagrangian system with external forces on 
the Lie algebroid {E, [,], p) is J2 — (-^' ^) ^'^^^ ^ ^ regular Lagrangian on 
E and F = {Fa{x,y)) a vertical covector field. 

Let be the functions 

. d f dL\ , dL ^dL 



dt V9y« J '^"dx^ ""^ dy^ 

defined on admissible curves on E. 

Then the equalities = represent the Euler - Lagrange equations 
associated to L. 

We assume that the evolution equations of the system ^ are as follows: 

(4.2) Ca{x{t),y{t)) = Fa{x{t),y{t)), 

for c{t) — {x{t),y{t)) an admissible curve on E. 

The equations (4.2) after some arrangements take the form 

(4.3) ^ + 2G%x,y)^lF%x,y), 

where the functions (G") are given by (3.7), = g"'''Fi„ and the equations 
dx^ 

= P\{x)y'' hold. 
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Thus the evolution equations of the system ^ become 

dt V 4 

The solutions of this system may be regarded as the integral curves of a 
semispray 

(4.5) S* = pl(x)y''— - 2G*(x, y)—, G*" = - -F\ 

Indeed, S* is a semispray because it differs by the semispray S derived 
from L by a vertical vector field. 

Definition 4.2. We say that the mechanical Lagrangian system ^■s 
dissipative if Fa{x,y)y"' < and that it is strictly dissipative if Fa{x,y)y'^ < 
—OiyaU"' "^ith q; > a constant and ya = QahU'^- 

Theorem 4.1. Let he the mechanical Lagrangian system ^ with the 

dL 

evolution equations (4.4). // it is dissipative then its energy E = y"'-^-^ — L 

decreases on the curves that are solutions of (4.4) . If furthermore it is strictly 
dissipative its energy is strictly decreasing on the curves solutions of (4.4), 
assuming that these have no singularities. 

Proof. Let be c{t) — (x'(i), y"(i)) a curve that is a solution of (4.4). Along 
this curve we have 

dE dy"" dL d f dL\ dL dx' dL dy" 



dt dt dy"- dt ydy" J dx' dt dy" dt 

^y''Ca{x,y)^y''F,{x,y). 

The last equality is based on (4.2) and to obtain the previous one the 
equations 

(4.6) Ll.y'^y' = 0, 

have been used. 

dE 

If the system is dissipative we have —r- < and if it is strictly dissi- 

dt 

dE 

pative we have — — < —ayay"" < 0, q.e.d. 
dt 

Now, we show that if ^ is dissipative we can associate to it a Lyapunov 
function. 
Let ( 

^o-iVo) equilibrium point of 5**. 

If p is injective this has the form (xq, 0) with G*"(x*, 0) = 0, a condition 
that is verified if S* is a spray. 

Assume that (xq, ^q) is a minimum point for the energy E and set E{x, y) — 
E{x,y) - E{xo,yo)- 
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We have 



(4.7) 



E{xo,yo) = 0, E{x,y) > 0. 



Let us denote by 
We have: £s'{E) 



Cs* the Lie derivative with respect to S*. 




But — = 2gaby'' := 2y„. Hence Cs^iE) = y^EAC^Va + yaF^, where E^ 



was defined in (3.11). Again (4.6) was used. 

Looking at the connection between and it comes out that the first 
two terms in the expression of Cs* {E) cancel and so we have 



since ^ is dissipative. 

Thus the function E is a Lyapunov function for S* in the equihbrium 
point (xqjI/o) but we can not conchidc that this point is stable. 

In order to do so we need to introduce a Riemannian metric on E and to 
prove that S* is complete with respect to that metric. For details see [4]. 

For E = TM endowed with a regular Lagrangian a Sasaki type metric 
can be considered but that construction does not work except if the algebroid 
{E, [,], p) is endowed with a nonlinear connection. 
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£5*(£^) = yai^"<0. 
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Abstract 

The Myers theorem extracts some topological properties of a Rie- 
mannian manifold {M,g) from the assumptions that its Ricci curva- 
ture is uniformly bounded below by a positive constant. The theorem 
was extended to Finsler manifolds. Proofs of it can be seen in [1], Ch. 
7, [3] Ch.7. In 1979, Galloway ([2]) obtains the same topological 
properties of {M,g) assuming a weaker boundedness hypothesis on 
the Ricci curvature. 

In this paper we show that the version of Myers theorem due to 
Galloway holds also for Finsler manifolds. So, a positive answer to a 
problem posed by B. Suceava in a private communication is provided. 

We mention that B. Suceava proved a Myers type theorem in the 
spirit of [2] for almost Hermitian manifolds [4]. 

Our proof is obtained by modifying some points in the proof from 
[1] and by checking that some facts proved in [2] for Riemannian man- 
ifolds hold also for Finsler manifolds. 

Mathematics Subject Classification 2000: 53C60. 

Key words: Finsler manifolds, Ricci scalar, Myers theorem. 



1 Preliminaries 

We shall use the notations and the terminology from [1] without comments. 

Let (M, F) be a Finsler manifold. The Finsler structure F is a func- 
tion F : TM — )■ [0, oo), {x,y) — >■ F{x,y) which is C°° on the slit tan- 
gent bundle TM\0, positively homogeneous in y and whose Hessian matrix 

1 d^F^ 

Qii '■= - ■ is positive-definite at every point of TM\0. 

2 oy^oy^ 



^This work was partially supported by grant GNOSIS 1158/2007, Romania 



266 



The Chern connection is a linear connection in the pull-back bundle 
7r*TM over TM\0, where vr : TM — > M is the natural projection. It is 
only /i-metrical and it has two curvatures Rj * kh, Pj * kh- 

Let be y a non zero element of T^M. Then g{x, y) — gij{x, y)dx'^ (g) dx^ is 
an inner product which is used to measure lengths and angles in T-^M. One 

y 

calls y a flagpole of the flag (a plane in T^M) spanned by I — — -, and 

F[x,y) 

another unit vector V which is orthogonal to the flagpole. 
The flag curvature is then given as 

(1.1) K{x, y,lAV) := V\V Rjikhl'')V^ =: V'R,kVK 

The raising and lowering of indices is made by using g'^^ and gij, respectively. 

Sometimes, the flag curvature is denoted simply K{1^ V). \iV is not a unit 
vector, then we have gi^x,y)iy^ V) = V^RikV^ Let {/, e^, a = 1, . . . , n— 

1} be a g(-orthonormal basis for the fiber of 7r*TM over the point {x, y) e 
TM\0. With respect to it one has K{x,y,l A ta) — Raa- The Ricci scalar 
denoted by Ric is 

n—l n—1 

(1.2) Ric:^^K{x,y,lAea) = J2Raa- 

a=l a=l 

In any basis one gets 

(1.3) Ric = g'^Rik. 
The Ricci tensor is defined as follows 

n .^ D- ld\F^Ric) 

and one shows that 

(1.5) Ric = VtRicjk- 
Equivalently, 

(1.6) Ric{x,y) = ^^^^[y^RiCij]. 

If (M, F) has constant fiag curvature c, then 

(1.7) Ric = (n — l)c, Ricjk = {n — l)cgjk- 

Let o-{t), < t < L, be a unit geodesic with velocity field T. One abbre- 
viates 5f(^,T) by gr- 

d 

For a vector field W{t) := iy*(t)-^— along a, the expression, 

(1.8) DtW - 



-^ + W^T\r.,{G,T)) 



_d_ 

dx'^ 
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is called covariant derivative with reference vector T. The formula 1.8 can 
be stated for any curve but for geodesies one has 

(1.9) ^^t(V, W) = griDrV, W) + griV, DtW) 

for any vector fields V, W along a. 

Note that (1.9) holds for any curve if or W is proportional to T. 

The constant speed geodesies are solutions of DtT = 0, with reference 
vector T. 

One says that W is parallel long a if DtW, with reference vector T. 
Parallel transport (with reference vector T) one defines on the standard way. 
By (1.9) the parallel transport preserves (^y-lengths and angles. 

For two continuous and piecewise C°° vector fields V and W along a the 
index form is 

(1.10) I{V, W)^ f [gT{DTV, DtW) - gT{R{V, T)T, W)]dt. 

Jo 

Here all Dt are calculated with reference vector T and 

R{V,T)T:= {T^R],^T'^)V''^ 

is evaluated at the point (cr, T) . 

The index form is bilinear and symmetric. We quote from [1] the following 
facts 

Proposition 1.1 [1, p. 174] Leta{t) — expp(iT), <t <r he a constant 

speed geodesic from p = o"(0) to q = o"(r). 

The following five statements are mutually equivalent: 
(a) The point q is not conjugate to p along a. 

(6) Any Jacobi field that vanishes as both points p andq must be identically 
zero along a. 

(c) Take the variation field of any variation of a by geodesies. If it vani- 
shes at p and q, then it must he identically zero along a . 

(d) Given any v e TpM and w G TgM, there exits a unique Jacobi field 
J along a that equals v at p and w at q. 

(e) The derivative exp^^ of the exponent map exp^ is nonsingular at the 
location rT in TpM. 

Proposition 1.2 [1, p. 182] Let cr(t),0 < t < r be a geodesic in a 
Finsler manifold {M,F). Suppose no point cr(t),0 < t < r is conjugate to 
p := o"(0). Let W be any piecewise C°° vector field along a and let J denote 
the unique Jacobi field along a that has the same boundary values as W . 
That is, J(0) = W{Q) and J{r) = W{r). Then 

(1.11) I{W,W)> I{J,J). 

Equality holds if and only if W is actually a Jacobi field, in which case 
the said J coincides with W . 

We close this Section by quoting, for the sake of comparison, the Bonnet- 
Myers theorem from [1], p. 194: 
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Let (M, F) be a forward geodesically complete connected Finsler manifold 
of dimension n. Suppose its Ricci scalar has the following uniform positive 
lower bound 

Ric >{n- 1)A > 0. 

Equivalently, suppose its Ricci tensor satisfies y^y^RiCij{x,y) > {n—l)XF^{x, 
y) with A > 0. Then: 

(1) Along every geodesic the distance between any two successive conjugate 

points is at most —=. In other words, every geodesic with length — ^ 
V A V A 

or longer must contain conjugate points. 

TT 

(2) The diameter of M is at most —;=. 

(3) M is in fact compact. 

(4) The fundamental group t:{M,x) is finite. 



2 A generalization of Bonnet - Myers theo- 
rem 

Looking over the proof of Bonnet- Myers theorem given in [1], p. 194-198 it 

comes out that essential is a proof of its first statement. 

Thus we give a more general form of this statement as follows: 
Lemma 1. Let a{t), < t < L be a unit speed geodesic with velocity 

field T. If 

(2.1) Ric{T,T) >a + for a constant a > 
and some function f with \f{t)\ < C, C > 0, and 

(2.2) L>-{c+ Vc2 + a(n-l)), 

then a must contain conjugate points. 
Remarks. 

(i) For c = and a = (n — 1)A, Lemma 2.1 reduces to the assertion (1) 
of the Bonnet-Myers theorem. 

(ii) The condition (2.1) on Ricci allows and negative values of Ric{T,T) 
along a. 

Proof. Using the parallel transport with reference vector T one construct 
a moving frame {ei(t)} along a such that 

(i) Each Cj is parallel along cr, that is Dtc^ — 0, 

(ii) {ei(t)} is a g^r-ortonormal frame, 

(iii) e„ = T. 

Define Wa{t) = fa{'t)ea{t) for some smooth functions /«, a = 1,2, 
n-1. 
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Fix a positive r < L and consider the index from I for a{t), < t < r. 
By (1.10) we have 



\DTWaf-\\W4K{T,Wa)]dt, 



where the abbreviation \\V\\ := griV, V) was used and K{T, Wa) is the flag 
curvature evaluated at the point {a{t),T) e TM\0. 

rl-f 

As DxWa — it results ||£)rl^aP = |/a(^)P- It is known that the 

flag curvature does not depend on vectors spanning the flag. Thus we have 

Using these facts, /(H^q, W^) takes the form 



Tit 

We take fa{t) — sin — and we get 



dt 



dt. 



TTf 

sin^ —K(T, ea)dt. 
r 



Summing over a one obtains 

TT^ Tit 

V/(iy„,W^„) = (n-1)— - / mc{T,T)siYi^—dt. 

zr Jq r 



df 



TTt 



a + — I sin — dt. 

dt 



By hypotheses, —Ric{T,T) < —a — —. Hence 

2 

a 

An integration by parts gives first 

W^a) < (n - 1)^ - ^ + - f fit) Sin ^dt, 
^-^ Zr 2 r Jc r 

a 

and then using | sin^l < 1 and \\f{t)\ < c, one finds 

2 



and we have I{Wa, Wa) < o ii r > ^(c + ^/c^ + a{n — 1)) an inequality 

that holds for r = L by hypothesis. It follows that some I{Wa, Wa) must be 
nonpositive and let denote that Wa by W. 
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We ])i()cced by contradiction. Suppose that cr{t),0 < t < r — ^{c + 

\J (? ^ a{n — 1)) contains no conjugate points. 

By Proposition 1.1, the vector field W, with W{0) = W{r) = 0, can 
not be a Jacobi field since is nowhere zero on (0,r). And by the same 
Proposition 1.1 the unique Jacobi field which vanishes at the endpoints of 
(T{t), < t < r is identically zero field. By Proposition 1.2 we have = 
/(J, J) < I{W, W) < 0, which is a contradiction and lemma is proved. In 
combination with Theorem 7.5.1 from [1], Lemma 1 tell us that the said 
geodesic a minimizes arc length among "nearly" piecewise C°° curves from 

IT 

p = a(0) to q = (j(r), r = — (c + a/c^ + a(n — 1)). The following two 

a 

consequences of this Lemma cover the content of the Bonnet- Myers theorem. 

Theorem 1. Let {M,F) be a forward geodesically complete connected 
Finsler manifold. Suppose there exists constants a > and c > such that 
for every pair of points in M and minimal geodesic a joining those points 
having unit tangent vector T , the Ricci curvature satisfies 

Ric{T, T)>a + ^ along a 

where f is some function of arclength t satisfying \f{t)\ < c along a. Then 
M is compact and its diam{M) < ^(c+ ^/ c^ + a{n — 1)). 

Proof. Since M is forward geodesically complete, by the Hopf-Rinow the- 
orem any pair of points in M can be joined by a minimal geodesic. By 
Lemma 1, such a geodesic must have the length less than or equal with 

-{c+ ^/(^T~a(n^^). Thus diam (M) < -{c+ ^/c^ + a{n - 1)) and so M 
a (X 

is bounded. Using again the Hopf-Rinow theorem one deduces that M is 
compact. □ 

Theorem 2. Let (M, F) he a forward geodesically complete connected 
Finsler manifold. Suppose there exist constants a > and c > such that 
for every pair of points in M [not necessarily distinct) and geodesic u with 
unit tangent vector T joining these points, the Ricci curvature satisfies (2.1) 
where f is some function of the arclength t satisfying \ f{t)\ < c along u. Then 
the universal covering manifold of M is compact, with diameter bounded by 

— (c + a/c^ + a{n — 1)), and hence the fundamental group of M is finite. 

Proof. Let M be the universal covering manifold of M with the universal 

covering map p : M — )■ M. In [1] p. 197 one proves that p endows M with the 
same local geometry as M. Repeating word by word the proof of Theorem 

1.3 from [2] it comes out that M satisfies the hypothesis of Theorem 2.1, 

hence it is compact. It follows its closed subset p~^{x) is compact and being 
discrete is finite. Since Tri{M,x) is bijective with p~^{x) it is itself finite. □ 
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BY 
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Dedicated to Prof. Dr. Tomoaki Kawaguchi at his 70th anniversary 

Introduction 

In any Lagrangian formalism for Lie algebroids (see A. Weinstein, [9j3, E. 
Martinez, [5]) , the notion of semispray on a Lie algebroid has a central place. 
If one looks at various definitions of a semispray on a Lie algebroid (see M. 
Anastasiei, [1]) it comes out that in defining a semispray the anchor map only 
is used. In the other words, as it will be shown in this paper (Section 2) the 
notion of semispray can be considered also on the anchored vector bundles. 
Moreover, we will show in Section 3 that the set of the anchored vector bundle 
is the largest with this property. Of course, this set includes the set of Lie 
algebroids and on a Lie algebroid the assertion that any regular Lagrangian 
on it induces a semispray holds as in the tangent bundle case. We will prove 
it in Section 4 (see also M. Anastasiei, [1]). We close the paper with an 
application of semisprays to the mechanical systems on a Lie algebroid (see 
M. Anastasiei, [3]). The first Section is devoted to some preliminaries on 
vector bundles. 



1 Preliminaries on vector bundles 

Let ^ = {E, IT, M) be a vector bundle of rank m. Here E and M are smooth 
i.e. C°° manifolds with dimM = n, dimii^ = n + m, and tt : E ^ M is a. 
smooth submersion. The fibres E^ = n~^{x), x G M are linear spaces of 
dimension m which are isomorphic with the type fibre M™'. 

Let {{Ua,'ipa)}aeA be an atlas on M. A vector bundle atlas is {{Ua, 
ipa, ^'^)}aeA with the bijections (fa '■ T^^^iUa) Ua x in the form 
iPa{u) = {7i{u),ipa,n{u)), where (pa,n{u) ■ K{u) IS a bijcctiou. The given 

^Communicated at The 8th Conference of Tensor Society on Differential Geometry, 
Functional and Complex Analysis, Informatics and their Applications, held at Varna, 
Bulgaria, August, 22-26, 2005 

^Numbers in brackets refer to the references at the end of the paper 
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atlas on M and a vector bundle atlas provide an atlas {{7r~^{Ua), ^a)}a€A 
on E. 

Here $0, : TT~^{Ua) — )■ (t)a{Ua) x is the bijection given by (j)a{u) = 
(ijja{7^{u)), </7a,7r(«)H)- For X E M , we put ipa{x) = (x') E W and if {Up.'il)^) 
is another local chart such that x E n t/g 7^ 0, we set il^p{x) — P and then 
-0^0 -0"^ has the form 

^— j = n. 

Let (ea) be the canonical basis of W^. Then </7~^(ea) := £a(3^) is a basis 
of Ex and m G -Ex. has the form u = y°'ea{x). 

We take (,x*,|/°) as coordinates on i?. For the bundle chart (f/^,y9^,R™) 
we put <^^^(ea) = £a(2;) and then u = y"'£a{x). If wc set ea{x) = M^{x)eb 

with rank(M^(a;)) = m it follows that y" = M^{x)y''. Thus (pp o has the 
form 

(Ox^ \ 
dxi J 

y« = Mft"(x)y^rank(M6"(x)) = m. 

The indices 7 , j, A;, ... and a, 6, c... will take the values 1, 2, ...n and 1, 2, ...m, 
respectively. The Einstein convention on summation will be used. 

We denote by J^{M), J-'[E) the ring of real functions on M and E re- 
spectively, and by x(M), respectively T{E), x{E) the module of sections of 
the tangent bundle of M, respectively of the bundle ^ and of the tangent 

/ d \ 

bundle of E. On Ua, the vector fields ( 9^ := 1 provide a local basis 

for x{Ua)- The sections 7r~^(C/a), £a(x) = </'a,i(ea) provide a 

basis for T{7r~^{Ua)) and a section A : C/q, — >■ 7r~^(C/a) will take the form 
A{x) = A°-{x)ea{x), X e Ua- 

Let ^* = {E*,p*,M) be the dual of the vector bundle ^. We may also 
consider the tensor bundle Tl{E) over E. The set of sections T{Tl{E)) are 
J-'(M)— modules for any natural numbers r, s. On the sum ®r,s^{Tl{E)) a 
tensor product can be defined and one gets a tensor algebra T{E). For the 
tangent bundle (TM, r, M) this reduces to the tensor algebra of the manifold 
M. The tensor algebra of the manifold E could be also involved. Its elements 
are sections in TgiTE). The tensorial algebra of E contains the subset of 
(i— tensor fields on E. For a general definition of these tensor fields we refer to 
[6], Ch. III. Shortly, these tensor fields are defined by components depending 
on and transforming as tensors by a change of coordinates but with 

/ dx ' \ 

the matrices -— ) and {M^{x)) and their inverses, only. Notice that in 



dx^ ) 

the law of transformation of a tensor field on E could appear also the matrix 

dM^{x) 

dx' 

A large class of examples is provided by the sections in the vertical bundle 
over E. We recall that the vertical bundle VE E is the union of the fibres 
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VuE — ker7r*u over u E E, where 7r*„ is the differential of tt. A basis of 

d 



local section of VE E is given by 



dy" 



and its dual is dy"'\u- The 



local components of any element in T(Tg(yE)), transform under a change 
of coordinates on E with the matrix (M^{x)) and its inverse (W^). We call 
such an element a vertical tensor field. 



2 Semisprays for anchored vector bundles 

A vector bundle ^ = {E, n, M) is called anchored (with the tangent bundle 
TM) if there exists a v.b. morphism p : E ^ M called the anchor map. 

The v.b. morphism p induces a J'{M) - module homomorphism from 
r(£^) x{^) denoted also by p. 

Locally, we set 

(2-1) p^^'^^-p^i^^- 

A change of local charts implies 
(2.2) K = Wy,^^^ 



where is the inverse of the matrix {M^). 
Examples. 

1. A trivial example of anchored v.b. is the tangent bundle itself with the 
identity mapping as anchor. 

2. A less trivial example is a provided by a subbundle of the tangent bun- 
dle i.e. a distribution D on M with the inclusion mapping as anchor. 
Let be dimD = m < n and (Xi, ...,Xm) a base of local sections of D. 

■ d 

Then we may write Xa = X^—— with rank{Xl) = m. The anchor is 
given by 

(2-3) p{Xa) = A, 

3. Let P be a principal G— bundle of projection p over M. Then TP/G 
is a vector bundle over M whose sections are the G— invariant vector 
fields on P. The derivative : TP TM passes to a mapping from 
TP/G ^ TM which is the anchor. 

We recall that a semispray S for the tangent bundle r : TM — >■ M is a 
vector field on TM which at the same time is a section in the vector bundle 
T* : TTM TM, that is we have ttm{S{u)) = u and T*,„(5'(ti)) = 
\iu e TM, where ttm is the vector bundle projection TTM TM. It 
follows that n,u{S{u)) = ttm{S{u)), e TM. 
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This equation suggests the following 

Definition 2.1. Let ^ — {E, p, M) he a an anchored v.b. with the anchor 
p. A vector field S on E will be called a semispray if 

(2.4) 7r.,u{S{u)) = {poTE){S{u)), MueE 

where te '■ TE E is the natural projection. 

Let c : I ^ M, / C M be a curve on M and let c : / ^ £^ be any curve 

on E such that n oc — c. Denote by c the vector field that is tangent to c. 
Definition 2.2. We say that c is admissible if 

7r*(c) = p{c). 

In local charts on M and E, we have c{t) = {x\t)), c{t) = (a;*(t), 
^, dx^ d dy"- d 

It results 

Lemma 2.1. The curve c is admissible if and only if 

(2.5) ^(^)=Pi(^(i))y"(^), Vte/. 

. d d 

Again in local charts, let be 5" = X'^—— + Y"-— — a vector field on E. 
This is a semispray if and only if 

(2.6) X\x,y) ^ p^Sx)y\ 

Thus the coordinates (y"(a;,y)) are not determined. We set for conve- 
nience Y"" = —2(7". Furthermore, under a change of coordinates (a;*,y") — >• 
{x\y"'), the coordinates (X^), (G") have to change as follows: 

(2.7) X^ = —ix)X^, 

(2.8) G"^ = M«G''--^I/Vy. 

Using (2.2) one easily sees that the coordinates (X'(x, y)) given by (2.6) 
verify (2.7). 

Concluding, we have 

d d 

Theorem 2.1. A vector field S — {p\v°')-:r- — 2G"-r — on E is a semis- 

^ ' dx' dy" 

pray if and only if the coordinates [G"") transform by (2.8). 

The integral curves of 5" are given by the system of differential equations 

(2.9) ^ + 2G«(x,t/) = 0. 
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It comes out that these curves are all admissible. The converse is also 
true, that is we have 

Theorem 2.2. A vector field on E is a semispray if and only if all its 
integral curves are admissible. 

Remark 2.1. The characterization of a semispray provided by the The- 
orem 3.2 was taken by A. Weinstein, [9], as definition for a semispray on Lie 
algebroids. 

Remark 2.2. 

(i) Let us assume that p — 0. Then the admissible curves are all curves 
from the fibre E^g, xo{xq) G M. The integral curves of a semispray S are 

given by the equations — — h 20"- {xq, y) —0. 

CLL 

(ii) For a distribution D on M the condition (2.5) tell us that the tangent 

dc dc 
vector field — = y"-{t)Xa{c{t), that is — is a section in the vector subbundle 

D. In other words the admissible curves arc in this case all the curves that 

are tangent to the distribution D. See also M. Anastasiei, [4]. 

^ . d ^ d 
Let S be another semispray on E. Then S — {p\y'^)-^ — 2G"— — , where 

ax' oy°' 

the functions {G"'{x,y)) have to satisfy (2.8) under a change of coordinates 

^ ^ d 

on E. It follows that S-S ^2(G''-G'')— and the functions D'' ^C-G'' 

^ ' dy"- 

transform by the rule 

(2.10) D" = M^D^. 

d 

By (2.10) we have that D"^-^-^ is a vertical vector field. 

So wc have proved 

Theorem 2.3. Any two semisprays on E differ by a vertical vector field 
on E. 



3 Homogeneous semisprays (sprays) on anchored 
vector bundles 

For every real member c > let he denote the homothety E ^ E, given by 
u ^ cu,u E E. A semispray S on E is called a spray if 

{H) S{K{u)) = ch,,,S{u). 

Locally,/ic '■ {x\y^) ^ {x\cy°') and the condition {H) is equivalent with 

m G'^{x,cy) = c'G^{x,y). 



d 

Let be C = y"-- — the Liouville vector field on E. 

Ijya 
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Using the Euler theorem on homogeneous functions one verifies that (Hq) 
is equivalent with 

(3.1) [C,S]^S. 

We notice that if we assume that S is smooth on E the condition (Hq) 
reduces to the assertion that are homogeneous polynomials of degree 2 in 
because of 

Lemma 3.1 ([8]). Let V and V be linear spaces and f : V ^-^ V a 

mapping that is at least r > times differentiahle at {) E V and positively 
homogeneous of degree r. Then f is a homogeneous polynomial of degree r. 

When S is smooth only on £■ \ {0} the condition (Hq) is in use. 

As we have seen till now, given an anchored v.b. we may find in principle 
a semispray by pointing out a set of functions (G") subject to (2.8). If 
someone tries to define a semispray on any vector bundle it is reasonable to 
try to define first a spray since this has a simpler form. Thus he will start 
with a vector field 5*0 on E that verifies the condition (Hq). 
d d 

If 5*0 = X''-{x,y)—— + Y°-{x,y)—-^, it will result that {X'^{x,y)) are fin- 

ear functions in y"', that is — Pa{^)y"' and (F"(a;,j/)) are homogeneous 
polynomials of degree 2 in y". The map tt* o Sq carries a section to 
d 

p\{x)y°-—— i.e. it defines a morphism E i->- TM. As te° Sq = idE holds, the 

condition (2.1) is fulfilled, i.e. 5*0 is a spray. 

Concluding, if one wishes the extension of the notion of semispray to 
vector bundles, one has to assume that vector bundle is anchored. In the 
other word, the class of anchored v.b. is the largest in which the notion of 
semispray can be considered. It contains the class of Lie algebroids. 



4 A semispray derived from a Lagrangian on 
a Lie algebroid 

A vector bundle ^ — {E, tt, M) is called a Lie algebroid if it has the following 
properties: 

1. The space of sections r(^) is endowed with a Lie algebra structure [, ]; 

2. There exists a bundle map p : E ^ TM (called the anchor map) which 
induces a Lie algebra homomorphism (also denoted by p) from r(^) to 
X(M). 

3. For any smooth functions f on M and any sections Si,,S2 € r(^) the 
following identity is satisfied 

[si,fS2\ = f[si,S2\ + (P(si)/)S2. 

Locally, we set 

d 
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Let L : E ^ R he a regular Lagrangian on the Lie algebroid {E, [, 
that is L is a smooth functions such that the matrix with the entries 

(4-1) ^»^(^'^) = 2a^' 

is of rank m. 

In [9] , one associates to L the Euler - Lagrange equations 

for c{t) = {x^{t),y'^{t)) an admissible curve. 

Expanding the derivative, using (4.1) and (3.4), we may put (4.2) in the 
form 

(4.3) ^ + 2GUx,y)=0, 



with the notation 



dt 



In [l]wc have shown by a direct calculation that the function (GJ) verify 
(2.8) under a change of coordinates. 
In the other words we have proved 

Theorem 4.1. Let L be a regular Lagrangian on the Lie algebroid 

d d 

{EAA^p). Then L defines a semispray Sl = {p\y°-)—^ - 2Gl{x,y)—, 

where the function G^ are given by (4.4) . 

Example 4.1. Let gab{x) be the coefficients of a Riemannian metric in 
the Lie algebroid {E, [, ],p). Then 

(4.5) L{x,y)^gab{x)y''y' 

is a regular Lagrangian on E. The semispray associated to it is determined 
by the functions 

l^afe f 9gbc ^dgcdj re „ \ ..c..d 



(4.6) G"=-,-^^ri---^,;-Li,„j,«, 

Example 4.2. A more general example is provided by the regular La- 
grangians which are homogeneous of degree 2 in (y"). By the Euler theorem 
one obtains 

(4.7) L(x,y) =^„6(x,y)yV, 

where {gab{x,y)) are homogeneous functions of degree 0. 
d 

As — — are homogeneous functions of degree 1 and the derivative with 

respect to (x^) does not affect the degree of homogeneity, it results that 
the coefficients (C) from (4.4) are homogeneous of degree 2 in (y"). The 
corresponding semispray is nothing but a spray. 
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5 Mechanical Lagrangian systems on Lie al- 
gebroids 

Let {E, [, |, p) be a Lie algebroid. 

Definition 5.1. A mechanical Lagrangian system with eocternal forces on 
the Lie algebroid {E, [,], p) is ^ = {E, L, F) with L a regular Lagrangian on 
E and F = {Fa{x,y)) a vertical covector field. 

Let be the functions 

d fdL\ ^ dL ^dL 
(5-1) 37 hrr - Pair- - LlJ^^ 



dt ydy J '"dx^ ""^ dy^ 

defined on admissible curves on E. 

Then the equahties £a = represent the Euler - Lagrange equations 
associated to L. 

We assume that the evolution equations of the system ^ are as follows: 

(5.2) CMt),y{t)) ^ FMt),y{t)), 

for c{t) = {x{t),y{t)) an admissible curve on E. 

The equations (5.2) after some arrangements take the form 

(5.3) ^ + 2G«(x,y) = -F«(x,y), 

where the functions (G") are given by (4.4), = g°'^Ff), and the equations 
dx^ 

— — = Pa{x)y°' hold. 

(JjV 

Thus the evolution equations of the system ^ become 

dx'^ 

dt \ 4, 

The solutions of this system may be regarded as the integral curves of a 
semispray 

(5.5) S* = pl(x)y''— - 2G*(x, y)—, G*"" = G"^ - -F«. 

Indeed, S* is a semispray because it differs by the semispray S derived 
from L by a vertical vector field. 

Definition 5.2. We say that the mechanical Lagrangian system ^ is 
dissipative if Fa{x,y)y^ < and that it is strictly dissipative if Fa{x,y)y'^ < 

—ayaV"' with a > a constant and ya = gahU^ ■ 

Theorem 5.1. Let he the mechanical Lagrangian system ^ with the 

dL 

evolution equations (5.4). // it is dissipative then its energy E = ~ 
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decreases on the curves that are solutions of {5 A). If furthermore it is strictly 
dissipative its energy is strictly decreasing on the curves solutions of (5.4), 
assuming that these have no singularities. 

Proof. Let be c{t) — (x*(i), y"(i)) a curve that is a solution of (5.4). Along 
this curve we have 

dE dy'' dL d f dL\ dL dx' dL dy" 



dt dt dy" dt ydy"" j dx' dt dy"" dt 

^y''Ca{x,y)^y''Fa{x,y). 

The last equality is based on (5.2) and to obtain the previous one the 
equations 

(5.6) Ll,y<^y' = 0, 
have been used. 

dE 

If the system ^ is dissipative we have < and if it is strictly dissi- 

dE 

pative we have — < —ayay < 0, q.e.d. 
dt 

Now, we show that if ^ is dissipative we can associate to it a Lyapunov 
function. 

Let (x^jy^) be an equilibrium point of S*. 

If p is injective this has the form {xq, 0) with G*"'{x\ 0) = 0, a condition 
that is verified if S* is a spray. 

Assume that (xq, y^) is a minimum point for the energy E and set E{x, y) — 

E{x,y) - E{xo,yo)- 
We have 

(5.7) E{xo,yo)^0, E{x,y)>0. 

Let us denote by Cs* the Lie derivative with respect to S*. 
We have: £..(E) = fy'^ - 2G'- + -F"-. 
Expanding this and using again (5.6) we get 

(5.8) Cs*{E) = y,F-<Q, 

since ^ is dissipative. 

Thus the function E is a. Lyapunov function for S* in the equilibrium 
point (2:9,1/9) but we can not conclude that this point is stable. 

In order to do so we need to introduce a Riemannian metric on E and to 
prove that S* is complete with respect to that metric. For details see [7]. 
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Abstract 

First, we extend the notion of second order differential equations 
(SODE) on a smooth manifold to anchored Banach vector bundles. 
Then we define the Banach Lie algebroids as Lie algebroids structures 
modeled on anchored Banach vector bundles and prove that they form 
a category. 

Mathematics Subject Classification 2000: 58B20, 58A99. 
Key words: Banach vector bundles, anchor. Second Order Dif- 
ferential Equations, Lie algebroids. 

Introduction 

Lie algebroids are related to many areas of geometry ([2], [7]) and has recently 
become an object of extensive studies. See [6] for basic definitions, examples 
and references. In 1996, Weinstein [8] proposed some applications of the Lie 
algebroids in Analytical Mechanics. New theoretical developments followed. 
See the survey [5] by de Leon, Marrero and Martinez about Mechanics on 
Lie algebroids. 

In [1], we gave a construction of a semispray associated to a regular 
Lagrangian on a Lie algebroid. 

In this paper, we consider the notion of Lie algebroid in the category of 
Banach vector bundles, that is vector bundles over smooth Banach manifolds 
whose type fibres are Banach spaces. Such a Banach vector bundle over base 
M is called anchored if there exists a morphism from it to the tangent bundle 
TM . First, we extend the usual notion of second order differential equations 
(SODE) to anchored Banach vector bundles and we show that if a Banach 
vector bundle admits a homogeneous SODE it is necessarily anchored. Then 
we define the Banach Lie algebroids as Lie algebroid structures modeled 
on anchored Banach vector bundles. In our setting only one from three 
equivalent definitions of a morphism of Lie algebroids is working. Using it 
we show that the Banach Lie algebroids form a category. 
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1 Anchored Banach vector bundles 



Let M be a smooth i.e. C°° Banach manifold modeled on a Banach space M 

and let TT : — )> M be a Banach vector bundle whose type fiber is a Banach 
space E. We denote by r : TM — )■ M the tangent bundle of M. 

Definition 1.1 We say that the vector bundle n : E ^ M is an anchored 
vector bundle if there exists a vector bundle morphism p : E ^ TM. The 
morphism p will be called the anchor map. 

Let J^{M) be the ring of smooth real functions on M. We denote by V{E) 
the J-'(M)-module of smooth sections in the vector bundle {E, n, M) and by 
X{M) the module of smooth sections in the tangent bundle of M (vector 
fields on M). 

The vector bundle morphism p induces an J-'(A/)-modulc morphism which 
will be denoted also by p : r{E) X{M), p{s){x) = p{s{x)), x e M,s e 

r{E). 

Let {{U, (fi) , {V, ip) , . . .} be an atlas on M. Restricting U, V if necessary 
we may choose a vector bundle atlas {{7i~^{U),Tp), {Tr~^{V),il)), . . .} with ^ : 
7r^^(f/) U xE given by Tp{u) = (7r(M), where : E^(^^) E is 

a toplinear isomorphism. Here -E7r(M) is the fiber of {E, tt, M) in m G -E. The 
given atlas on M together with a vector bundle atlas induce a smooth atlas 
{(7r~^(C/), (f)), (7r~^(C/), -0), . . .} on such that E becomes a Banach manifold 
modeled on the Banach space M x E. The map (f) : 7r~^{U) — )• (p{U) x E is 
given by 

(f){u) ^ {(p{7r{u)),lp^(^^-^{u)), ueE. 

For a section s : [/ — > 7r^^{U), its local representation (/) o s o (p~'^ : ^p{U) 
(^(C/) xE given by ((/)oso(/?-i)(^(a;)) = ((^7r(s(x)),^^(^(^))(s(x)) = {ip{x),Tp^{s{x))) 
is completely determined by the map s^p : ^p{U) — ?> E given by Sip{(p{x)) = 
Tp^{s{x)) which will be called the local representative (shortly l.r.) of s. On 
U nV we may speak also of the l.r. of a section s : U UV ^ ^^^{U fl V) 
given by s^{il!{x)) = il!^{s{x)). It is clear that we have 

(1.1) s^i^ix)) ^^,o^-\s^{ip{x))), xeUUV. 

For a vector field X : U ^ we have a l.r. : (p{U) M and on 

U r\V we have also a l.r. X-^ and one holds 

(1.2) x^i:yj{x)) = o ^-'){^{x))ix^{^{x))), xeunv, 

where d means Frechet differentiation. 

Locally, p reduces to a morphism U x K U x M, {x,v) — )■ {x,pu{x)v) 
with pu{x) G L{E, M), the space of continuous linear maps from E to M. We 
call pu{x) the l.r. of p. On overlaps of local charts one easily gets 

(1.3) pv{x)o^^oJp-' =d{ijoip-^){^{x))opu{x), xeUnv 
Example. 
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1. The tangent bundle of M is trivially anchored vector bundle with 
p = I (identity). 

2. Let A be a tensor field of type (1,1) on M. It is regarded as a section 
of the bundle of linear mappings L{TM, TM) — )■ M and also as a morphism 
A : TM TM. In other words, A may be thought as an anchor map. 

3. Any subbundle of TM is an anchored vector bundle with the anchor 
the inclusion map in TM. 

4. Let 7T : E ^ M he only a submersion. The subspaces VuE — 
7r~^{x),7r{u) — X oi TE over E denoted by VE form a subbundle called 
the vertical subbundle. By Example 3) this is an anchored Banach vector 
bundle. 

The anchored vector bundles over the same base M form a category. 
The objects are the pairs {E,Pe) with Pe the anchor of E and a morphism 
/ : {E, Pe) — )■ {F, pp) is a vector bundle morphism f : E ^ F which verifies 
the condition Pf ° f = Pe- 



2 Semisprays in an anchored vector bundle 

Let {E, TT, M) be an anchored vector bundle with the anchor map p and let 
TT* : TE TM be the differential (tangent map) of tt. 
We denote by te ■ TE E the tangent bundle of E. 

Definition 2.1 A section S : E ^ TE will be called a semispray if 

(i) Te o S — identity on E, 

(ii) n^o S = p. 

The condition (i) says that 5* is a vector field on E. The condition (ii) 
can be written also in the form 

7r*,„(5'('u)) = p{u) = {pote){S{u)), u e E. 

When E = TM and p = identity on TM, S is simultaneously a vector field 
on TM and a section in the vector bundle tt* : TTM — )■ TM i.e. it is a 
second-order vector field on M in terminology from [3, p. 9 6]. Such a vector 
field is frequently called a second order differential equation (SODE) on M 
or a semispray. 

As we will see below, in our context S is no more related to a second 
order differential equation on M and so the corresponding terminology is 
inadequate. 

Let c:J—)-£' for oeJcMa curve on E. The differential of c is 

c* : J X M TE and using z : J J x M, t (t, 1), t e J we set 
c'{t) = o I. Then in general tt o c is a curve on M and we have that 
(7roc)'(t) = Ti^^c{t) oc'{t). 

Definition 2.2 A curve c on E will be called admissible if (tt o c)'(i) = 

p(c(t)), Wt e J. 
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Locally, if c : J — )■ (f{U) x E, t ^ {x{t),w{t)) then n o c : J — )■ (p{U) is 
t — >■ x{t), t & J and it follows that c is an admissible curve if and only if 

dx 

(2.1) _ = pj,(a;(t))«;(t), teJ 

Theorem 2.1 A vector field S on E is a semispray if and only if all its 

integral curves are admissible curves. 

Proof. Let 5* be a semispray. A curve c : J — )■ is an integral curve of S if 
c'{t) = S{c{t)). It follows TT* o c'{t) = (vr* o S){c{t)) or (vr o c)'(t) = p(c(t)), 
that is c is an admissible curve. Conversely, let iS be a vector field on E 
whose integral curves are admissible. For every u & E there exists an unique 
integral curve c : J ^ E oi S such that c(0) = u and c'(0) = S{u). We have 
vr* o c'(0) = (tt* o 5')(w), (tt o c)'(O) = (tt* o S){u) and tt* o 5* = p(ii) since c is 
admissible. □ 

We restrict to a local chart {U, Lp) on M. Then TU ~ 99([/) x M, E\u ~ 
(^([/) X E and TEp ~ (v?(f/) x E) x M x E. 

The l.r. of a vector field on E is : ^{U) x E ^ <^{U) x E x M x E, 
S^{x,u) = {x,u,S^{x,u),S'^{x,u)). As l.r. of tt^ is (p{U) x E x M x E ^ 
(p{U) xM, {x, u, y, v) {x, y) the condition 7r*o5' = p translates to S'^(a;, u) = 
{x, pu{x)u). We set for convenience S'^{x,u) — —2G^{x,u) and so the l.r. of 
a semispray for the anchored vector bundle (E, tt, M) with the anchor p is 
given as follows: 

(2.2) S^{x, u) = (x, u, pu{x)u, -2G^{x, u)). 

Let (y,i/j) be another local chart and let us set h = ip o Lp^^ : Lp{lJ n 
V) ij{U n F). Then K : <^(?7 U \^) x M ^ ip{U n \/) x M is given by 
(a;, v) {x, dh{x){v)), x e ip{U UV),v eM. 

Let us denote by H : ip{U CiV) xE ^ ijj{U CiV) x E the map given by 
H{x,u) = {h{x),M{x)u), where M{x) = olp-^ e L(E,E). Then is 
locally given as the pair {H,H'): ^(f/UV) xExMxE ^(f/U\/) xExMxE, 
where the derivative H'{x,u) is given by the Jacobian matrix operating on 
the column vector *(?/, w) with y e M and w e E. Thus {H, H') takes the 
form (x.u.y.v) — )> {h{x), M{x)u, h'{x)y, M'(x){y){u) + M(x)v) with prime 
being denoted the Frechet derivative. 

If 5"^ is l.r. of S in the chart (V, t/j), necessarily we have {H, H')oS^ = 
with S^^ix.u) = {h{x),M{x)u,pu{h{x))M{x)u,-2G^{h{x),M{x)u)). 

Computing {H, H') o Sy, and identifying with 5"^ one finds 

Pv(h(x))M{x)(u) = h'(x)pu(x)(u) 

(2.3) G^{h{x),M{x)u) = M{x)G^{x,u)-^M'{x){puix)u)u. 

The first equation (2.3) is just (1.3) and the second provides the connection 
between the l.r. G^ and G^ on overlaps. We have 

Theorem 2.2 A vector field S on E is a semispray if and only if it has 
l.r. Sip in the form (2.2) and the functions involved in (2.2) satisfy (2.3) on 
overlaps of local charts. 
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Proof. The "if" part was proved in the above. The converse is obvious. □ 
We denote hy hx : E ^ E, hx{u^) = Xu^, A e M, A > 0,x e M, the 
homothety of factor A. 

Definition 2.3 We say that a semispray S is a spray if the following equality 
holds 

(2.4) Sohx = A(/iA)* o S. 
Locally, (2.4) is equivalent to 

(2.5) G^{x,\v) = \^G^{x,v), {x,v)eUxE. 

Indeed, {Sohx){u) = S{\u) = {x, \v, pu{\v), —2G^{x, \v) and \{hx)*S{u) = 
{x, Xv, Xpu{v), —2X'^G^{x, Xv)). Since pu is a hnear mapping, (2.4) imphes 
(2.5) and conversely. We look at (2.5). If we fix x e [/ and omit the index (p 
we get a mapping G : E — >■ E that verifies G{Xv) — X^G{v) for all A > and 
r — 2. We say that such a map is positively homogeneous of degree r. 
For such mapping the following Euler type theorem holds. 

Theorem 2.3 Suppose that a mapping G : K ^ K is differentiable away 
from the origin of E. Then the following two statements are equivalent: 

(i) G is positively homogeneous of degree r, 
(ii) dG^{v) = rG{v), for all v e E\{0}. 

Proof. Suppose (i) holds. Fix v e E and differentiate the equation G{Xy) = 
X^G{v) with respect to the parameter A. Wc get dG\y{Xv) — rX^''^G{v) and 
for A = 1, dGy{v) = rG{v), that is (ii) holds. 

Conversely, suppose (ii), fix v and consider the mapping A — )■ G{Xv) with 

A > 0. By the chain rule, we have — j- — ^ = dG\v{v) = —dG\y{Xv) ~ 

dX A 

r 

—G{Xv), that is the mapping A — > G{Xv) is a solution of the differential 
A 

equation -^G{Xv) — jG{Xv) = 0. The integrating factor ^ then gives G{Xv) = 
X^C, where the integrating constant C is depending on our fixed v. Setting 
A = 1, we get C = G{v) and so G{Xv) = X''^'G{v), that is (i) holds, q.e.d. □ 

The proof of Theorem 2.6 shows also that if G : E — >■ E is of class on E 
and positively homogeneous of degree 1, then it is linear and G{v) = dGy{v). 
Moreover, if G is G^ on E and is positively homogeneous of degree 2, then it 
is quadratic, that is 2G{v) — d'^G{v,v). 

Returning to the (2.5) wc note that if is of class G^ in the points (x, 0), 
then it is quadratic in v. Thus S satisfying (2.4) reduces to a quadratic spray. 
In order to avoid this reduction we have to delete from E the image of the 
null section in the vector bundle n : E ^ M. 

Now, we show that if for a vector bundle E ^ M there exists a vector 
field 5*0 on E that satisfies (2.4) then tt : £^ — >■ M is an anchored vector 
bundle and 5*0 is a spray. 

Let be So{x,v) = {x,v, Soi{x,v), So^2{x,v)) in a local chart on E. Then 
So{hxu) — So{x, Xv) — {x, Xv, Soi{x, Xv), So2{x, Xv)) and {hx)*So{u) — (x, Xv, 
Soi{x, v), XSo2ix, v)). The condition (2.4) implies Soi{x, Xv) — XSoi{x, v) and 
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Sq2{x, Xv) — \^So2{x, v). It follows that 5*01 is a linear map with respect to v. 
Hence we may put Soi{x,v) = pi/{x)v, pu{x) G L(E, M). Using {pu{x),x G 
M} one defines a morphism p : E ^ TM. Thus — )■ M is an anchored vector 
bundle. As {ii^ o Sq){u) — {x,Sqi{x,v)) = {x,pu{x)v) we have tt^ o Sq — p 
and as te o oo^indentity automatically holds it follows that 5*0 is a spray. 

3 Category of Banach Lie algebroids 

Let TT : — 7> M be an anchored Banach vector bundle with the anchor 
Pe E ^ TM and the induced morphism pE ■ ^{E) X{M). 

Assume there exists defined a bracket [, j^; on the space r[E) that provides 
a structure of real Lie algebra on T{E). 

Definition 3.1 The triplet {E,pE, [,]e) is called a Banach Lie algebroid if 

(i) p : (r{E), [,]e) — > {'^(M), [,]) is a Lie algebra homomorphism and 

{ii) [si, /s2]e = /[si, S2]e + PE{si){f)s2, for every f G J'(M) and si, S2 G 
V{E). 

Example. 

1. The tangent bundle r : TM — )■ M is a Banach Lie algebroid with the 
anchor the identity map and the usual Lie bracket of vector fields on M . 

2. For any submersion tt : E ^ M, the vertical bundle VE over E 
is an anchored Banach vector bundle. As the Lie bracket of two vertical 
vector fields is again a vertical vector field it follows that {VE, i, [, ]ve)j where 
i : VE TE is the inclusion map, is a Banach Lie algebroid. This apphes, 
in particular, to any Banach vector bundle tt : — )■ M. 

Let Q^iE) := TiA'^E*) be the J^{M)- module of differential forms of 
degree q. In particular, il'^{TM) will be denoted by Q^(M). The differential 
operator : Q'^{E) — > is given by the formula 

{dEUj){So,...,Sq) = {-iypE{Si)uj{So,...,Si,...,Sq) 

i=0,...,q 

(3.1) + {-iy+^Uj{[Si,Sj]E,So,...Si,...,Sj,...,Sg) 

0<i<j<q 

for si, . . . ,Sq G T{E), where hat over a symbol means that symbol must be 
deleted. 

For Lie algebroids constructed on vector bundles with finite dimensional 
fibres there exist three different but equivalent notions of morphisms. 

For Banach Lie algebroids only one of them is working. We give it here. 
For a detailed discussion on Lie algebroids morphisms see [4]. Let (E', vr', M) 
be a Banach vector bundle and {E', pe', [, ]e') a Banach Lie algebroids based 
on it. 

Definition 3.2 A vector bundle morphism f : E ^ E' over : M ^ M' 

is a morphism of the Banach Lie algebroids {E, pE, [, ]e) and {E', pE', [, ]e') if 
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the map induced on forms f* : Qfl[E') — >■ defined by (/*cc;%(si, . . . ,Sq) — 

uj'j:^^^^{f si, . . . , fsq), si, . . . ,S2 e r(£J) commutes with the differential i.e. 

(3.2) dEor = rodE'. 

Using this definition it is easy to prove 

Theorem 3.1 The Banach Lie algebroids with the morphisms defined in the 
above, form a category. 
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